
LECTURE 10

A CURIOUS CONNECTION WITH

THE ODD COVERING PROBLEM



Coverings of the Integers:

A covering of the integers is a system of congruences

x ≡ aj (mod mj)

having the property that every integer satisfies at least one
of the congruences.
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a covering consisting of distinct odd moduli > 1?
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Does there exist an “odd covering” of the integers,
a covering consisting of distinct odd moduli > 1?

Erdős: $25 (for proof none exists)

Selfridge: $2000 (for explicit example)
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all non-negative integers n.
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Sierpinski’s Application:

There exist infinitely many (even a positive proportion of)
positive integers k such that k × 2n + 1 is composite for
all non-negative integers n.

Selfridge’s Example: k = 78557
(smallest odd known)

Polynomial Question: Does there exist f(x) ∈ Z[x]
such that f(1) 6= −1 and f(x)xn + 1 is reducible for
all non-negative integers n?

Answer: Nobody knows.
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Schinzel’s Example:

(5x9+6x8+3x6+8x5+9x3+6x2+8x+3)xn+12
is reducible for all non-negative integers n

Theorem. There exists an f(x) ∈ Z[x] with non-negative
coefficients such that f(x)xn+4 is reducible for all non-
negative integers n.

Comment: For each n, the second polynomial is divisible
by at least one Φk(x) where k divides some integer N

having more than 1017 digits.



Schinzel’s Example:

(5x9+6x8+3x6+8x5+9x3+6x2+8x+3)xn+12
is reducible for all non-negative integers n

Theorem. There exists an f(x) ∈ Z[x] with non-negative
coefficients such that f(x)xn+4 is reducible for all non-
negative integers n.

Comment: For each n, the second polynomial is divisible
by at least one Φk(x) where k divides

2436750334086348800341531737112913231716191823232929313137374141.



Schinzel’s Theorem: If there is an f(x) ∈ Z[x] such
that f(1) 6= −1 and f(x)xn + 1 is reducible for all
non-negative integers n, then there is an odd covering of
the integers.



Theorem (F., Ford, Konyagin). Let u(x) and v(x) be
in Z[x] with

u(0) 6= 0, v(0) 6= 0, and gcd(u(x), v(x)) = 1.

Let r1 and r2 denote the number of non-zero terms in
u(x) and v(x), respectively. If

m ≥ max
{
2 × 52N−1, 2max

{
deg u, deg v

}(
5N−1 +

1

4

)}

where N = 2 ‖u‖2+2 ‖v‖2+2r1+2r2−7, then the
non-reciprocal part of u(x)xm + v(x) is irreducible un-
less one of the following holds:

(i) The polynomial −u(x)v(x) is a pth power for
some prime p dividing m.

(ii) One of ±u(x) or ±v(x) is a 4th power, the
other is 4 times a 4th power, and 4|m.



Theorem (F., Ford, Konyagin). When m is large, either
u(x)xm + v(x) has an obvious factorization or the non-
reciprocal part of u(x)xm + v(x) is irreducible.



Theorem (F., Ford, Konyagin). When m is large, either
u(x)xm + v(x) has an obvious factorization or the non-
reciprocal part of u(x)xm + v(x) is irreducible.

Comment: Schinzel essentially proved this with a differ-
ent understanding of what “m is large” means.



Theorem (F., Ford, Konyagin). When m is large, either
u(x)xm + v(x) has an obvious factorization or the non-
reciprocal part of u(x)xm + v(x) is irreducible.

Lemma (Schinzel). Let f(x) ∈ Z[x]. Suppose that
n is sufficiently large (depending on f ). Then the non-
reciprocal part of f(x)xn + 1 is irreducible over Q or
identically ±1 unless one of the following holds:

(i) −f(x) is a pth power in Q[x] for some prime p
dividing n.

(ii) f(x) is 4 times a 4th power in Q[x] and n is
divisible by 4.



Lemma 2 (Apostol). Let n and m be positive integers
with n > m. The resultant of Φn(x) and Φm(x) is
divisible by a prime p if and only if n/m is a power of p.



Step 1. Suppose we almost have a covering in that every
integer n ≥ n0 (for some n0) satisfies at least one of the
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x ≡ a1 (mod m1), . . . , x ≡ ar (mod mr)

where the aj’s and mj’s are integers with each mj > 0.
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Step 1. Suppose we almost have a covering in that every
integer n ≥ n0 (for some n0) satisfies at least one of the
congruences

x ≡ a1 (mod m1), . . . , x ≡ ar (mod mr)

where the aj’s and mj’s are integers with each mj > 0.
Let n ∈ Z. We claim that n satisfies at least one of the
congruences above (so the congruences form a covering).

Let k ∈ Z with
n + k m1m2 · · · mr ≥ n0.

Then, for some j ∈ {1, 2, . . . , r},

n + k m1m2 · · · mr ≡ aj (mod mj).



Step 1. Suppose we almost have a covering in that every
integer n ≥ n0 (for some n0) satisfies at least one of the
congruences

x ≡ a1 (mod m1), . . . , x ≡ ar (mod mr)

where the aj’s and mj’s are integers with each mj > 0.
Let n ∈ Z. We claim that n satisfies at least one of the
congruences above (so the congruences form a covering).

Let k ∈ Z with
n + k m1m2 · · · mr ≥ n0.

Then, for some j ∈ {1, 2, . . . , r},

n ≡ n + k m1m2 · · · mr ≡ aj (mod mj).
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Step 2. f(0) 6= 0 and f(x) 6≡ 1.

We will show that if f(x)xn + 1 is reducible for all n ≥
N (where N is arbitrary), then there is an odd covering of
the integers. If f(x) = g(x)xk, then

f(x)xn+1 is reducible ⇐⇒ g(x)xn+k+1 is reducible,

so one can replace f(x) with g(x).
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Step 2. f(0) 6= 0 and f(x) 6≡ 1.

Henceforth, assume F (x) = f(x)xn + 1

is reducible for all large n.

We want to show there is an odd covering.
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Step 2. f(0) 6= 0 and f(x) 6≡ 1.

Is xn + 1 reducible for every n ∈ Z+?



Step 2. f(0) 6= 0 and f(x) 6≡ 1.

Is xn + 1 reducible for every n ∈ Z+?

x2t
+ 1 = Φ2t+1(x) is irreducible for every t ∈ Z+
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such that p divides m.
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Then xp = ζm has no solutions
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Step 3. Let p be a prime, and let m be a positive integer
such that p divides m.
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Then xp = ζm
↑

e2πi/m

has no solutions

Since
ζp = e2πi/p and ζpm = e2πi/(pm),

we deduce that, for j ∈ {0, 1, . . . , p − 1},
(
ζj
pζpm

)p
= ζpj

p ζp
pm = ζp

pm = ζm.
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= ζpj
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The roots of xp = ζm are ζ
j
pζpm (0 ≤ j ≤ p − 1).
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such that p divides m.
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Then xp = ζm
↑

e2πi/m

has no solutions

The roots of xp = ζm are ζ
j
pζpm (0 ≤ j ≤ p − 1).

Assume one of these is in Q(ζm).



Step 3. Let p be a prime, and let m be a positive integer
such that p divides m.
x ∈ Q(ζm).

Then xp = ζm
↑

e2πi/m

has no solutions

The roots of xp = ζm are ζ
j
pζpm (0 ≤ j ≤ p − 1).

Assume one of these is in Q(ζm). Then

ζp = ζ
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Step 3. Let p be a prime, and let m be a positive integer
such that p divides m.
x ∈ Q(ζm).

Then xp = ζm
↑

e2πi/m

has no solutions

The roots of xp = ζm are ζ
j
pζpm (0 ≤ j ≤ p − 1).

Assume one of these is in Q(ζm). Then

ζp = ζ
m/p
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Step 3. Let p be a prime, and let m be a positive integer
such that p divides m.
x ∈ Q(ζm).

Then xp = ζm
↑

e2πi/m

has no solutions

The roots of xp = ζm are ζ
j
pζpm (0 ≤ j ≤ p − 1).

Assume one of these is in Q(ζm). Then

ζp = ζ
m/p
m ∈ Q(ζm) =⇒ ζpm ∈ Q(ζm).

This contradicts, for example, that the minimal polynomial
for ζpm is Φpm(x) which has degree φ(pm) > φ(m).
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divides f(x)f̃(x)−xdeg f . Hence, there is a finite list of
irreducible reciprocal factors that can divide f(x)xn + 1

as n varies.

Since

F̃ (x) = xn+deg f + f̃(x),
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divides f(x)xn + 1 and f(x)xm + 1 where n > m.



Step 4. There is a finite list of irreducible reciprocal factors
that can divide F (x) = f(x)xn + 1 as n varies.

Step 5. There is an n0 such that if n ≥ n0, then every
irreducible reciprocal factor of F (x) is cyclotomic.

Suppose g(x) is an irreducible reciprocal polynomial that
divides f(x)xn + 1 and f(x)xm + 1 where n > m.
Then g(x) divides

xn−m(
f(x)xm+1
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−

(
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)



Step 4. There is a finite list of irreducible reciprocal factors
that can divide F (x) = f(x)xn + 1 as n varies.

Step 5. There is an n0 such that if n ≥ n0, then every
irreducible reciprocal factor of F (x) is cyclotomic.

Suppose g(x) is an irreducible reciprocal polynomial that
divides f(x)xn + 1 and f(x)xm + 1 where n > m.
Then g(x) divides

xn−m(
f(x)xm+1

)
−

(
f(x)xn+1

)
= xn−m − 1.



Step 4. There is a finite list of irreducible reciprocal factors
that can divide F (x) = f(x)xn + 1 as n varies.

Step 5. There is an n0 such that if n ≥ n0, then every
irreducible reciprocal factor of F (x) is cyclotomic.

Suppose g(x) is an irreducible reciprocal polynomial that
divides f(x)xn + 1 and f(x)xm + 1 where n > m.
Then g(x) divides

xn−m(
f(x)xm+1

)
−

(
f(x)xn+1

)
= xn−m − 1.

Therefore, each irreducible reciprocal polynomial that is a
factor of F (x) for more than one n is cyclotomic. 

.



Step 4. There is a finite list of irreducible reciprocal factors
that can divide F (x) = f(x)xn + 1 as n varies.

Step 5. There is an n0 such that if n ≥ n0, then every
irreducible reciprocal factor of F (x) is cyclotomic.

Suppose g(x) is an irreducible reciprocal polynomial that
divides f(x)xn + 1 and f(x)xm + 1 where n > m.
Then g(x) divides

xn−m(
f(x)xm+1

)
−

(
f(x)xn+1

)
= xn−m − 1.

Therefore, each irreducible reciprocal polynomial that is a
factor of F (x) for more than one n is cyclotomic. Apply
the result of Step 4.



Lemma (Schinzel). Let f(x) ∈ Z[x]. Suppose that
n is sufficiently large (depending on f ). Then the non-
reciprocal part of F (x) = f(x)xn+1 is irreducible over
Q or identically ±1 unless one of the following holds:

(i) −f(x) is a pth power in Q[x] for some prime p
dividing n.

(ii) f(x) is 4 times a 4th power in Q[x] and n is
divisible by 4.



Lemma (Schinzel). Let f(x) ∈ Z[x]. Suppose that
n is sufficiently large (depending on f ). Then the non-
reciprocal part of F (x) = f(x)xn+1 is irreducible over
Q or identically ±1 unless one of the following holds:

(i) −f(x) is a pth power in Q[x] for some prime p
dividing n.

(ii) f(x) is 4 times a 4th power in Q[x] and n is
divisible by 4.

Step 6. Suppose (i) and (ii) do not hold for F (x) and n is
large. Then F (x) is divisible by a cyclotomic polynomial.
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f(x)xn + 1 and n is large. Then F (x) is divisible by a
cyclotomic polynomial.

(i) −f(x) is a pth power and p|n
(ii) f(x) is 4 times a 4th power and 4|n

Claim: f(x) is not 4 times a 4th power

Proof. Assume otherwise. 



Step 6. Suppose (i) and (ii) do not hold for F (x) =
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Suppose Φm(x)|(f(x)xn+1) and p|m for some p ∈ P .

We claim that n ≡ 0 (mod p).

Then we can remove mj divisible by primes in P
and still have a covering of the integers.
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Then there is a covering with moduli that are distinct odd
numbers together with possibly powers of 2.
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