L ECTURE 10

A CURIOUS CONNECTION WITH

THE ODD COVERING PROBLEM




Coveringsof the Integers:
A covering of the integersis a system of congruences
r =a; (mod m;)

having the property that every integer satisfies at least one
of the congruences.



Coveringsof the Integers:
A covering of the integersis a system of congruences
r =a; (mod m;)

having the property that every integer satisfies at least one
of the congruences.

Example 1.

r=0 (mod 2)
r=1 (mod 2)



Example 2:

xr =0
r = 2
xr =
r =1
r=3

(mod 2)
(mod 3)
(mod 4)
(mod 6)
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Example 2:
r=0 (mod 2)
r = (mod 3)
r = (mod 4)
x =1 (mod 6)
r=3 (mod 12)

O 1 2 3 4 5 6 7 8 9 10 11
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Open Problem:

Does there exist an “odd covering” of the integers,
a covering consisting of distinct odd moduli > 17

Erdos. $25 (for proof none exists)

Selfridge: $2000 (for explicit example)
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Sierpinski’sApplication:

There exist infinitely many (even a positive proportion of)
positiveintegers k such that k& x 2™ + 1 is composite for
all non-negative integers n.

Selfridge seExample: k& = 78557
(smallest odd known)

Polynomial Question: Does there exist f(x) € Z[x]
such that f(1) # —1 and f(x)x™ + 1 isreducible for
all non-negative integers n?

Answer: Nobody knows.
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Schinzel’ sExample:
(52746254320 +82° + 923 + 622 +8x+3) ™ +12
Isreducible for all non-negativeintegers n

Comment: For each n, the above polynomial isdivisible
by at |east one of

®p.(x) wherek € {2,3,4,6,12}.

n=0 (mod 2) — f(x)z" +12=0 (mod x+ 1)
n=2 (mod 3) = f(x)z"+12=0 (mod z*+x + 1)
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Schinzel’ sExample:

(52746254320 +82° + 923 + 622 +8x+3) ™ +12
Isreducible for all non-negativeintegers n

Comment: For each n, the above polynomial isdivisible
by at |east one of

®p.(x) wherek € {2,3,4,6,12}.

n =0 (mod 2)
n =2 (mod 3)
n =1 (mod 4)
n =1 (mod 6)
n =3 (mod 12)

f(x)x" +12=0 (mod = + 1)
f(x)z" +12=0 (mod z*+ = + 1)
f(x)x" +12 =0 (mod z*+ 1)
f(x)z" +12=0 (mod z* — z + 1)
f(x)z" +12=0 (mod z* — z* + 1)

FEEE
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Schinzel’ sExample:

(52746254320 +82° + 923 + 622 +8x+3) ™ +12
Isreducible for all non-negativeintegers n

Theorem. Thereexistsan f(x) € Z[x] with non-negative
coefficientssuch that f (x)x" + 4 isreduciblefor al non-
negativeintegers n.

Comment: For each n, the second polynomial isdivisible
by at least one ®,.(x) where k divides some integer NV
having more than 1017 digits.



Schinzel’ sExample:

(52746254320 +82° + 923 + 622 +8x+3) ™ +12
Isreducible for all non-negativeintegers n

Theorem. Thereexistsan f(x) € Z[x] with non-negative
coefficientssuch that f (x)x" + 4 isreduciblefor al non-
negativeintegers n.

Comment: For each n, the second polynomial isdivisible
by at least one ® 4. (x) where k divides

2436750334086348800 341 531 7371 12913231716191823232929313137374141 .



Schinzel’s Theorem: If thereisan f(x) € Z[x] such
that f(1) # —1 and f(x)x™ + 1 is reducible for all
non-negative integers n, then there is an odd covering of
the integers.



Theorem (F., Ford, Konyagin). Let u(x) and v(x) be
In Z[x] with
u(0) # 0, v(0) # 0, and gecd(u(x),v(x)) = 1.

Let 1 and ro denote the number of non-zero terms in
u(x) and v(x), respectively. If

1
m > max< 2 X 52N_1,2max{degu, degfv}(SN_l + Z)}

where N = 2 ||u||?+2 ||v||? + 2r1 + 272 — 7, then the
non-reciprocal part of u(x)x" + v(x) isirreducible un-
less one of the following holds:
(i) The polynomial —u(x)v(x) is apth power for
some prime p dividing m.
(ii) One of u(x) or v(x) is a 4th power, the
other is 4 times a 4th power, and 4|m.




Theorem (F., Ford, Konyagin). When m islarge, either
u(x)x" + v(x) has an obvious factorization or the non-
reciprocal part of u(x)x" + v(x) isirreducible.



Theorem (F., Ford, Konyagin). When m islarge, either
u(x)x" + v(x) has an obvious factorization or the non-
reciprocal part of u(x)x" + v(x) isirreducible.

Comment: Schinzel essentially proved this with a differ-
ent understanding of what “m islarge’” means.



Theorem (F., Ford, Konyagin). When m islarge, either
u(x)x" + v(x) has an obvious factorization or the non-
reciprocal part of u(x)x" + v(x) isirreducible.

Lemma (Schinzel). Let f(x) € Zlx]. Suppose that
n 1s sufficiently large (depending on f). Then the non-
reciprocal part of f(ax)x™ + 1 isirreducible over Q or
Identically 41 unless one of the following holds:

(i) — f(x) isapth power in Q[x] for some prime p
dividing n.

(ii) f(x) is 4 times a 4th power in Q[x] and n is
divisible by 4.



Lemma 2 (Apostol). Let n and m be positive integers
with n > m. The resultant of ®,,(x) and ®,,(x) IS
divisibleby aprime p if and only if n/m isapower of p.
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Step 1. Suppose we amost have a covering in that every
Integer n > ng (for some ng) satisfies at least one of the
congruences

x =ay (modmq),..., x = a, (Modm,)

where the a ;'sand m ;' s are integers with each m; > 0.

Let n € Z. Weclam that n satisfies at |east one of the
congruences above (so the congruences form a covering).

Let k € Z with
n+ kmimso---m,y > ng.

Then, forsomej € {1,2,...,7},

n=n+kmimz---my =a; (mod m;).
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Step 2. f(0) # 0and f(x) Z 1.

We will show that if f(x)x"™ + 1 isreduciblefor all n >
N (where N isarbitrary), then there is an odd covering of
theintegers. If f(x) = g(x)z¥, then

f(x)x™+1 isreducible <= g(z)x™ ¥ +1 isreducible,

so one can replace f(x) with g(x).



Step 2. £(0) # 0and f(x) Z 1.



Step 2. £(0) # 0and f(x) Z 1.

Henceforth, assume F'(x) = f(x)x™ + 1

Isreducible for all large n.

Wewant to show there is an odd covering.
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Step 2. £(0) # 0and f(x) & 1.
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Step 2. £(0) # 0and f(x) & 1.

Is ™ 4+ 1 reduciblefor everyn € Z17?

22 1= P11 (x) isirreducible for every t € Z
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e2mi/m

Theroots of xP = (,,, are Cgcpm 0<73<p-—1).
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Step 3. Let p beaprime, and let m be a positive integer
suchthat p dividesm. Then xP = {,,, hasno solutions

S @(Cm) T

e2mi/m

Theroots of xP = (,,, are Cgcpm 0<73<p-—1).
Assume one of theseisin Q(¢{m ). Then
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Step 3. Let p beaprime, and let m be a positive integer
suchthat p dividesm. Then xP = {,,, hasno solutions

S @(Cm) T

e2mi/m

Theroots of xP = (,,, are Cgcpm 0<73<p-—1).
Assume one of theseisin Q(¢{m ). Then
Co =P € Q¢m) = Cpm € Qém).

Thiscontradicts, for example, that the minimal polynomial
for (pm 1S Ppm () which has degree ¢p(pm) > ¢(m).
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divides f (z) f (z) — 98 . Hence, thereisafinitelist of
irreducible reciprocal factorsthat can divide f(x)x"™ + 1
asm varies.

Since
F(x) = 2" 987 1 f(x),
each reciprocal factor of F' divides
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Step 4. Each reciprocal factor of F'(x) = f(x)x™ + 1
divides f (z) f (z) — 98 . Hence, thereisafinitelist of
irreducible reciprocal factorsthat can divide f(x)x"™ + 1
asm varies.

Since
F(x) = 2" 987 1 f(x),
each reciprocal factor of F' divides

f(x)F(z) — 298 F(z) = f(z)f(x) — z9°87.
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Step 5. Thereis an ng such that If n > ng, then every
irreducible reciprocal factor of F'(x) is cyclotomic.

Suppose g(x) isan irreducible reciprocal polynomial that
divides f(x)x™ + 1 and f(x)x"™ + 1 wheren > m.
Then g(x) divides
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Step 4. Thereisafinitelist of irreduciblereciprocal factors
that can divide F'(x) = f(x)x™ + 1 asn varies.

Step 5. Thereis an ng such that If n > ng, then every
irreducible reciprocal factor of F'(x) is cyclotomic.

Suppose g(x) isan irreducible reciprocal polynomial that
divides f(x)x™ + 1 and f(x)x"™ + 1 wheren > m.
Then g(x) divides

" (f(x)e™+1) — (f(x)x"+1) = 2" — 1.
Therefore, each irreducible reciprocal polynomial that isa
factor of F'(x) for more than one n is cyclotomic.



Step 4. Thereisafinitelist of irreduciblereciprocal factors
that can divide F'(x) = f(x)x™ + 1 asn varies.

Step 5. Thereis an ng such that If n > ng, then every
irreducible reciprocal factor of F'(x) is cyclotomic.

Suppose g(x) isan irreducible reciprocal polynomial that
divides f(x)x™ + 1 and f(x)x"™ + 1 wheren > m.
Then g(x) divides

" (f(x)e™+1) — (f(x)x"+1) = 2" — 1.
Therefore, each irreducible reciprocal polynomial that isa

factor of F'(x) for more than one n is cyclotomic. Apply
the result of Step 4.



Lemma (Schinzel). Let f(x) € Z[x]. Suppose that
n 1S sufficiently large (depending on f). Then the non-
reciprocal part of F'(x) = f(x)x™+1isirreducibleover
Q or identically £1 unless one of the following holds:
(i) — f(x) isapth power in Q[x] for some prime p
dividing n.

(i) f(x) is 4 times a 4th power in Q[x] and n is
divisible by 4.




Lemma (Schinzel). Let f(x) € Z[x]. Suppose that
n 1S sufficiently large (depending on f). Then the non-
reciprocal part of F'(x) = f(x)x™+1isirreducibleover

Q or identically -
(i) -f(zx)isa

dividing n.

-1 unless one of the following holds:
pth power in Q[x| for some prime p

(if) f(x) is 4 times a 4th power in Q[x] and n is

divisible by

4.

Step 6. Suppose (i) and (ii) do not hold for F'(x) and n is
large. Then F'(x) isdivisible by acyclotomic polynomial.
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Step 6. Suppose (i) and (ii) do not hold for F(x) =
f(x)x™ 4+ 1 and n islarge. Then F'(x) isdivisibleby a
cyclotomic polynomial.

(i) — f(x) isapth power and p|n
(i) f(x) is4 timesa4th power and 4|n

Claim: f(x) isnot 4 times a 4th power
Proof. Assume otherwise. Consider n = q whereg isa

large odd prime, so large that — f(a) is not a gth power.
Notethat 4 1 n. Hence, (i) and (ii) do not hold.



Step 6. Suppose (i) and (ii) do not hold for F(x) =
f(x)x™ 4+ 1 and n islarge. Then F'(x) isdivisibleby a
cyclotomic polynomial.

(i) — f(x) isapth power and p|n
(i) f(x) is4 timesa4th power and 4|n
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r=a; (modm,;) (1< j5<7)
x =0 (mod p) (p €P)

ptmjfordlp € Panddlj € {1,2,...,7}

Covering:

Claim: Suppose m; = 2%mg and m; = 2%my, where
mg 1S an odd integer > 1, and ¢ and s are integers with

t > s>0.Thena; = a; (mod my).

Lemma 2 (Apostol). Let n and m be positive integers
with n > m. The resultant of ®,,(x) and ®,,(x) is
divisibleby aprime p if and only if n/m isapower of p.



r=a; (modm,;) (1< j5<7)
x =0 (mod p) (p €P)

ptmjfordlp € Panddlj € {1,2,...,7}

Covering:

Claim: Suppose m; = 2%mg and m; = 2%my, where

mg 1S an odd integer > 1, and ¢ and s are integers with
t > s>0.Thena; = a; (mod my).



r=a; (mod mj) (1< j<r)

Covering:
¥ 2=0 (mod p) (p €P)

Claim: Suppose m; = 2'mg and m; = 2my, where

mg 1S an odd integer > 1, and ¢ and s are integers with
t > s>0.Thena; = a; (mod my).



Covering: r=a; (mod mj) (1< j<r)
r =0 (mod p) (p €P)
Claim: Suppose m; = 2'mg and m; = 2my, where

mg 1S an odd integer > 1, and ¢ and s are integers with
t > s>0.Thena; = a; (mod my).

mj:2tm0, m;=2my — a;=a; (mod my)



Covering: r=a; (mod mj) (1< j<r)
r =0 (mod p) (p €P)
Claim: Suppose m; = 2'mg and m; = 2my, where

myg IS an odd integer > 1, and t and s are integers with
t > s>0.Thena; = a; (mod my).

mj=2tm0, m;=2my — a;=a; (mod my)



Covering: r=a; (mod mj) (1< j<r)
r =0 (mod p) (p €P)
Claim: Suppose m; = 2'mg and m; = 2my, where

myg IS an odd integer > 1, and t and s are integers with
t > s >0.Thena; = a; (mod my).

mj=2tm0, m;=2my — a;=a; (mod my)



mj=2tm0, m; =2"mg =—> aj=a; (mod my)



t

m;=2"mg, m; =2mg = aj=a; (mod my)
iIf p|n
P = ,
pn(®) { fptn



t

m;=2"mg, m; =2mg = aj=a; (mod my)

Py, (xP) if p|n
fptn



__ ot
m3—2

mgy, m; =2"my =—> a;=a; (mod my)
Py, (xP) if p|n

Ppn (@) = {@n(mp) /B, (x) ifptn



t

m;=2"mg, m; =2mg = aj=a; (mod my)
P, (2P) if p|n
() —
) = Lo fu(e) it 1

®o, () = Pp(—=x) forn > 1 odd



t

m;=2"mg, m; =2mg = aj=a; (mod my)
P, (2P) if p|n
() —
) = Lo fu(e) it 1

®o, () = Pp(—=x) forn > 1 odd

(I)2tm()(m)



t

m;=2"mg, m; =2mg = aj=a; (mod my)
P, (2P) if p|n
() —
) = Lo fu(e) it 1

®o, () = Pp(—=x) forn > 1 odd

2



t

m;=2"mg, m; =2mg = aj=a; (mod my)
P, (2P) if p|n
() —
) = Lo fu(e) it 1

®o, () = Pp(—=x) forn > 1 odd

2 22



mj=2tm0, m; =2"mg =—> aj=a; (mod my)

P, (2P) if p|n
P, (xP)/Pp(x) Ifpin

®o, () = Pp(—=x) forn > 1 odd

Ppn(x) = {

2 22

23 2t—1
) =

p— (I)2t_3m0(£13 oo — CI)sz(.’B )



m; = 2tmyg, m; =25my — a; =a; (mod my)

[ ®Pp(xP) iIf p|n
©n(@) = { (o) fn(z) i1
®o, () = Pp(—=x) forn > 1 odd
Bty (€) = Bor-1,, (%) = B2y, (27)
= Pyt—3,, (w23) = e = (I)Zmo(th_l)
= @mo(mZt‘l) (mod 2)



m; = 2tmyg, m; =25my — a; =a; (mod my)

[ ®Pp(xP) iIf p|n
Ppn (@) = {@n(mp) [ B (x) ifptn.
®o,(x) = Pp(—x) fornm > 1 odd.
Bty (€) = Bot—1,y (22) = B2y, (27)
— By s, <w23> = o= By (22 )

)= <I>mo<w>2t " (mod 2)



mj=2tm0, m; =2"mg =—> aj=a; (mod my)

P, (2P) if p|n
b, (xP)/Pp(x) ifp1n.

®o,(x) = Pp(—x) fornm > 1 odd.

Ppn(x) = {

2 22
(I)2tm0(m) — (I)Zt_l (m ) — (I)Qt_Qmo(m )
3

27 (mod 2)

t—1
— (I)2t 3m (33 2

) = Py ()

Py () dividesboth ®ot,,, () and Pasp, () mod 2



mj=2tm0, m; =2"mg =—> aj=a; (mod my)



t

m;=2"mg, m; =2mg = aj=a; (mod my)

a,,;—l—(k—l)mz-<aj§a,,;—|—kmi



t

m;=2"mg, m; =2mg = aj=a; (mod my)

a,,;—l—(k—l)mz-<aj§a,,;—|—kmi
Ezai—l—kmi—aj



t

m;=2"mg, m; =2mg = aj=a; (mod my)

a,,;—l—(k—l)mz-<aj§a,,;—|—kmi
Ezai—l—kmi—aj e [0, m;)



mj=2tm0, m; =2"mg =—> aj=a; (mod my)

a,,;—l—(k—l)mz-<aj§a,,;—|—kmi
Ezai—l—kmi—aj e [0, m;)

Py, () |( fx)x® + 1)



__ ot
m3—2

mgy, m; =2"my =—> a;=a; (mod my)
a; + (k — 1)m; < aj < a; + km;
L=a; + km; — a; € 0, m;)

®ny(2)|( £ (2)2% +1)

T
add f (x)x% (k™ — 1)




mj=2tm0, m; =2"mg =—> aj=a; (mod my)

a,,;—l—(k—l)mz-<aj§a,,;—|—kmi
Ezai—l—kmi—aj e [0, m;)

®ny(2)|( £ (2)2% +1)

T
add f (x)x% (k™ — 1)

get f(x)x%tkmi 41




mj=2tm0, m; =2"mg =—> aj=a; (mod my)

a,,;—l—(k—l)mz-<aj§a,,;—|—kmi
Ezai—l—kmi—aj e [0, m;)

By ()| (F ()i 4 1)



mj=2tm0, m; =2"mg =—> aj=a; (mod my)

a,,;—l—(k—l)mz-<aj§a,,;—|—kmi
Ezai—l—kmi—aj e [0, m;)

By ()| (F ()i Tmi 4 1)
Py ()| (f ()2 +1)




mj=2tm0, m; =2"mg =—> aj=a; (mod my)

a,,;—l—(k—l)mz-<aj§a,,;—|—kmi
Ezai—l—kmi—aj e [0, m;)

By, ()| (f () TR 4 1)
By ()| (F(2) 2% + 2t)




mj=2tm0, m; =2"mg =—> aj=a; (mod my)

a,,;—l—(k—l)mi<aj§a,,;—|—kmi
E:ai—l—kmi—aj e [0, m;)

By, ()| (f () TR 4 1)
By ()| (F(2) 2% + 2t)




mj=2tm0, m; =2"mg =—> aj=a; (mod my)

a,,;—l—(k—l)mi<aj§a,,;—|—kmi
E:ai—l—kmi—aj e [0, m;)

By, ()| (f () TR 4 1)
By (z)|(F(2) 2% + 2t)




t

m;=2"mg, m; =2mg = aj=a; (mod my)

a,,;—l—(k—l)mz-<aj§a,,;—|—kmi
Ezai—l—kmi—aj e [0, m;)

B, ()| (f () xithmi 4 1)
B (2)](f (@) xithmi 4 2t)



t

m;=2"mg, m; =2mg = aj=a; (mod my)

a,,;—l—(k—l)mz-<aj§a,,;—|—kmi
Ezai—l—kmi—aj e [0, m;)

B, ()| (f () xithmi 4 1)
B (2)](f (@) xithmi 4 2t)

B (@) u(x) + By () v(2) = b — 1



mj=2tm0, m; =2"mg =—> aj=a; (mod my)

ai—l—(k—l)mi<aj§ai—|—kmi
£ =a; +km; —a; € [0,m;)

P (z)u(x) + @ (z)v(X) = zt —1



mj=2tm0, m; =2"mg =—> aj=a; (mod my)

ai—l—(k—l)mi<aj§ai—|—kmi
£ =a; +km; —a; € [0,m;)

P (z)u(x) + @ (z)v(X) = zt —1

Do () divides 2t — 1 modulo 2



t

m;=2"mg, m; =2mg = aj=a; (mod my)

ai—l—(k—l)mi<aj§ai—|—kmi
Eza,,;—l—km,,;—aj e [0, m;)

D (@) u(x) + By () v(2) = b — 1

Do () divides 2t — 1 modulo 2

Some divisor @y (x) of ¢ — 1 and &, ()
have afactor in common modulo 2.



__ ot
m3—2

mgy, m; =2"my =—> a;=a; (mod my)
L=a; + km; — a; € [0, m;)

Some divisor ® () of ¢ — 1 and @y, ()
have a factor in common modulo 2.



m; = 2mg, m; =2°my = a;=a; (mod my)
L=a; + km; — a; € [0, m;)

Some divisor ® () of ¢ — 1 and @y, ()
have afactor in common modulo 2
—> resultant of ®,/(x) and ®,,,,(x) is even.



t

m;=2"mg, m; =2mg = aj=a; (mod my)

Ezai—l—kmi—aj e [0, m;)

Some divisor ® () of ¢ — 1 and @y, ()
have afactor in common modulo 2
—> resultant of ®,/(x) and ®,,,,(x) is even.

Py (x) = u(x)w(x) (mod 2)
Py (z) = v(z)w(x) (mod 2)



t

m;=2"mg, m; =2mg = aj=a; (mod my)

L=a; + km; — a; € [0, m;)
Some divisor ® () of ¢ — 1 and @y, ()

have afactor in common modulo 2
—> resultant of ®,/(x) and ®,,,,(x) is even.

Lemma 2 (Apostol). Let n and m be positive integers
with n > m. The resultant of ®,,(x) and ®,,(x) is
divisibleby aprime p if and only if n./m isapower of p.



t

m;=2"mg, m; =2mg = aj=a; (mod my)

Ezai—l—kmi—aj e [0, m;)

Some divisor ® () of ¢ — 1 and @y, ()
have afactor in common modulo 2
—> resultant of ®,/(x) and ®,,,,(x) is even.

Lemma 2 (Apostol). Let n and m be positive integers
with n > m. The resultant of ®,,(x) and ®,,(x) is
divisibleby aprime p if and only if n./m isapower of p.

21my



t

m;=2"mg, m; =2mg = aj=a; (mod my)

Ezai—l—kmi—aj e [0, m;)

Some divisor ® () of ¢ — 1 and @y, ()
have afactor in common modulo 2
—> resultant of ®,/(x) and ®,,,,(x) is even.

Lemma 2 (Apostol). Let n and m be positive integers
with n > m. The resultant of ®,,(x) and ®,,(x) is
divisibleby aprime p if and only if n./m isapower of p.

2imgy —> m0|€'



t

m;=2"mg, m; =2mg = aj=a; (mod my)

Ezai—l—kmi—aj e [0, m;)

Some divisor ® () of ¢ — 1 and @y, ()
have afactor in common modulo 2
—> resultant of ®,/(x) and ®,,,,(x) is even.

Lemma 2 (Apostol). Let n and m be positive integers
with n > m. The resultant of ®,,(x) and ®,,(x) is
divisibleby aprime p if and only if n./m isapower of p.

2imgy —> m0|€' —> mg|¥



t

m;=2"mg, m; =2mg = aj=a; (mod my)

Ezai—l—kmi—aj e [0, m;)

Some divisor ® () of ¢ — 1 and @y, ()
have afactor in common modulo 2
—> resultant of ®,/(x) and ®,,,,(x) is even.

Lemma 2 (Apostol). Let n and m be positive integers
with n > m. The resultant of ®,,(x) and ®,,(x) is
divisibleby aprime p if and only if n./m isapower of p.

2imgy —> m0|€' — mg|l — a;=a; (mod my)
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