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Notation: f(x) 2 Z[x] is irreducible
g = deg f

k 2 Z, k � 2
gcdm2Z(f(m)) is k-free

sn is the nth integer m > 0 for which f(m) is k-free

Theorem 1. Let g � 2, and let k � (
p
2� 1=2)g. Let

�1 =
(2s+ g)(k� s)� g(g � 1)

(2s+ g)(k � s) + g(2s+ 1)
;

where

s =

�
1 if 2 � g � 4�

(
p
2� 1)g=2

�
if g � 5:

Let

�2 =

8><
>:

8g(g � 1)

(2k + g)2 � 4
if (
p
2� 1=2)g � k � g

g

2k � g + r
if k � g + 1;

where r is the largest positive integer such that r(r� 1) < 2g. Then �1 > 0, �2 > 0, and if

0 � 
 < min

�
1 +

�1

�2
; k

�
;

then X
sn�X

(sn+1 � sn)

 � B(
; f; k)X;

for some constant B(
; f; k) depending only on 
, f(x), and k.

Theorem 2. Let k � (
p
2 � 1=2)g. Given any 
 > 0, there exists a Æ = Æ(
) > 0 such

that X
sn�X

sn+1�sn�X
Æ

(sn+1 � sn)

 � B(
; f; k)X;

for some constant B(
; f; k) depending only on 
, f(x), and k.



Theorem 3. For a �xed positive integer d, set

Nd(X) = jfm 2 Z+ : m � X; f(m) and f(m+ d) are k-free;

f(m+ 1); f(m+ 2); : : : ; f(m+ d� 1) are not k-freegj:

Suppose that for some positive integer j, sj+1 � sj = d. Then there is a constant cd > 0,

depending on d, for which

Nd(X) � cdX:

De�nition 1. Given f(x) 2 Z[x], let sn = sn(f) be the nth positive integer m such that

f(m) is k-free. Let

L(h) = L(h;X) = L(h;X; f) = j
�
n 2 Z+ : h < sn+1 � sn � 2h;X=2 < sn � X

	
j:

(2) L(2h)� X

h
+"

Comment: (2) & Theorem 3 =) Theorems 1 & 2.

Lemma 1. There exists an integer a such that if B = fy 2 (n; n+ h] : y � a (mod Q)g,
then X

p�H

X
m2B

pkjf(m)

1 �
X

z<p�H
p-D

�
h

Qpk
+ 1

�
�(pk):

Lemma 2. If p - D, then �(pk) � g for every positive integer k.

Lemma 3. Given the notation above,
P

z<p�H;p-D �(pk)=pk � 1=4:

Lemma 4. Let

F (n) = F (n; h; f) =
X

n<m�n+h

X
p>H

pkjf(m)

1:

If there are no integers m in (n; n+ h] such that f(m) is k-free, then

F (n) � h

4Q
:


