Lecture 9: The Polynomial f(z)x" + g(x)

Theorem (Schinzel; F., Ford, Konyagin): Let f(x) andg(x) be inZ[x] with f(0) # 0, g(0) # 0,
andged,(f(z),g(x)) = 1. Letr; andr, denote the number of non-zero termsfifx) andg(x),
respectively. If

1 :
n > 2max {52N1,max { deg f,deg g} (5N1+ Z) } with N = 2(|| fII*+ || g]|*+r1+r2) T,
then the non-reciprocal part ¢f(x)z" + g(x) is irreducible or identicallyt-1 unless one of the

following holds:

(i) The polynomial—f(z)g(x) is apth power for some prime dividing n.

(i) For eithere =1 ore = —1, one ofs f(z) andeg(x) is a4th power, the other i times adth
power, andh is divisible by4.

Notation: Forn a positive integerg modn is the unique integerin {0,1,...,n — 1} such that
a =b (mod n). Also, ||z| is the distance from: to its nearest integer.

Congruence Problem: Let aq,as,...,a, denote distinct non-negative integers written in in-
creasing order. Determine an integet> 2 such thatu; modk € [0,k/4) U (3k/4, k) for each

je{l,2,...,r}.
Comment: Clearly,3k < 4a, + 1. For{5,8} and{20, 75, 138}, this is the minimum such.

Actual Problem: Show that ifa, is large as a function of, then the minimum such is “small”
(smaller thanta, + 1).

Lemma: Letr be a positive integer, and I&§ be a real number 2. Set

A(r) = max {2 x 571 kg (5T1 + i) }

Let ay, as, ..., a, be non-negative integers satisfying < a, < --- < a, anda, > A(r). Then
there exists an integér € [k, 4a,/3) such thai; modk is in [0, k/4) U (3k/4, k) for each;.

Main Ideas for Proof of Lemma:
e Definex; =a;/a, forj e {1,2,...,r}.

¢ By the Dirichlet box principle, there is an integésatisfyingl < d < 5! and||dz;|| <1/5
for 1 < j <r — 1. Note that the same inequality holds fo& 7.

Sincea, > 2 x 57!, we haved < +/a,/10.

Forl < j <, letc; denote the nearest integerdo;.

First, suppose; # 0 (so thatc; > 1) for eachj € {1,2,...,r}.



Foreachy € {1,2,...,7}, ¢; < dimplies
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The first interval above has length1/(10d%) > 1/a,, SOk exists. Justifyky < k < 4a,./3.

If somec; = 0, again choosg in the interval above. Now;; = 0 implies|a;| < k/4 since
Sda; < a, < k:d(aH— %)/(d—l— %) < 5dk /4.

Main Ideas for Proof of Theorem:

Assume the non-reciprocal part B{x) = f(z)z" + g(x) = >_’_; a;2% is reducible. Then
there are non-reciprocal polynomial§r) andv(z) in Z[z] such thatt'(z) = u(x)v(z).

Define W (z) = wu(z)o(z) = > bz and note that'(z)F(r) = W(x)W(:p) and
W12 = [[FI]* (sos < | F'[|* = 1).

DefineT = {dl,dQ, c. 7d7«} U {dr —dy,d, — dsy,...,d, — dr—l} U {61,62, ce ,65_1} U
{es — e1,e5—€9,...,65 —es 1} ThUs,|T| < 2||F||> + 2r — 5.

Let ky = 2 max{deg f,deg g}. By the lemma, there isfa < [k, 4d,/3] such that modk is
in[0,k/4) U (3k/4, k) for eacht € T

Defined; and¢; by d; = (d; + [k/4]) modk andd; + [k/4] = k{; + d;.
SetGi(z,y) = >, a;z%y% so thatGy (z, z%) = 24 F(z). Similarly, defineGy(z,y),

Hi(z,y), and Hy(z,y) so thatGy(z,2*) = 2W/4F(z), Hy(x,2¥) = 4w (z), and
Hy(z, 2%) = oF/1W (2).

Writing G4 (z, y)Ga(z,y) = ijo g;(z)y?, we deduce here that the termsgy(z) cor-

respond precisely to the terms in the expansion®8f* F(z)F(z) having degrees in the
interval[k7, k(7 + 1)). A similar conclusion holds for the terms i, (xz, y) Ha(z, y).

DeduceG(z,y)Ga(z,y) = Hi(z,y)H2(z,y) and, consequentlyy; (z, y) has a non-trivial
irreducible factor other than.

Definep by g(:L’) = ?:0 ajxdj andf(x) = Z;:erl ajg;dj—n_

Observe that, = ¢, = --- = {, = 0 (sinced; + [k/4] < kfor j € {0,1,...,p}) and, for
somel, (1 = l,40 = -+ =L, = L (otherwised, — d,; > deg f).

DeduceG (z,y) = f(z)x%" + g(z)x? for some positive integef and some non-negative
integersd andd'.

Apply Capelli's theorem.



