
Lecture 9: The Polynomialf (x)xn + g(x)

Theorem (Schinzel; F., Ford, Konyagin): Let f(x) andg(x) be inZ[x] with f(0) 6= 0, g(0) 6= 0,
andgcdZ(f(x), g(x)) = 1. Let r1 andr2 denote the number of non-zero terms inf(x) andg(x),
respectively. If

n ≥ 2 max

{
52N−1,max

{
deg f, deg g

}(
5N−1+

1

4

)}
with N = 2

(
‖f‖2+‖g‖2+r1+r2

)
−7,

then the non-reciprocal part off(x)xn + g(x) is irreducible or identically±1 unless one of the
following holds:

(i) The polynomial−f(x)g(x) is apth power for some primep dividing n.

(ii) For eitherε = 1 or ε = −1, one ofεf(x) andεg(x) is a4th power, the other is4 times a4th
power, andn is divisible by4.

Notation: For n a positive integer,a modn is the unique integerb in {0, 1, . . . , n − 1} such that
a ≡ b (mod n). Also,‖x‖ is the distance fromx to its nearest integer.

Congruence Problem: Let a1, a2, . . . , ar denote distinct non-negative integers written in in-
creasing order. Determine an integerk ≥ 2 such thataj modk ∈ [0, k/4) ∪ (3k/4, k) for each
j ∈ {1, 2, . . . , r}.

Comment: Clearly,∃k ≤ 4ar + 1. For{5, 8} and{20, 75, 138}, this is the minimum suchk.

Actual Problem: Show that ifar is large as a function ofr, then the minimum suchk is “small”
(smaller than4ar + 1).

Lemma: Let r be a positive integer, and letk0 be a real number≥ 2. Set

A(r) = max

{
2× 52r−1, k0

(
5r−1 +

1

4

)}
.

Let a1, a2, . . . , ar be non-negative integers satisfyinga1 < a2 < · · · < ar andar ≥ A(r). Then
there exists an integerk ∈ [k0, 4ar/3) such thataj modk is in [0, k/4) ∪ (3k/4, k) for eachj.

Main Ideas for Proof of Lemma:

• Definexj = aj/ar for j ∈ {1, 2, . . . , r}.

• By the Dirichlet box principle, there is an integerd satisfying1 ≤ d ≤ 5r−1 and‖dxj‖ ≤ 1/5
for 1 ≤ j ≤ r − 1. Note that the same inequality holds forj = r.

• Sincear ≥ 2× 52r−1, we haved ≤
√

ar/10.

• For1 ≤ j ≤ r, let cj denote the nearest integer todxj.

• First, supposecj 6= 0 (so thatcj ≥ 1) for eachj ∈ {1, 2, . . . , r}.



• For eachj ∈ {1, 2, . . . , r}, cj ≤ d implies

d + (1/5)

d + (1/4)
≥ cj + (1/5)

cj + (1/4)
≥ dxj

cj + (1/4)
and

d− (1/5)

d− (1/4)
≤ cj − (1/5)

cj − (1/4)
≤ dxj

cj − (1/4)
.

• If
k

ar

∈
(

d + (1/5)

d(d + (1/4))
,

d− (1/5)

d(d− (1/4))

)
⊆

⋂
1≤j≤r

(
xj

cj + (1/4)
,

xj

cj − (1/4)

)
, then|aj − cjk|

< k/4 for 1 ≤ j ≤ r.

• The first interval above has length> 1/(10d2) ≥ 1/ar, sok exists. Justifyk0 ≤ k < 4ar/3.

• If somecj = 0, again choosek in the interval above. Now,cj = 0 implies |aj| < k/4 since
5daj ≤ ar < kd

(
d + 1

4

)
/
(
d + 1

5

)
≤ 5dk/4.

Main Ideas for Proof of Theorem:

• Assume the non-reciprocal part ofF (x) = f(x)xn + g(x) =
∑r

j=0 ajx
dj is reducible. Then

there are non-reciprocal polynomialsu(x) andv(x) in Z[x] such thatF (x) = u(x)v(x).

• Define W (x) = u(x)ṽ(x) =
∑s

j=0 bjx
ej and note thatF (x)F̃ (x) = W (x)W̃ (x) and

‖W‖2 = ‖F‖2 (sos ≤ ‖F‖2 − 1).

• Define T = {d1, d2, . . . , dr} ∪ {dr − d1, dr − d2, . . . , dr − dr−1} ∪ {e1, e2, . . . , es−1} ∪
{es − e1, es − e2, . . . , es − es−1}. Thus,|T | ≤ 2 ‖F‖2 + 2r − 5.

• Let k0 = 2 max{deg f, deg g}. By the lemma, there is ak ∈ [k0, 4dr/3] such thatt modk is
in [0, k/4) ∪ (3k/4, k) for eacht ∈ T .

• Definedj and`j by dj = (dj + [k/4]) modk anddj + [k/4] = k`j + dj.

• SetG1(x, y) =
∑r

j=0 ajx
djy`j so thatG1(x, xk) = x[k/4]F (x). Similarly, defineG2(x, y),

H1(x, y), and H2(x, y) so thatG2(x, xk) = x[k/4]F̃ (x), H1(x, xk) = x[k/4]W (x), and
H2(x, xk) = x[k/4]W̃ (x).

• Writing G1(x, y)G2(x, y) =
∑J

j=0 gj(x)yj, we deduce here that the terms ingj(x) cor-

respond precisely to the terms in the expansion ofx2[k/4]F (x)F̃ (x) having degrees in the
interval[kj, k(j + 1)). A similar conclusion holds for the terms inH1(x, y)H2(x, y).

• DeduceG1(x, y)G2(x, y) = H1(x, y)H2(x, y) and, consequently,G1(x, y) has a non-trivial
irreducible factor other thanx.

• Defineρ by g(x) =
∑ρ

j=0 ajx
dj andf(x) =

∑r
j=ρ+1 ajx

dj−n.

• Observe that̀0 = `1 = · · · = `ρ = 0 (sincedj + [k/4] < k for j ∈ {0, 1, . . . , ρ}) and, for
somè , `ρ+1 = `ρ+2 = · · · = `r = ` (otherwise,dr − dρ+1 ≥ deg f ).

• DeduceG1(x, y) = f(x)xdy` + g(x)xd′
for some positive integer̀and some non-negative

integersd andd′.

• Apply Capelli’s theorem.


