Lecture 6: The Density of Squarefree), 1-Polynomials

Conjecture (Odlyzko & Poonen): Almost all 0, 1-polynomials are irreducible.
Theorem 1 (Konyagin): The number of irreducibl@, 1-polynomials of degre€ n is > 2"/ log n.
Theorem 2 (F. & Konyagin): Almost all 0, 1-polynomials are squarefree.

Consequence of the Approach (see Lemmas 2 and 3 below)here are infinitely many square-
free numbers having only the digiisand1 in base3.

Notation: e m, n, andb are positive integers with > 3
o S, ={f(x)=>""_y¢g;2" : ¢; € {0,1} for eachj ande, = 1}
e t(n) = t(n,m,b) is the number of (x) € S, for whichm divides f(b)
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Lemma 1: Letm andb be relatively prime integers witlh > 2. Thent(n) = — (1 + o(1)).
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| cos(wb*j/m)| < |cos(m/m)| = |E| < 2" |cos(n/m)|" = |E|=0(2")

Lemma 2: Let b be a positive integer, and |ét be a real number 0. Denote byS(B,n) the
number off(x) € S, such thatf () is not divisible byp? for every primep < B. Then

sBm =2 [] (1—i)+o(2”)
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Lemma 3: Lete > 0, and letB be sufficiently large. Then there afe=2" polynomialsf(x) € S,
for which there exists an integér> B such thaw?|f(3).

Main Ideas of Proof:

e Fixd > B, and define € Z by 3"/? < d < 30*+1/2 (sor is large).
o Fixe, e41,...,6, € {0,1} arbitrarily and considef (z) = Zaja;j € S,.
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« Distinct choices of the—tuple (s, 1, . .. ,&,_1) give distinct sumsy ~ ;37 in [0, d?).
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e Forfixede,,e,.1,...,2, € {0, 1}, there is at most one choice @f, €1, . .., £,_1) such that
f(3) is divisible byd?.

e There are at mog""*! choices forf(x) € S, such thatf(3) is divisible byd?.
e Sinced < 3(r+1)/2’ we obtain2—" = (3r/2)—210g2/10g3 < (3(7‘+1)/2)—5/4 < d—5/4.

e The number off (z) € S, such that?|f(3) for some integed > B is < 2" ! Z d=>/4,

d>B

Main Ideas for Proof of Theorem 2:
e Fix R > 1, and considey(z) € Z[z]| of degreer € [1, R]. We estimate the number of

0, 1-polynomialsf(z) = Z e;jz’, with gy = 1, that are divisible by some sugftr)?.
j=0

e Each coefficient ofy(x) has absolute valug 2 (a bound on the product of aryroots of
g(z) with & < r) times2% (a bound on the number of combinationsrdfems takerk at a

time). Thus, there arg (2 - 4% + 1)R+1 different possibley(z) (independent ofi).

e DefineT,(f(x)) as the set of polynomials(z) = Ze}:rj, with ¢ = 1, that differ from
j=0
f(x) in exactly one term. Sincg(z) — w(z) = +* for somek € [0, n], if g(x)?|f(x), then
g(z)* Y w(z) for everyw(zx) € T, (f(z)).

o If fi(x) and f,(x) are differentf(x) as above both divisible by(x)?, thenT, (f,(x)) and
T,.(f2(z)) are disjoint (otherwise, their difference being divisibleddy )? would imply z* —
ztis).

e There are(2") different f(z) divisible by the square of a polynomial of degreer.

o If f(z)is divisibly by somey(z)? with deg g > R, then since the roots gf x) have real part
< 1.5, we deducef(3) is divisible byd* whered = |¢(3)| > 1.5%. Apply Lemma 3.



