Seminar Notes 02/28/05

Subject Matter: On rational values ob(n!)/m! ando(n!)/m!
Joint Work With: Dan Baczkowski and Ognian Trifonov

Theorem 1: Let f denote one of the arithmetic functionso andr, and letk be a fixed positive integer. Then there
are finitely many positive integees b, n, andm such that

b-f(n!)=a-m!, ged(a,b)=1 and w(ab) <k. 1)

Corollary 1: Letn be a positive integer, and lgtbe a prime. Thew,(n!) = . ﬁ . +0 ( 1222)_

Corollary 2: Letq be a prime, and let. and N be integers withV > 2. If g|®x (a), then eithery = 1 (mod N) or
we have that both is the largest prime factor oV andq® { @y (a).

Lemma 6: For n sufficiently largegp(n) > S L—
2loglogn

Lemma 7: Letk be a positive integer. There are positive numhgrandn, such that ifn > ny, then eithem has
> k + 1 odd prime factors that are logn or ¢(n) > cgn.

Lemma 9: Fix primesg; andg. and a numbet > 0. Letn; andns be sufficiently large integers. Then
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ged (q{“ —1,¢3% — 1) < max{q;

Lemma 11: Letq be a fixed odd prime. There is a constapt= ny(q) such that ifn > ng, then

Ly,
3(g—1)logn —

Proof of Theorem 1 for f = o
e Note®y(a) > (a — 1)) > ¢?(N)/2 whereN anda > 3 are positive integers.
¢ Need only show: is bounded. Fix, and assume is large andn, a andb satisfy (1).
e Fix ¢ among the first 4+ 2 odd primes that do not divideb.
e Deducem < (50(¢ — 1)n)/logn from Corollary 1 and Lemma 11.
o Letq; < go < - < qry1 bek + 1 primes not dividingub, and setv; = v, (n!) + 1.
e Case (i):35 € {1,2,...,k + 1} such that; has> k + 1 odd prime factors that ar€ log n.
e Callthemd,,ds, ..., dj, and definen; = n;/d;. Lemma 6 impliesb,,, (¢;) > ¢/ *4!o8los ™),

o Usecn/logn < m; < n, deduced,,, (¢;) > q]C-"n/(4 lognloglogn)

e From Corollary 23D; such thap|®,,,,(¢;)/D; impliesp = 1 (mod m;).
e Deduced,,, (¢;)/D; and®,, , (¢;)/D; are relatively prime if # i/, and fixi so thatged (a, ., (¢;)/D;) = 1.
e The product of the primes (with multiplicity) dividing:! and= 1 (mod m;) is bounded. Complete Case (i).

e Case (ii):Vj € {1,2,...,k + 1}, n; has< k odd prime factors< log n.



Lemma 7 impliesp,,, (¢;) > qj’“”j/z.
COI’O”ary 1 implie&naxlgigk+1{ni} < qk+1 minlgigk_,_l{ni}.

Apply Lemma 9 withn = log q;.+1/ log ¢1 ande = ¢ /(4kqi+17). Deduce

Aj = ged (‘I’nj @), I ‘I’ni(qz‘)) < ged (q?j -1 I (@ - 1>>

1<i<k+1 1<i<k+1
i#] i#£j
ni)<k ek max{n;} enk max{n;} qry1enkn; _ cpng/4 1/2
< ((max {g"})" < i <q < = < B, (g) Y2,

If p|®y, (q;)/A;, thenu, (®,,(q;)) > vp(Pn, (¢:)) fori # j, so®, (q;)/A; are pairwise relatively prime.
Fix j with ged(a, ®,,,(g;)/A;) = 1. Lemma 7 and Corollary 1 implg,, (q;)/A; > 3™,

Corollary 2, Corollary 1 and the bound am give a contradiction. Case (ii) is complete.



