Seminar Notes 02/14/05

Subject Matter: On rational values ob(n!)/m! ando(n!)/m!
Joint Work With: Dan Baczkowski and Ognian Trifonov

Notations: N is a positive integer
p andgq are primes
® v (z) is the Nth cyclotomic polynomial (define; note some values)

Properties of Cyclotomic polynomials:
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Lemma 4: Letq be a prime, and let and N be integers withV > 1. Write N = ¢" M wherer and M are integers
withr > 0 andg t M. Theng|® v (a) if and only if M = ord,(a). Also, ifr > 1 andN > 2, theng® { &y (a).

Proof:

[e] Lets = ord,(a), and consider firsd/ = s.

. H Py(a)=a™ —1=0 (mod q) = q|®s(a).
d|M

o Usedy(z) = @M(m)qwl(q_l) (mod ¢) and setr = a.
[e] Assumey|®y (a) andM # s.
e i =a" =1 (mod ¢) = a#0 (mod q),s|M and, hences < M.
e Therefore(z® — 1)@/ (z) is a factor ofz™ — 1.
e Note thatr — a is a factor of each af®* — 1 and®,, (xz) modulog.
e Thus,2™ — 1 = (z — a)?g(z) (mod q) for someg(z) € Z[z]. Take derivatives and set= a.
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e Substituter = a on the left. If¢|® v (a), thena™/? = 1 (mod q).
e On the right, replace™¥/? with ’¥/9 = kq + 1, wherek € Z. Deduce that ify # 2, theng? t @y (a).

[¢] ®n(1) = pif N is a power of a primg and®y (1) = 1if N is an integer with more than one distinct prime
factor.

e Also, N > 1implies®y(0) = 1. Hence@y(a) =1 (mod 2) if N is not a power o or if a is even.
e For N = 2" with > 2 anda odd, useb y (a) = Por(a) = 41 =2 (mod 4).

Corollary 2: Letg be a prime, and let and N be integers withV > 2. If ¢|®y(a), then eithelg = 1 (mod N) or
we have that both is the largest prime factor aV and¢? { @y (a).



Lemma 5: Letq be an odd prime, and letand be positive integers. Let(x) = 2° + 21 +--- + 2 + 1. Then
f(z) has< ¢ distinct roots modulg”.

Proof:

e Letn = ¢+ 1and note(z — 1)f(z) = 2™ — 1. Thus, f(a) = 0 (mod ¢") impliesa™ = 1 (mod ¢") (and
q1a).

Let g be a primitive root modulg”, and set! = ged (n, ¢(¢")) = ged (n, ¢" (g — 1)).

Let s be the integer i{1,2,...,¢(¢")} forwhicha = ¢° (mod ¢"), s0¢g™ =a™ =1 (mod ¢").

Noteg™ =1 (mod ¢") if and only if s is a multiple of$(q")/d,.

There are exactly incongruent integergs modulog” for whicha™ =1 (mod ¢"). Done ifn { ¢(¢").

If nlg(q"), usef(1) =¢+1=n<(¢—1)¢ "' <q".

Lemma 6: Letk be a positive integer. There are positive numbhgrandn, such that ifn > ny, then eithem has
> k + 1 prime factors that are< log n/(loglog n)? or ¢(n) > cxn.

Proof:
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Hence, there are: 2log n/ loglog n primes> log n/(loglog n)? that dividen.

Deduce fromr(3logn) > 2logn/loglogn that$(n) > cin.

Lemma 7: Leta andb be positive relatively prime integers, and letc [0, co) be an interval of length > b. Then
the number of primes ih that are= a (mod b) is

< 21/(¢(b) log(h/b)).

Lemma 8: Fix primesq; andg, and a numbet > 0. Letn; andny be sufficiently large integers. Then

ged (q{” —1,q5? — 1) < max{q¢{"", ¢5"?}.



