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e irreducibility will be over the integers

oif f(x) =Y ajzl, then| £

j=0

e f(x) = 298/ £(1/2)

e f(x) will be called thereciproca

n
=>4
=0

of f(x)

e f(x) reciprocalmeansf (z) = -

=f (x)

e thenon-reciprocal part off (x) is f(x) removed of its
irreducible reciprocal factors (sort of)



BASIC QUESTION 1

Are lacunary polynomials easier to factor
than non-lacunary polynomials?
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Recall:

e There existsw(z) with f(z)f(z) = w(z)w(x),
w(x) # f(z), andw(x) # f(x) if and only if the
non-reciprocal part of (x) is reducible.

o |lwll = I

o If f(x)is a0, 1-polynomial, thernw(x) is also.

Example: Factor (if possible)

f(CB) — 14 CI)211 i w517 i 213575 i C131245 i 331398.



f(z) =1+ 2!
i 213517
i m575
4+ :l?1245
i w1398
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4 1340 | 1398 |
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Question: How can we get the exponeh$3 in ww?
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Problem: The coefficient ofc1934 is 2
(sincel034 + 0 = 670 + 364 = 1034).
Also, the expone®39 should not be invw.
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we backtrack and considéir0 as an exponent .
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w — [0,364,670,1187, 1245, 1398]

ww — [0,153, 211, 364, 517, 575, 670, 728, 823, 881,
1034, 1092, 1187, 1245, 1340, 1398, . . . ]

Note: We now havef f = ww !

How to Proceed: We check thaw(x) # f(x) and
thatw(x) # f(x). Sincew(z) # f(z) andw(xz) #

f (), the non-reciprocal part of () is reducible.
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f(ZL') — 14 m211 i 33517 i CL’575 i m1245 i 331398.
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Recall
f(z) =14 2211 2517 4 575 | 1245 | 1398
A factor of f(x) is

ged(f(z), w(x)) = 1 + x?1 — 2304 4 o881,
We have the factorization
Fx) = (142211 — 43641 4881)(1 _|_w364_|_w517).

MAPLE: irreduc(f);

took > 3 hours on an Ultra 5 Workstation

Comment: x? + 1 is a factor off(x)
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COMPARISON OF THREE ALGORITHMS

irreduc  : MAPLE command for testing irreducibility of
anarbitrary polynomial inZ|x]

irreducOLNR : program, using MAPLE, based on th
example just given, for testing the irreducibility of th
non-reciprocal part of 8, 1-polynomial

irreducOl1 : program that combinesreducO1NR
with a check for reciprocal factors that tests the irr
ducibility of a0, 1-polynomial
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COMPARISON OF THREE ALGORITHMS

Irreduc IrreducO1NR IrreducO01

We ran tests of random polynomials

of degree < M
and consisting

of 7 non-zeroterms.



COMPARISON OF THREE ALGORITHMS

Irreduc IrreducO1NR IrreducO01

We ran tests of random polynomials

of degree < M
and consisting

of <41 non-zero terms.



COMPARISON OF THREE ALGORITHMS

Average CPU time (sec)

M | r  #tests irreduc ireducOINR | irreduc01
100 |10 50 0.584 0.015 0.041
200 10 50 4.692 0.015 0.039
300 10| 50 20.663 0.014 0.043
400 (10| 30 48.145 0.013 0.048
500 10| 30 (2.717 0.015 0.057
1000 (10) 10 475,771 0.014 0.132
10000|10|1/30/3089.105 hrs 0.013 8.943
5000030/ 0/50/10 NA 0.192 | 309.574
10000030|0/50/10 NA 0.191 1373.84C




COMPUTATIONAL COMPLEXITY OF IrreducO1

M

#
tests

#
irred

CPU time (sec)

Range Mean

20000

10

30

22

0.010 —

54.550 28.796

20000

20

30

26

0.010 —

125.110 46.693

20000

30

30

26

0.010 —

212.180 54.694

20000

40

30

26

0.010 —

130.830 53.728

20000

50

30

28

0.020 —

136.140 59.368

50000

30

10

0.010 —

390.780309.574

100000

30

10

0.020 — 2872.09(1373.84C

100000

50

10

0 020 — 1562.5801342.016

100000

100

10

O O O O

0.040 — 1642.85(1424.93€




COMPUTATIONAL COMPLEXITY OF IrreducO1NR

# # CPU time (sec)
M | r testsirreduc Range Mean
1010 130 50 50 | 0.170 — 0.210 0.198




COMPUTATIONAL COMPLEXITY OF IrreducO1NR

# # CPU time (sec)
M | r testsirreduc Range Mean
1019 ' 30 50| 50 | 0.170 — 0.210 0.198
10190 ' 30 50 | 50 | 0.210 — 0.360 0.261
10199 ' 50 50| 50 | 1.170 — 1.800 1.462
10190 1100 50 | 50 | 19.630 — 26.730 23.981




COMPUTATIONAL COMPLEXITY OF IrreducO1NR

# # CPU time (sec)
M | r testsirreduc Range Mean
1019 ' 30 50| 50 | 0.170 — 0.210 0.198
10190 30 50 | 50 | 0.210 — 0.360 0.261
10190 ' 50 50 | 50 | 1.170 — 1.800 1.462
10190 1100 50 50 | 19.630 — 26.730 23.981
1010° 30 10 10 | 20.090 — 21.210 20.856
1010° | 50 | 10 | 10 | 79.560 — 85.080 82.454




THEOREM (F. & SCHINZEL ): There is an algorithm with
the following property: Given a non-reciproc#l(x)
€ Z|x] with N non-zero terms and heighf, the algo-
rithm determines whethef(x) is irreducible in time

¢(N, H)(log deg )¢ (V)

wherec(IN, H) depends only oV andH andc’(IV)
depends only oV .



THEOREM (F. & SCHINZEL ): There is an algorithm with
the following property: Given a non-reciproc#l(x)
€ Z|x] with N non-zero terms and heighf, the algo-
rithm determines whethef(x) is irreducible in time

c(N, H)(log deg ) ™)

wherec(IN, H) depends only oV andH andc’(IV)
depends only oV .



BASIC QUESTION 2

Can we categorize the polynomials having
small Euclidean norm that are reducible?



Selmer (1956): Investigated the irreducibility of

x® + zcb +— 1.
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Selmer (1956): Investigated the irreducibility of

x® + zcb +— 1.

Ljunggren (1960): Investigated the irreducibility of

x® + :L‘b +1 and z=£%+ wb + €4+ 1.

Theorem: The non-cyclotomic parts af® + xb + 1 (if

a > b > 0)and ofx®+x+ 241 (ifa > b > ¢ > 0)
are always irreducible.




Selmer (1956): Investigated the irreducibility of

x? + wb -+ 1.

Ljunggren (1960): Investigated the irreducibility of

2+ 2 +1 and 2%+ 2%+ 2€+ 1.

Theorem: The non-cyclotomic parts af® + x? + 1 (if
a > b > 0)and ofz®+axP+x+1(fa > b > ¢ > 0)
are always irreducible.

Mills (1985): Noted that
3+’ +x—1= (2®+1)(e3+2?—1) (3 —z+1).



Btz +x—1= (2?+1) (x> +2*—1)(z®—x+1)
eS+axtra?—1 = (?41)(x%+2?—1)(x® —z?+1)
S —a®—zt—1 = (?+1) (P —x—1) (P —x+1)
d—x'—x—1= (2?+1)(z®—2z—1) (2> —2?+1)



Btz +x—1= (2?+1) (x> +2*—1)(z®—x+1)
eS+axtra?—1 = (?41)(x%+2?—1)(x® —z?+1)
S —a®—zt—1 = (?+1) (P —x—1) (P —x+1)
d—x'—x—1= (2?+1)(z®—2z—1) (2> —2?+1)

Call these “variations” of each other.



Mills’ Theorem: Suppose
f(x) — 2%+ 224+ 1 witha>b>0

or

f(x) = x° r? + 241 witha>b>c>0.

Then the non-cyclotomic part gf(x) is irreducible unless
f(x) is a variation of

iBSk—I—ZB7k—|—£Bk—1
_ (ka + 1)(333]{1 + ka . 1)(333]@ . CIZk + 1).



Theorem (Schinzel): Fix ag,...,a, € Z — {0}. Then
It is possible to classify the polynomials of the form

arz + -+ + a1z + ag
that have reducible non-reciprocal part.



Theorem (Schinzel): Fix ag,...,a, € Z — {0}. Then

It is possible to classify the polynomials of the form
arz + -+ + a1z + ag

that have reducible non-reciprocal part.

Theorem (F. & Solan): Ifa > b > ¢ > d > 0, then
the non-reciprocal part af® + x? + ¢ + ¢ + 1 is
irreducible.



Theorem: Ifa > b > ¢ > d > e > 0, then the
non-reciprocal part of

f(x) — 2% 4+ 20 4 2¢ 4+ 2%+ 2+ 1
IS irreducible unlesg (x) is a variation of

_ 5s+3t 4s+2t 2s+2t t S
flx) == + x + x +ax"+x°+1
_ (£B38+2t . ws—l—t i mt i 1)($28+t 4 S 4 1).



Theorem (F. & Murphy): If n > ¢ > b > a > 0, then
the non-reciprocal part of

f(x) =2 £z % z? + 2% 4+ 1

IS irreducible unlesg(x) is a variation of one of the fol-
lowing:




Theorem (F. & Murphy): If n > ¢ > b > a > 0, then
the non-reciprocal part of

f(x) =a2" £z % z? + 2% 4+ 1

IS irreducible unlesg(x) is a variation of one of the fol-
lowing:

P (R I (2% — 2t — 1)(z% — 2% + 2% — 2t + 1)

28 — 26 ot gt 1 = (2% — 22 + 1) (2% + 2t — 2% — 2t — 1)

2% — 2T 4 g8 gt — 1 = (2% — 22 4+ 1)(2% + 2 — 2 — 2t — 1)

210 Tt gt gt = (23 — gt — 1) (2™ 4+ 2%+ 22— 2t 1)

20 g% 4Bt gt 1 = (2% — 2% 1) (2" + 2™ — 22—zt — 1)
210 _ g8t gt gt ] = (25— g 4 23t — gt 4 1) (2 4 2 — 2 — 2t — 1)
210 g% _ gt 4 g3t ] = (23 — gt — 1)(33715 — 2% Bt g8ty 22 gty )



2Bt g6t g5t — (g% gt 4 1)(27 — 2% — 2 — 2t — 1)
2Bt gt 1 — (2% — 22 4 1)(a® 4 2™+ 2% 2% — 2 gt 1)
213 gl 9t (B gt 1) (2 4 2T — 2 2t 2 pt 4 1)
213 gl 100 g2t g (5t gt g2 gt 1) (28 2T — 2 — gt — 1)

21 M g9 31— (2T g8 4 g% gt 4 1)
X (27 + 2% 4 25 — 23 _ 22 _ gt _ 1)
2 g% Bt T 1 — (2Tt — g% 4 Bt _ 2t gty 1)
X (x4 2% — 2% — 2t — 1)
g2t gt L gp? gt 1 = (2t — 2%+ 1) (2P — ¥ — 1)
EOUHRU g2 gptu gt q  (g2u gt ) (g8t | gt 4 q)

m51&—|—3'u, _ m4t—|—2u _ CBt—l—’u, _ mt -1 = (m2t+u _ mt _ 1)(m3t+2u _|_ wt—l—u _|_ 1)



How to Prove Such Theorems:



fzwn C
_ %
x’ + 2%+ 1



fzwn C
_ %
x’ + 2%+ 1

f:mn_l_wn—a —
_ e b_wn—c
+1



f=a" —2¢— 2+ 22+ 1

f = ™ 4 2" CEn—b |

ff: 14+2% — CBb _ pC _ pn—C _ wn—b_l_ 20
n+a—c wn—l—a—b + mn—|—b—c 4o



f=a" —2¢— 2+ 22+ 1
f:mn+mn—a_mn—b_wn—c+1

ff: 14+2% — CBb _ pC _ pn—C _ wn—b_l_ 20
n+a—c _ wn—l—a—b + mn—|—b—c 4 ...

" Lt — S — " 41
wn_wn—r_wn—s_l_wn—t_l_l

S
|

S
|



f=a" —2¢— 2+ 22+ 1
f:mn+mn—a_mn—b_wn—c+1

ff: 14+2% — CBb _ pC _ pn—C _ wn—b_l_ 20
n+a—c wn—l—a—b + mn—|—b—c 4o

2" Lt — S 2" 11
wn_wn—r_wn—s_l_wn—t_l_l

S
|

S
|

wip = 1—x" — 5 i :Bt i wn—t _ NS _ pnrT
n+r—t i mn—|—r—s . mn—l—s—t 4o



ff: 1422 — wb _ pC _ pn—C _ wn—b_l_ 20
n+a—c CUn—l—a,—b + wn—i—b—c 4o

w = 1—x" — 25 + wt 4+ wn—t _ =S _ pn—rT
. CB'n,—l—'r—t i CB'n,—l—'r—s . CBn—l—s—t 4.



ff: 1422 — wb _ pC _ pn—C _ wn—b_l_wn—a

. wn—l—a—c . CUn—l—a—b + wn—i—b—c 4o

w =1—a2" — 25+t + 2t — "5 — T
. CB'n—l—'r—t i CE'n—l—'r—s . CBn—l—s—t 4.

Basic Idea: We want to equate exponents. But there m
be cancellation of terms.



20 + ol + wn—|—b—c + . + S
i 2T S i T i wn—l—r—t i wn—i—s—t
— € + 21— C + :Bb + wn—b + wn—l—a—c
+ wn—l—a—b + :Bt + wn—t + CBn—l—fr—s



20 + ol + wn—|—b—c + . + S
i 2T S i T i wn—l—r—t i wn—i—s—t
— € + 21— C + :Bb + wn—b + wn—l—a—c
+ wn—l—a—b + :Bt + wn—t + CBn—l—fr—s

Basic Idea: Solve the resulting systems of equations o
tained by equating exponents.



20 + ol + wn—|—b—c + . + S
i 2T S i T i wn—l—r—t i wn—i—s—t
— € + 21— C + :Bb + wn—b + wn—l—a—c
+ wn—l—a—b + :Bt + wn—t + CBn—l—fr—s

Modified Idea: Proceed as suggested but make use of
ordering of the exponents.



20 + ol + wn—|—b—c + . + S
i 2T S i T i wn—l—r—t i wn—i—s—t
— € + 21— C + :Bb + wn—b + wn—l—a—c
+ wn—l—a—b + :Bt + wn—t + CBn—l—fr—s

Modified Idea: Proceed as suggested but make use of
ordering of the exponents.

O0<a<<b<<e<n
O0<r<s<t<n



20 + ol + wn—|—b—c + . + S
i 2T S i T i wn—l—r—t i wn—i—s—t
— € + 21— C + :Bb + wn—b + wn—l—a—c
+ wn—l—a—b + :Bt + wn—t + CBn—l—fr—s

Modified Idea: Proceed as suggested but make use of
ordering of the exponents.

Possible Least Exponent on the Left:
a



20 + N0 + wn—|—b—c + . + S
i 2T S i T i wn—l—r—t i wn—i—s—t
— € + 21— C + :Bb + wn—b + wn—l—a—c
+ wn—l—a—b + :Bt + wn—t + CBn—l—fr—s

Modified Idea: Proceed as suggested but make use of
ordering of the exponents.

Possible Least Exponent on the Left:
a,n —a



20 + N0 + wn—l—b—c + . + S
i 2T S i T i wn—l—r—t i wn—i—s—t
— € + 21— C + :Bb + wn—b + wn—l—a—c
+ wn—l—a—b + :Bt + wn—t + CBn—l—fr—s

Modified Idea: Proceed as suggested but make use of
ordering of the exponents.

Possible Least Exponent on the Left:
an—an-+b—c



20 + o ol + wn—|—b—c + . + S
i CEn—s i T i wn—l—r—t i wn—i—s—t
— € + 21— C + :Bb + wn—b + wn—l—a—c
+ wn—l—a—b + :Bt + wn—t + ZBn—l—fr—s

Modified Idea: Proceed as suggested but make use of
ordering of the exponents.

Possible Least Exponent on the Left:
an—an+b—ecr



20 + o ol + wn—|—b—c + . + S
i CEn—s i T i wn—l—r—t i wn—i—s—t
— € + 21— C + :Bb + wn—b + wn—l—a—c
+ wn—l—a—b + :Bt + wn—t + ZBn—l—fr—s

Modified Idea: Proceed as suggested but make use of
ordering of the exponents.

Possible Least Exponent on the Left:
an—an+b—cr,n—s



20 + o ol + wn—|—b—c + . + S
i CEn—s i T i wn—l—r—t i wn—i—s—t
— € + 21— C + :Bb + wn—b + wn—l—a—c
+ wn—l—a—b + :Bt + wn—t + ZBn—l—fr—s

Modified Idea: Proceed as suggested but make use of
ordering of the exponents.

Possible Least Exponent on the Left:
an—an+b—crn—sn-+r—t



20 + ol + wn—|—b—c + . + S
i 2T S i T i wn—l—r—t i wn—i—s—t
— € + 21 —C + :Bb + wn—b + wn—l—a—c
+ wn—l—a—b + :Bt + wn—t + CBn—l—fr—s

Modified Idea: Proceed as suggested but make use of
ordering of the exponents.

Possible Least Exponent on the Left:
an—an+b—crn—sn-+r—t

Possible Least Exponent on the Right:
n —=~o7¢



20 + ol + wn—|—b—c + . + S
i 2T S i T i wn—l—r—t i wn—i—s—t
— € + 21 —C + :Bb + wn—b + wn—l—a—c
+ wn—l—a—b + :Bt + wn—t + CBn—l—fr—s

Modified Idea: Proceed as suggested but make use of
ordering of the exponents.

Possible Least Exponent on the Left:
an—an+b—crn—sn-+r—t

Possible Least Exponent on the Right:
n—cb



20 + ol + wn—|—b—c + . + S
i 2T S i T i wn—l—r—t i wn—i—s—t
— € + 21 —C + :Bb + wn—b + wn—l—a—c
+ wn—l—a—b + :Bt + wn—t + CBn—l—fr—s

Modified Idea: Proceed as suggested but make use of
ordering of the exponents.

Possible Least Exponent on the Left:
an—an+b—crn—sn-+r—t

Possible Least Exponent on the Right:
n—cb,t



20 + ol + wn—|—b—c + . + S
i 2T S i T i wn—l—r—t i wn—i—s—t
— € + 21 —C + :Bb + wn—b + wn—l—a—c
+ wn—l—a—b + :Bt + wn—t + CBn—l—fr—s

Modified Idea: Proceed as suggested but make use of
ordering of the exponents.

Possible Least Exponent on the Left:
an—an+b—crn—sn-+r—t

Possible Least Exponent on the Right:
n—cbtn-—t



20 + ol + wn—|—b—c + . + S
i 2T S i T i wn—l—r—t i wn—i—s—t
— € + 21— C + :Bb + wn—b + wn—l—a—c
+ wn—l—a—b + :Bt + wn—t + CBn—l—fr—s

Modified Idea: Proceed as suggested but make use of
ordering of the exponents.

Possible Least Exponent on the Left:
an—an+b—crn—sn-+r—t

Possible Least Exponent on the Right:
n—cbtn-—t



20 + ol + wn—|—b—c + . + S
i 2T S i T i wn—l—r—t i wn—i—s—t
— € + 21— C + :Bb + wn—b + wn—l—a—c
+ wn—l—a—b + :Bt + wn—t + CBn—l—fr—s

Modified Idea: Proceed as suggested but make use of
ordering of the exponents.

Possible Least Exponent on the Left:
an—an+b—crn—sn-+r—t

Possible Least Exponent on the Right:
n—ec, t,n—1



20 + ol + wn—|—b—c + . + S
i 2T S i T i wn—l—r—t i wn—i—s—t
— € + 21— C + :Bb + wn—b + wn—l—a—c
+ wn—l—a—b + :Bt + wn—t + CBn—l—fr—s

Modified Idea: Proceed as suggested but make use of
ordering of the exponents.

Possible Least Exponent on the Left:
a, n+b—cr n—sn+r—t

Possible Least Exponent on the Right:
n—ec, t,n—1



20 + ol + wn—|—b—c + . + S
i 2T S i T i wn—l—r—t i wn—i—s—t
— € + 21— C + :Bb + wn—b + wn—l—a—c
+ wn—l—a—b + :Bt + wn—t + CBn—l—fr—s

Modified Idea: Proceed as suggested but make use of
ordering of the exponents.

Possible Least Exponent on the Left:
a, rn—sn—+r—=t

Possible Least Exponent on the Right:
n—ec, t,n—1



20 + ol + wn—|—b—c + . + S
i 2T S i T i wn—l—r—t i wn—i—s—t
— € + 21— C + :Bb + wn—b + wn—l—a—c
+ wn—l—a—b + :Bt + wn—t + CBn—l—fr—s

Modified Idea: Proceed as suggested but make use of
ordering of the exponents.

Possible Least Exponent on the Left:
a, rn—sn—+r—=t

Possible Least Exponent on the Right:
n — c, n—t



20 + ol + wn—|—b—c + . + S
i 2T S i T i wn—l—r—t i wn—i—s—t
— € + 21— C + :Bb + wn—b + wn—l—a—c
+ wn—l—a—b + :Bt + wn—t + CBn—l—fr—s

Modified Idea: Proceed as suggested but make use of
ordering of the exponents.

Possible Least Exponent on the Left:
a, T, n+r—t

Possible Least Exponent on the Right:
n — c, n—t



20 + ol + wn—|—b—c + . + S
i 2T S i T i wn—l—r—t i wn—i—s—t
— € + 21— C + :Bb + wn—b + wn—l—a—c
+ wn—l—a—b + :Bt + wn—t + CBn—l—fr—s

Modified Idea: Proceed as suggested but make use of
ordering of the exponents.

Possible Least Exponent on the Left:
a, r

Possible Least Exponent on the Right:
n — c, n—t



Possible Least Exponent on the Left:
Qa, r

Possible Least Exponent on the Right:
n — c, n —1



Possible Least Exponent on the Left:
Qa, r

Possible Least Exponent on the Right:
n — c, n —1

One of the Following Holds:

a=mn—=c
a=—n—1t1
T—=—mn—=c
r=mn—1t



	maplebutton: Time For A Demo


