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Joint Work With: Dan Baczkowski and Ognian Trifonov

Notations: N is a positive integer
p andq are primes
ΦN (x) is theN th cyclotomic polynomial (define; note some values)

Properties of Cyclotomic polynomials:

ΦpN (x) =

{
ΦN (xp) if p|N
ΦN (xp)/ΦN (x) if p - N

xN − 1 =
∏
d|N

Φd(x)

Lemma 4: Let q be a prime, and leta andN be integers withN ≥ 1. WriteN = qrM wherer andM are integers
with r ≥ 0 andq - M . Thenq|ΦN (a) if and only ifM = ordq(a). Also, ifr ≥ 1 andN > 2, thenq2 - ΦN (a).

Proof:

• Let s = ordp(a), and consider firstM = s.

•
∏
d|M

Φd(a) ≡ aM − 1 ≡ 0 (mod q) =⇒ q|ΦM (a).

• UseΦN (x) ≡ ΦM (x)qr−1(q−1) (mod q) and setx = a.

• Assumeq|ΦN (a) andM 6= s.

• aM ≡ aN ≡ 1 (mod q) =⇒ a 6≡ 0 (mod q), s|M and, hence,s < M .

• Therefore,(xs − 1)ΦM (x) is a factor ofxM − 1.

• Note thatx − a is a factor of each ofxs − 1 andΦM (x) moduloq.

• Thus,xM − 1 ≡ (x − a)2g(x) (mod q) for someg(x) ∈ Z[x]. Take derivatives and setx = a.

• ΦN (x) is a factor of

(
xN/q

)q − 1
xN/q − 1

=
(
xN/q

)q−1 +
(
xN/q

)q−2 + · · · + (
xN/q

)2 + xN/q + 1.

• Substitutex = a on the left. Ifq|ΦN (a), thenaN/q ≡ 1 (mod q).

• On the right, replacexN/q with aN/q = kq + 1, wherek ∈ Z. Deduce that ifq 6= 2, thenq2 - ΦN (a).

• ΦN (1) = p if N is a power of a primep andΦN (1) = 1 if N is an integer with more than one distinct prime
factor.

• Also, N > 1 impliesΦN (0) = 1. Hence,ΦN (a) ≡ 1 (mod 2) if N is not a power of2 or if a is even.

• ForN = 2r with r ≥ 2 anda odd, useΦN (a) ≡ Φ2r (a) ≡ a2r−1
+ 1 ≡ 2 (mod 4).

Corollary 2: Let q be a prime, and leta andN be integers withN > 2. If q|ΦN (a), then eitherq ≡ 1 (mod N) or
we have that bothq is the largest prime factor ofN andq2 - ΦN (a).



Lemma 5: Let q be an odd prime, and letr and` be positive integers. Letf(x) = x` + x`−1 + · · · + x + 1. Then
f(x) has≤ ` distinct roots moduloqr.

Proof:

• Let n = ` + 1 and note(x − 1)f(x) = xn − 1. Thus,f(a) ≡ 0 (mod qr) impliesan ≡ 1 (mod qr) (and
q - a).

• Let g be a primitive root moduloqr, and setd = gcd
(
n, φ(qr)

)
= gcd

(
n, qr−1(q − 1)

)
.

• Let s be the integer in{1, 2, . . . , φ(qr)} for whicha ≡ gs (mod qr), sogns ≡ an ≡ 1 (mod qr).

• Notegns ≡ 1 (mod qr) if and only if s is a multiple ofφ(qr)/d,.

• There are exactlyd incongruent integersa moduloqr for whichan ≡ 1 (mod qr). Done ifn - φ(qr).

• If n|φ(qr), usef(1) = ` + 1 = n ≤ (q − 1)qr−1 < qr.

Lemma 6: Let k be a positive integer. There are positive numbersck andnk such that ifn ≥ nk, then eithern has
≥ k + 1 prime factors that are≤ log n/(log log n)2 or φ(n) ≥ ckn.

Proof:

• Recall
∏
p≤z

(
1 − 1

p

)
∼ A

log z
.

• Supposen is large and thatn has≤ k prime factors that are≤ log n/(log log n)2.

•
(

log n

(log log n)2

)2 log n/ log log n

> n.

• Hence, there are< 2 log n/ log log n primes> log n/(log log n)2 that dividen.

• Deduce fromπ(3 log n) > 2 log n/ log log n thatφ(n) ≥ ckn.

Lemma 7: Let a andb be positive relatively prime integers, and letI ⊂ [0,∞) be an interval of lengthh > b. Then
the number of primes inI that are≡ a (mod b) is

≤ 2h/
(
φ(b) log(h/b)

)
.

Lemma 8: Fix primesq1 andq2 and a numberε > 0. Letn1 andn2 be sufficiently large integers. Then

gcd
(
qn1
1 − 1, qn2

2 − 1
)

< max{qεn1
1 , qεn2

2 }.


