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Background:

A covering of the integers is a system of congruences

x ≡ aj (mod mj), j = 1, 2, . . . , r,

with aj and mj integral and with mj ≥ 1, such that
every integer satisfies at least one of the congruences.

0 1 2 3 4 5 6 7 8 9 10 11

x ≡ 0 (mod 2)
x ≡ 2 (mod 3)
x ≡ 1 (mod 4)
x ≡ 1 (mod 6)
x ≡ 3 (mod 12)

x ≡ 0 (mod 2)
x ≡ 0 (mod 3)
x ≡ 1 (mod 4)
x ≡ 3 (mod 8)
x ≡ 7 (mod 12)
x ≡ 23 (mod 24)

A covering of the integers is a system of congruences

x ≡ aj (mod mj), j = 1, 2, . . . , r,

with aj and mj integral and with mj ≥ 1, such that
every integer satisfies at least one of the congruences.

Version 1: Let z approach ζmax{mj}.

=

r∑

j=1

(
z

aj + z
aj+mj + z

aj+2mj + . . .

)

Classical Result: If the moduli in a covering are
distinct and > 1, then the sum of the reciprocals of
the moduli exceeds 1.

x ≡ aj (mod mj) (1 ≤ j ≤ r)

=

r∑

j=1

z
aj

1 − z
mj

1

1 − z

Theorem (W. Sierpinski): A positive proportion of
odd positive integers k satisfy k×2n+1 is composite
for all positive integers n.

Question: Does there exist a covering consisting of
distinct odd moduli > 1?

Question: Given c > 0, is there a covering using
only distinct moduli ≥ c ?

Theorem (W. Sierpinski): A positive proportion of
odd positive integers k satisfy k×2n+1 is composite
for all positive integers n.

Sierpinski’s Argument:

x ≡ 1 (mod 2)
x ≡ 2 (mod 4)
x ≡ 4 (mod 8)
x ≡ 8 (mod 16)
x ≡ 16 (mod 32)
x ≡ 32 (mod 64)

Covering

x ≡ 1 (mod 2)
x ≡ 2 (mod 4)
x ≡ 4 (mod 8)
x ≡ 8 (mod 16)
x ≡ 16 (mod 32)
x ≡ 32 (mod 64)
x ≡ 0 (mod 64)

≡ 1 (mod 2)
≡ 2 (mod 4)
≡ 4 (mod 8)
≡ 8 (mod 16)
≡ 16 (mod 32)
≡ 32 (mod 64)
≡ 0 (mod 64)

Sierpinski’s Argument:

Covering

←→ k ≡ 1 (mod 3)
←→ k ≡ 1 (mod 5)
←→ k ≡ 1 (mod 17)
←→ k ≡ 1 (mod 257)

←→ k ≡ 1 (mod 641)
←→ k ≡ 1 (mod 65537)

←→ k ≡ −1 (mod 6700417)

Apply the

Chinese Remainder Theorem

Theorem (W. Sierpinski): A positive proportion of
odd positive integers k satisfy k×2n+1 is composite
for all positive integers n.

Theorem (W. Sierpinski): A positive proportion of
odd positive integers k satisfy k×2n+1 is composite
for all positive integers n.

Sierpinski (1960): k = 15511380746462593381

Definition: A Sierpinski number is an odd positive
integer k with the property that k × 2n + 1 is com-
posite for all nonnegative integers n. k ≡ 2 (mod 3)

k ≡ 2 (mod 5)
k ≡ 9 (mod 73)
k ≡ 11 (mod 19)
k ≡ 6 (mod 37)
k ≡ 3 (mod 7)
k ≡ 11 (mod 13)

n ≡ 0 (mod 2)
n ≡ 1 (mod 4)
n ≡ 3 (mod 36)
n ≡ 15 (mod 36)
n ≡ 27 (mod 36)
n ≡ 7 (mod 12)
n ≡ 11 (mod 12)

Sierpinski (1960): k = 15511380746462593381

Selfridge (1962): k = 78557

Selfridge’s Argument:

k an odd positive integer, k × 2n + 1 composite ∀n



Sierpinski (1960): k = 15511380746462593381

Selfridge (1962): k = 78557

k an odd positive integer, k × 2n + 1 composite ∀n

Why odd?

The common belief is that Fermat numbers 22
n

+ 1

are composite for all n ≥ 5.

It follows that k×2n+1 is likely composite for every
positive integer n when k = 216 = 65536.

Sierpinski (1960): k = 15511380746462593381

Selfridge (1962): k = 78557

The “belief” is that it is 78557.

Work has been done and continues to be done to

establish this.

Idea: For each positive odd integer < 78557, find a
positive integer n for which k × 2n + 1 is prime.

k an odd positive integer, k × 2n + 1 composite ∀n

What’s the smallest odd k?

Theorem (M. F. Proth, 1878): Let N = k × 2n + 1
with 2n > k. If there is an integer a such that
a(N−1)/2 = −1 (mod N), then N is prime.

Idea: For each positive odd integer < 78557, find a
positive integer n for which k × 2n + 1 is prime.

As of December 30, 2004, there are 10 values of

k < 78557 for which a prime of the form k × 2n + 1

is not known.

4847, 10223, 19249, 21181, 22699,

24737, 27653, 33661, 55459, 67607

> for n from 1 to 100 do
lprint(n,gcd(4847*2^n+1,d)):

od:

1, 35

2, 3

3, 17

4, 21

5, 5

6, 3

7, 7

8, 33

9, 5

10, 21

11, 221

12, 3

13, 35

14, 3

15, 1

16, 21

> d:=product(ithprime(j),j=1..7): > d:=product(ithprime(j),j=1..7):
> for n from 1 to 100 do

if gcd(4847*2^n+1,d)=1 then lprint(n): fi:
od:

15

39

63

87

> d:=product(ithprime(j),j=1..1000):
> for n from 0 to 30 do

if gcd(4847*2^(24*n+15)+1,d) = 1 then
lprint(n):

fi:
od:

2

3

4

8

12

13

14

17

19

24

> ifactor(4847*2^63+1);

> ifactor(4847*2^87+1);

> ifactor(4847*2^111+1);

> order(2,831141357131);

(13299816775727)(416579)(8069)

(97089101)(326883732123650549)(23633)

(831141357131)(15140061709955081291592547)

831141357130

Unsolved Problems in Number Theory

by Richard Guy (Edition 2, Section F13)

Erdős conjectures that all sequences of the
form d · 2k + 1 (k = 1, 2, . . .), d fixed
and odd, which contain no primes can be
obtained from covering congruences . . . .
Equivalently, the least prime factors of
members of such sequences are bounded.

Probable Counterexample:

Sierpinski’s Congruences

k ≡ 1 (mod 3)
k ≡ 1 (mod 5)
k ≡ 1 (mod 17)
k ≡ 1 (mod 257)
k ≡ 1 (mod 65537)
k ≡ 1 (mod 641)
k ≡ −1 (mod 6700417)

! ≡ 1 (mod 3)

! ≡ 1 (mod 17)
! ≡ 1 (mod 257)
! ≡ 1 (mod 65537)
! ≡ 1 (mod 641)
! ≡ 28 (mod 6700417)

Counterexample

P = {3, 17, 257, 65537, 641, 6700417}

!4 ≡ k (mod p), ∀p ∈ P

Due to Anatoly Izotov, 1995.



k ≡ 1 (mod 3)
k ≡ 1 (mod 5)
k ≡ 1 (mod 17)
k ≡ 1 (mod 257)
k ≡ 1 (mod 65537)
k ≡ 1 (mod 641)
k ≡ −1 (mod 6700417)

! ≡ 1 (mod 3)

! ≡ 1 (mod 17)
! ≡ 1 (mod 257)
! ≡ 1 (mod 65537)
! ≡ 1 (mod 641)
! ≡ 28 (mod 6700417)

P = {3, 17, 257, 65537, 641, 6700417}

!4 ≡ k (mod p), ∀p ∈ P

!4 · 2n + 1 ≡ k · 2n + 1 (mod p), ∀p ∈ P

some p ∈ P divides !4 ·2n +1 unless some p ∈ P divides !4 ·2n +1 unless n ≡ 2 (mod 4)

n ≡ 2 (mod 4) =⇒ !
4

· 2n + 1 = 4x
4 + 1

4x
4 + 1 = (2x

2 + 2x + 1)(2x
2

− 2x + 1)

k ≡ 1 (mod 3)
k ≡ 1 (mod 5)
k ≡ 1 (mod 17)
k ≡ 1 (mod 257)
k ≡ 1 (mod 65537)
k ≡ 1 (mod 641)
k ≡ −1 (mod 6700417)

! ≡ 1 (mod 3)

! ≡ 1 (mod 17)
! ≡ 1 (mod 257)
! ≡ 1 (mod 65537)
! ≡ 1 (mod 641)
! ≡ 28 (mod 6700417)

P = {3, 17, 257, 65537, 641, 6700417}

!4 ≡ k (mod p), ∀p ∈ P

!4 · 2n + 1 ≡ k · 2n + 1 (mod p), ∀p ∈ P

k ≡ 1 (mod 3)
k ≡ 1 (mod 5)
k ≡ 1 (mod 17)
k ≡ 1 (mod 257)
k ≡ 1 (mod 65537)
k ≡ 1 (mod 641)
k ≡ −1 (mod 6700417)

! ≡ 1 (mod 3)

! ≡ 1 (mod 17)
! ≡ 1 (mod 257)
! ≡ 1 (mod 65537)
! ≡ 1 (mod 641)
! ≡ 28 (mod 6700417)

!
4

· 2n + 1 is composite for all positive integers n

Chinese Remainder Theorem implies

! ≡ 3479268342425187502

mod (3 · 17 · 257 · 65537 · 641 · 6700417)

Chinese Remainder Theorem implies

! ≡

mod (3 · 17 · 257 · 65537 · 641 · 6700417)

k ≡ 1 (mod 3)
k ≡ 1 (mod 5)
k ≡ 1 (mod 17)
k ≡ 1 (mod 257)
k ≡ 1 (mod 65537)
k ≡ 1 (mod 641)
k ≡ −1 (mod 6700417)

! ≡ 1 (mod 3)

! ≡ 1 (mod 17)
! ≡ 1 (mod 257)
! ≡ 1 (mod 65537)
! ≡ 1 (mod 641)
! ≡ 28 (mod 6700417)

!
4

· 2n + 1 is composite for all positive integers n

7168617157167097825

Remarks: Let ! ≡ 7168617157167097825 modulo

2 · 3 · 5 · 17 · 257 · 65537 · 641 · 6700417.

Then !4×2n+1 is composite for all positive n ∈ Z+.
Furthermore, the least prime divisor of !4 × 2n + 1

“appears” to be unbounded as n → ∞.

Remarks: Let ! ≡ 7168617157167097825 modulo

2 · 3 · 5 · 17 · 257 · 65537 · 641 · 6700417.

Then !4×2n+1 is composite for all positive n ∈ Z+.
Furthermore, the least prime divisor of !4 × 2n + 1

“appears” to be unbounded as n → ∞.

Remarks: Let ! ≡ 856437595 modulo

2 · 3 · 5 · 17 · 97 · 241 · 257 · 673.

Then !4×2n+1 is composite for all positive n ∈ Z+.
Furthermore, the least prime divisor of !4 × 2n + 1

“appears” to be unbounded as n → ∞.

> for n from 0 to 100 do
if gcd(ell*2^(4*n+2)+1,d)=1 then
lprint(n):

fi:
od:

> d:=product(ithprime(j),j=1..1000):

> ell:=856437595^4:

0

3

7

9

25

27

33

53

54

66

72

74

80

91

93

96

97

98

> ifactor(ell*2^394 + 1):

(7098991021)(3883605819146153)

(379372152886394724829070542981180556872...4297)

(207541028888928718302415696110956605933...2341)



Miscellaneous Remarks and Questions

Question: Is 78557 the smallest Sierpinski number?

Question: Is 4847 a Sierpinski number?

Remark: This Sierpinski number has interesting
heuristics associated with it. As 8564375954

· 2n +1
is of the form 4x

4 + 1 for n ≡ 2 (mod 4), it is
likely that for such n the number of prime factors of
8564375954

·2n+1 tends to infinity with n. The anal-
ogous heuristic does not hold for Sierpinski numbers
constucted by coverings.

Question: Is 8564375954 the smallest example of a
Sierpinski number that “likely” cannot be obtained
from coverings?

Miscellaneous Remarks and Questions

Remark: The number 271129 is the second smallest

known Sierpinski number. It is a prime.

Question: Is 271129 the smallest prime that is a

Sierpinski number?

Question: Are there any prime Sierpinski numbers
that cannot be obtained from coverings? In other
words, if p is a prime and p · 2n +1 is composite for
all positive integers n, then is it the case that the
smallest prime factor of p · 2n + 1 is bounded as n

tends to infinity?

Miscellaneous Remarks and Questions

Definition: A Riesel number is an odd positive inte-
ger k for which k ·2n

−1 is composite for all positive
integers n.

Question: Is 509203 the smallest Riesel number?

Question: Is 2293 a Riesel number?

Definition: A Brier number is an odd positive inte-
ger k for which k ·2n ±1 is composite for all positive
integers n. In other words, a Brier number is an odd
positive integer for which k · 2n is not adjacent to a
prime for every positive integer n.

Question: Is 878503122374924101526292469 the least

Brier number?

Miscellaneous Remarks and Questions

Remark: An example of a Riesel number that “likely”
does not come from coverings is:

72020575363403300057727450518332057618721299479287667
2

Calling this example !2, we see that !22n
−1 is com-

posite whenever n is even. For odd n, a covering is

used with the 20 moduli

7, 17, 31, 41, 71, 97, 113, 127, 151, 241, 257,

281, 337, 641, 673, 1321, 14449, 29191,

65537, 6700417.

Miscellaneous Remarks and Questions

Question: What’s the smallest Riesel number that
is likely not obtainable from coverings?

Question: Are there examples of Brier numbers
that cannot be obtained from coverings?

Miscellaneous Remarks and Questions

Polignac’s Conjecture: For every sufficiently large
odd positive integer k, there is a prime p and an
integer n such that k = 2n + p.

Examples of odd k not as above are:

127, 149, 251, 331, 337, 373, 509

The first composite k > 1 as above is 905.

Miscellaneous Remarks and Questions

Polignac’s Conjecture: For every sufficiently large
odd positive integer k, there is a prime p and an
integer n such that k = 2n + p.

Erdős gave a construction of infinitely many such k

(not satisfying the conjecture above) by taking

k ≡ 1 (mod 2), k ≡ 1 (mod 3), k ≡ 2 (mod 5),

k ≡ 1 (mod 7), k ≡ 11 (mod 13),

k ≡ 8 (mod 17), k ≡ 121 (mod 241).

Miscellaneous Remarks and Questions

Unsolved Problems in Number Theory

by Richard Guy (Edition 1, Section F13)

Erdős also formulates the following conjec-
ture. Consider all the arithmetic progres-
sions of odd numbers, no term of which is
of the form 2k + p. Is it true that all these
progressions can be obtained from covering
congruences? Are there infinitely many in-
tegers, not of the form 2k + p, which are
not in such progressions?

Note: Switching notation, we want k with k − 2n

not prime for all positive integers n.

Claim: The example of the Riesel number !2 is a
likely counterexample for the 2nd Erdős conjecture.

Note: Switching notation, we want k with k − 2n

not prime for all positive integers n.

Miscellaneous Remarks and Questions

Idea: To get an example that is not derived from
a covering, take k = !2 and note that when n ≡ 0
(mod 2) the number k − 2n factors.



≡ !2
− 2n (mod p). !

Proof: If n is even, both !22n
−1 and !2

−2n factor
(one needs to check that each has two factors > 1).
For each odd n, the number !22n − 1 is divisible
by a prime from a fixed finite set S.

Let n be an arbitrary odd

number. There is a prime p ∈ S such that p divides

!22nm − 1. Then p divides

!
2
2

nm+n
− 2

n

Let P be the
product of the primes in S, and let m be a positive
odd integer for which 2m ≡ 2−1 (mod P ) (one can
take m = φ(P ) − 1).

Miscellaneous Remarks and Questions

Claim: The example of the Riesel number !2 is a
likely counterexample for the 2nd Erdős conjecture.

Miscellaneous Remarks and Questions

Seemingly, we have infinitely many numbers not of
the from 2n + p which do not lie in an arithmetic
progression arising from coverings. These are given
by !2 where

! ≡ 72020575363403300057727450518332057618721299479287667

(mod 2794789825832388197218264652184290186627445374409052562).

Question: Are there proofs that these apparent coun-

terexamples are in fact counterexamples?

Question: What is the smallest example of a num-
ber of the form 2n + p which does not lie in an
arithmetic progression arising from coverings?

Chen’s Conjecture: For each positive integer r, there
are infinitely many positive odd integers k such that
kr2n +1 has at least two distinct prime divisors for
all positive integers n.

Chen’s Conjecture: For each positive integer r, there
are infinitely many positive odd integers k such that
kr2n +1 has at least two distinct prime divisors for
all positive integers n.

Chen’s Conjecture: For each positive integer r, there
are infinitely many positive odd integers k such that
kr2n +1 has at least two distinct prime divisors for
all positive integers n.

Chen established that such k exist if r is odd or
both r ≡ 2 (mod 4) and 3 ! r.

Carrie Finch and Mark Kozek were given the task
of resolving the conjecture by possibly making use
of “partial coverings” (which Chen had not done).
We were able to resolve the conjecture, in the end

without using partial coverings.

Some of what was involved:

• We may suppose that is big.r

Chen’s Conjecture: For each positive integer r, there
are infinitely many positive odd integers k such that
kr2n +1 has at least two distinct prime divisors for
all positive integers n.

r
Some of what was involved:

• We may suppose that is big.

Chen’s Conjecture: For each positive integer r, there
are infinitely many positive odd integers k such that
kr2n +1 has at least two distinct prime divisors for
all positive integers n.

• At least two distinct prime divisors follows from
any covering argument.

Some of what was involved:

• We may suppose that is big.r

Chen’s Conjecture: For each positive integer r, there
are infinitely many positive odd integers k such that
kr2n +1 has at least two distinct prime divisors for
all positive integers n.

The equation

kr2n + 1 = p
ej

j

can be rewritten in the form

Fix r. A covering produces k and a finite set

P = {p1, p2, . . . , pr}

of primes such that kr2n +1 is always divisible
by some prime from P.

• At least two distinct prime divisors follows from
any covering argument.

axr
− byr = 1,

which has finitely many solutions.



• At least two distinct prime divisors follows from
any covering argument.

Some of what was involved:

• We may suppose that is big.r

• Find a covering construction.

! = k
r

! ≡ 1 (mod p1)
! ≡ 1 (mod p2)
! ≡ 1 (mod p3)

.

.

.

.

.

.

! ≡ 1 (mod ps−1)
! ≡ 1 (mod ps)

plus more congruences

pj|
(
22

j−1

+ 1
)

“More” congruences are for covering n ≡ 0 (mod 2s).

• Find a covering construction. • Find a covering construction.

Lemma: Let t > 2. Let q be an odd prime. If
p is a primitive prime divisor of 2q·2

t

− 1, then
both

(i) −1 is a 2tth power modulo p

(ii) 2 has order q · 2t modulo p

Idea: Take q so that q ! r. Imagine s is
very large. Let p′

j be a primitive prime divi-

sor of 2q·2
s+1−j

− 1 for j ∈ {1, 2, . . . , q}. Create
“more” congruences modulo these p′

j’s to cover
n ≡ 0 (mod 2s).

Joint Work With: Kevin Ford, Sergei Konyagin,

Carl Pomerance and Gang Yu

Conjectures Concerning a Large Minimum Modulus

Question: Given c > 0, is there a covering using
only distinct moduli ≥ c ?

Erdős: This is perhaps my favourite problem.

Question: What conditions can we impose on the
moduli that would cause no covering to exist?

Conjecture 3 (Erdős and Graham): For any K > 1
and N sufficiently large, depending on K, there is
no covering system using distinct moduli from the
interval (N, KN ].

Conjecture 1 (Erdős and Selfridge): For any B,
there is an NB, such that in a covering system with
distinct moduli greater than NB, the sum of recip-
rocals of these moduli is greater than B.

Conjecture 2 (Erdős and Graham): For each K > 1,
there is a positive dK such that if N is sufficiently
large, depending on K, and we choose arbitrary in-
tegers r(n) for each n ∈ (N, KN ], then the com-
plement in Z of the union of the residue classes
r(n) (mod n) has density at least dK .

Conjecture 1 (Erdős and Selfridge): Fix B. If N is
sufficiently large and a covering consists of distinct
moduli m1, m2, . . . , mr each exceeding N , then

r∑

j=1

1

mj

> B.

Theorem: Let 0 < c < 1/3 and let N be sufficiently
large (depending on c). If S is a set of integers > N
such that

∑

n∈S

1

n
≤ c

log N log log log N

log log N
,

then any system of congruences consisting of dis-
tinct moduli from S cannot cover all of Z.

x ≡ aj (mod mj) (1 ≤ j ≤ r)

Question: What is the density of integers which are
not covered by these congruences?

If the moduli are pairwise relatively prime, then the
density is

α =

r∏
j=1

(
1 −

1

mj

)
.

If the moduli are large, then on average the density
is ≈ α. By choosing the aj carefully, one can always
make the density ≤ α. By choosing the aj and mj

carefully, one can make the density much smaller
than α.

Then

α =

KN∏
m=N+1

(
1 −

1

m

)
=

KN∏
m=N+1

(
m − 1

m

)
=

1

K
.

α =

r∏
j=1

(
1 −

1

mj

)

Suppose the set of moduli S = {m1, . . . , mr} is
(N, KN ] ∩ Z.

m

)

Theorem: For any numbers c with 0 < c < 1/2,
N ≥ 20, and K with

1 < K ≤ exp(c log N log log log N/ log log N),

if S is a set of integers contained in (N, KN ], then
the minimal density of integers not covered when
using distinct moduli from S is (1 + o(1))α(S) as
N → ∞.

Conjecture 2 (Erdős and Graham): For each K > 1,
there is a positive dK such that if N is sufficiently
large, depending on K, and we choose arbitrary in-
tegers r(n) for each n ∈ (N, KN ], then the com-
plement in Z of the union of the residue classes
r(n) (mod n) has density at least dK .



Theorem: For any numbers c with 0 < c < 1/2,
N ≥ 20, and K with

1 < K ≤ exp(c log N log log log N/ log log N),

if S is a set of integers contained in (N, KN ], then
the minimal density of integers not covered when
using distinct moduli from S is (1 + o(1))α(S) as
N → ∞.

Notation:

α =

r∏
j=1

(
1 −

1

mj

)
β =

∑
i<j

gcd(mi,mj)>1

1

mimj

Notation:

α =

r∏
j=1

(
1 −

1

mj

)
β =

∑
i<j

gcd(mi,mj)>1

1

mimj

Rough Ideas:

• Recall we can make the density δ ≤ α.

• We show δ ≥ α − β.

α ≥ minimal density δ ≥ α − β

Comment: The quantities α and β are so difficult to
estimate when we consider the moduli to be square-
free integers with each prime divisor in an interval

(
e

√
N log N , N ].

This can be used to give the following improvement
of a result of J. A. Haight (1979):

Theorem: There is an infinite set of positive inte-
gers H such that for any residue system C with
distinct moduli from {d : d > 1, d | H}, the density
of integers not covered is at least (1+o(1))α(C) and

σ(H)/H = (log log H)1/2 + O(log log log H).

Notation:

α =

r∏
j=1

(
1 −

1

mj

)
β =

∑
i<j

gcd(mi,mj)>1

1

mimj

Rough Ideas:

• Recall we can make the density δ ≤ α.

• We show δ ≥ α − β.

• Split up the contribution from small primes
dividing the moduli and large primes.

Lemma: Let C be an arbitrary residue system. Let
P be an arbitrary finite set of primes, and set

M =
∏

p∈P

pν(p),

where ν(p) is the exponent of p in the factorization
of lcm{m : m a modulus}. For 0 ≤ h ≤ M − 1, let
Ch be the multiset of pairs

(
m

gcd(m, M)
, a

)

where (m, a) ∈ C, a ≡ h (mod gcd(m, M)). Then

δ(C) =
1

M

M−1∑
h=0

δ(Ch).

Notation:

α =

r∏
j=1

(
1 −

1

mj

)
β =

∑
i<j

gcd(mi,mj)>1

1

mimj

Rough Ideas:

• Recall we can make the density δ ≤ α.

• We show δ ≥ α − β.

• Split up the contribution from small primes
dividing the moduli and large primes.

• Use δ(Ch) ≥ α(Ch) − β(Ch) and estimates for
α(Ch) and β(Ch).

The 

End


