Lecture 4: Ljunggren’s Approach to Specific Lacunary Results

Theorem (Ljunggren): Letn andm be integers witm > m > 0, and lete; € {1,—1} for
j € {1,2}. Then the non-cyclotomic part af* + ;2™ + ¢, is irreducible or identically 1.

Proof:

e The non-reciprocal part of(z) = 2" + ;2™ + ¢, is the same as the non-cyclotomic part of

f(z) (considersy f(z) — f(x)).
e Supposeu(z) € Z[z] with w(z)@(z) = f(z)f(z). The goal is to show(z) = £ f(z) or

w(z) = £f(x). This will imply the non-reciprocal (equivalently, non-cyclotomic) part of
f(z) isirreducible or 1.

e We can suppose(z) has positive leading coefficient and < n — m (the latter by using’
instead off if necessary).

e Observe thaty(0) # 0 andw(z), w(z), f(x), andf(z) have the same degree, namely

e Since||w|]* = ||f||* = 3, each coefficient ofv(x) is eitherl or —1. Write w(z) = z™ +
eix¥ + ¢, wheres) € {1, -1}.

e We can suppose < n — k.
e Note that
f({L‘)f(ZL‘) = (ZE” + €1ZL‘m + 82)(82[En + 81!L‘n_m + 1)
= g9+ 8™ F £1697" " 4 32" + £1602™ T 4+ £122 T 4 g9z
and
w(z)w(z) = (2" + i + &) (eha™ + €l F + 1)

= gy + 17" + £leha™F + 32 + gl eha™TF 4 2R + eha®.
e Comparing the least two exponents abayes ¢s, €| = ¢, andk = m. Thus,w(z) = f(x).
Theorem (F. & Solan): Let f(x) = 2™ + 2™ + 2P 4+ 27 4+ 1 be a polynomial witm > m > p >
q > 0. Then the non-reciprocal part ¢fz) is either irreducible or 1.

Proof:

e Supposeu(z) € Z[z] with w(x)@(z) = f(x)f(x). The goal is to show(z) = +f(z) or

w(z) = £f(x).

¢ In this case, we may further suppasér) is a0, 1-polynomial (and do so). Write)(z) =
a4k ke 4k L Twith 0 < by < ky < kg < n.

e By considering reciprocal polynomials if necessary, we consider < n andk; + ks < n.



e The conditionw(z)w(x) = f(x)f(x) implies

x2n 4 x2n—q _}_I,Qn—p +x2n—m + mn—i—m
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— xQn i $2n7k1 i $2n7k2 i x2nfk3 + xn+k3 + anrkg

+ xﬂ+k1 + xn-l—ks—k‘l + xn+k3—/€2 + xn-l-k?—k‘l L5 4

Deducen — k; = 2n — ¢ so thatk; = q.

By adding exponents, dedutén + 2k3 — 2k, = 14n + 2m — 2q SOk3z = m.

Substitute and compare exponents to obtain

{2n—pn+pnt+m-—pn+p—q}=1{2n—ko,n+ky,n+ks—ky,n+ky—ki}.

Comparing largest elements of these sets, deduce dahe-op andn + p must equal one of
2n — ko andn + ko.

If 2n —p =2n—kyorn+p =n+ ko, ko = pandw(z) = f(z).

If 2n —p =n+ kyorn+ p = 2n — ky, thenky, = n — p. Substituting and comparing
exponents, deduce

n+m—pn+p—qt={n+ks—kyn+ky—k}={m+p2n—p-q}.

If n4+m —p = m+p, thenn = 2p so thatky, = n —p = pandw(z) = f(z). If
n+m—p=2n—p-gq,thenn =m +gsothatts =m =n—gq, ky =q¢=n—m,and

w(z) = f(x).



