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Subject Matter: On rational values ob(n!)/m! ando(n!)/m!
Joint Work With: Dan Baczkowski

Florian Luca’s Result: Let f denote one of the arithmetic functionsc andr, and letr be a fixed rational number.
Then there are finitely many pairs of positive intege@ndm for which f(n!)/m! = r.

Theorem 1: Let f denote one of the arithmetic functionsando, and letk be a fixed positive integer. Then there are
finitely many positive integers b, n, andm such that

b-f(n!)=a-ml, gecd(a,b)=1 and w(ab)<k.

Theorem 2: Lett > 0. Then there are finitely many positive integer$, n, andm such that
b-o(n!) =a-m!, ged(a,b)=1 and w(ab) <log'(nm).

Lemma 1: Letn be a positive integer, and lgtbe a prime. Then
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wheres,(n) is the sum of the basgdigits ofn.

Corollary 1: Letn be a positive integer, and lgtbe a prime. Then
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where the implied constant is absolute.

Lemma 2: Letn andm be integers. I is sufficiently large and
m>mn
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then the interva(n, m] contains> m/ log” m prime numbers.

Lemma 3: Fix M > 0. Then there is an absolute constant> 0 and a constanty = co (M) > 0 such that

w(x;b,a) = % + E, where |E|<coxexp ( —clx/logx),

for z > 2 and every choice of relatively prime integerandb with 1 < b < (log 7).

Proof of Theorem 2:
e It suffices to show: is bounded, so assumeis large anda, b, n, m) is as in Theorem 2.
e Establish ¢). To do this, takel/ = ¢ + 2 andq < log™ n with ¢ { ab. Use Corollary 1 and Lemma 3 to obtain
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valb- 9nl)) = val0(n) = 5 + -y (q10g2 3
Combine this with an application of Corollary 1 to estimajéa - m!).

e Apply Lemma 2.



