Lecture 10: A Curious Connection with the Odd Covering Problem

Definition: A covering of the integers a system of congruences= a; (mod m;) such that
every integer satisfies at least one of the congruences.

Examples: £ =0 (mod 2) 2 =0 (mod 2) =0 (mod 2) =0 (mod 2)
r=1 (mod2) x=1 (mod4) x =2 (mod 3) x =0 (mod 3)
r =3 (mod 8) z =1 (mod 4) =1 (mod 4)
r=7 (mod 16) =z =1 (mod 6) r =3 (mod 8)
r=3 (mod 12) 2 =7 (mod 12)
x =23 (mod 24)

Open Problem 1: For everyc > 0, does there exist a finite covering with distinct moduli and with
the minimum modulus- ¢? (Erdds $1000)

Open Problem 2 (The “Odd Covering” Problem): Does there exist a finite covering with distinct
odd moduli> 1? (Erdbs $25 for “No”; Selfridge $2000 for construction)

Theorem (Sierpinski): A positive proportion of integers satisfyk - 2™ + 1 is composite for all
nonnegative integers. (Maybe78557 is the smallest such.)

The Analogous Polynomial Problem: Find f(z) € Z[z] with f(1) # —1 such thatf (z)z™ + 1
is reducible for all, > 0.

Schinzel's Example: If f(z) = 52" + 62® + 325 + 82° + 92° + 62 + 8z + 3, thenf(x)z™ + 12
is reducible for all» > 0.

Comments: This follows from the third covering example above. rf= 0 (mod 2), then
f(x)z" +12 =0 (mod z + 1); if n = 2 (mod 3), thenf(x)z" + 12 = 0 (mod z* + z + 1); if

n =1 (mod 4), thenf(z)z™ + 12 =0 (mod z* + 1); and so on. The dual role of 12 here might
be misleading. One can find an example offéam) € Z*[x] with 12 replaced by 4.

Schinzel's Theorem: If there is anf(z) as in the analogous polynomial problem, then there is an
odd covering of the integers.

Lemma 1: Let f(x) € Z[z], and suppose is sufficiently large (depending of). Then the non-
reciprocal part off (x)z™ + 1 is irreducible or identically-1 unless one of the following holds:

(i) —f(x) is apth power for some prime dividing n.
(i) f(z)is 4 times adth power and: is divisible by4.
Notation: Let ®,(x) denote the:™" cyclotomic polynomial.

Lemma 2 (Apostol): Let n andm be positive integers with, > m. The resultant o, (x) and
®,, () is divisible by a primep if and only if n/m is a power ofp.



Main Ideas for Proof of Schinzel's Theorem:

¢ If a system of congruences “covers” all large integers, it covers all integers.

e Letp be aprime, and let, be a positive integer such thatividesm. Thenx? = ¢, has no
solutionsz € Q((y,)-

e Suppose that f(z) = g(x)? for some prime and f (z)2" + 1 is divisible by®,, (x) where
plm. Thenn =0 (mod p). (Use integers, andv such that-nu + pv = 1 and setr = (,,.)

).
e It suffices to considef(0) # 0 (as we will see). Alsog? + 1 = ®,+1 () irreducible for
everyt € Z" implies f(z) # 1.

e There is a finite list of irreducible reciprocal factors that can divide)=™ + 1 asn varies.
e Forn > ny (for somen,), every reciprocal factor of (z) is cyclotomic.

e There aren,, mo, ..., m, such thatifn > ny and both (i) and (ii) of Lemma 1 do not hold,
then®,, (z)|(f(z)z" + 1) for somej. Furthermore, for each € {1,2,...,r}, we may
suppose that there is an such thatb,, (z)|(f(z)z% + 1).

e The condition (ii) does not hold.

e Let P denote the set of primgsfor which f(x) is minus apth power. Remove any;
divisible by ap € P (but keep the same subscripts:ar). The congruences= 0 (mod p)
for p € P andx = a; (mod m;) for j € {1,2,...,r} form a covering of the integers.

e \We claim: Suppose:; = 2'm, andm; = 2°m, wherem, is an odd integer- 1, and¢ and
s are integers witht > s > 0. Thena; = a; (mod my).

e Definek € Zt U {0} bya; + (k—1)m; < a; < a; + km; andl = a; + km; — a; € [0,m;).
Since®,,, () divides f(z)z***™ + 1 and®,, (x) divides f(x)z* + 1, deduce that there
areu(x) andv(z) in Z[z] such thatb,,, (z)u(z) + O, (z)v(z) = 2* — 1.

e Since®,, () divides both®,,, (z) and®,,, (z) modulo2, some diviso, (z) of 2 — 1 and
®,,, (z) have a factor in common may and the resultant ¢b,,, () and®, (x) is even.

e Sincem, is odd, Lemma 2 implies thdt/m, is a power of2. It follows thatm, divides?
and, hence/. Sincem, also dividesn;, the definition of¢ implies the claim.

e Replace everywhere = a; (mod m;) andz = @, (mod m;) with = a; (mod my). If
for somej there is na as above, we still replace= a; (mod m;) with z = a; (mod my).
Deduce that there is a covering with moduli that are distinct odd numbers together with
possibly powers o2.

e Since) 7, 1/27 = 1, thereis am € Z and ak € Z* such that no integer satisfying= a
(mod 2*) satisfies one of the congruences in our covering with moduli a powzr of

e Denote byr = a (mod m/) the congruences with; odd. Letu andv be integers such

that 2~u + U(Hm}) = 1. For anyn € Z, consider the numben = a + 2*u(n — a).

Thenm = n (mod m);) for everym/; andm = a (mod 2*). It follows thatn = m = d
(mod m) for somem’. Hence, the congruences= a; (mod m/}) form an odd covering
of the integers.



