Factoring Polynomials

Notation. Let p be a prime, and let f(x) € Z[x] with f(x) Z O
(mod p). We say
u(z) = v(z) (mod p, f(x))

where u(x) and v(x) are in Z|x], if there exist g(x) and h(x)
in Z|x] such that u(x) = v(x) + f(x)g(x) + p h(x).



Properties:

o If

u(z) = v(x) (mod p, f(x)) and v(x) = w(x) (mod p, f(x)),
then u(x) = w(x) (mod p, f(x)).

o If

ui(x) = vi(x) (mod p, f(x)) and uz(x) = v2(x) (mod p, f(x)),

then uq(x) S

o If

- us(x) = vi(x) -

= va(x) (mod p, f(x)).

ui(x) = vi(x) (mod p, f(x)) and uz(x) = v2(x) (mod p, f(x)),
then uy(z)uz(x) = vi(x)vz(z) (mod p, f(x)).

o If u(x) = v(x) (mod p) or u(x) = v(x) (mod f(x)),
then u(x) = v(x) (mod p, f(x)).

e We have u(x) = 0 (mod p, f(x)) if and only if f(x) is a
factor of u(x) modulo p.



e If the leading coefficient of f(x) € Z[x] is a mod p

(i.e., a is the coef]

icient of the highest degree term in

f(x) which is non-zero modulo p), then f(x) = ag(x)
(mod p) for some monic g(x) € Z|x]. Then

u(z) = v(z) (mod p, f(r)) <= wu(zr) = v(z) (mod p, g(x)).

Suppose now that f(x) is monic.

o If u(x) = v(x) (mod p, f(x)) where u(x) and v(x) are
in Z|x], then there exist unique polynomials g(x) and
h(x) in Z|x] with h(x) = 0 or degh < deg f such that
u(z) —v(z) = f(x)g(x) + ph(x).

u(z) —v(z) = f(x)go(x) + pho(x)
ho(x) = f(x)q(x) + r(x)
g(x) = go(x) + pa(z), h(x) = r(x)
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o Let a(x) € Z|x] with a(x) Z 0 (mod p, f(x)). Then
Jdb(x) € Z|x]| such that a(x)b(x) =1 (mod p, f(x)).

e Arithmetic mod p, f(x) forms a field with p* elements
where k = deg f.
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This algorithm determines the factorization of a polynomial
f(x) modulo a prime p.
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Berlekamp’s Method

This algorithm determines the factorization of a polynomial
f(x) modulo a prime p. For simplicity, we suppose f(x) is
monic and squarefree in modulo p.

Notation. We set n = deg f(x). We use F, to denote the
field of arithmetic mod p. For w(x) € Z[x]|, define

w(x) modd (p, f(x))
as the unique g(x) € Z|x| satisfying degg < n — 1, with

each coefficient of g(«) in the set {0,1,...,p—1} and g(x) =
w(x) (mod p, f(x)). We can also view w(x) modd (p, f(x))

as being in F,[x]|.



Berlekamp’s Method

Let A be the matrix with jth column corresponding to the
coefficients of

2V~Y? modd (p, f(x))-
Specifically, write

zY~VP modd (p, f(z)) = Zaija:i_l for 1 < 3 < n.
i=1

Then we set A = (asj), ..,

Observations

e The vector (1,0,0,...,0) will be an eigenvector for A
associated with the eigenvalue 1.



Let A be the matrix with 7th column corresponding to the

coeflicients of
zY~YP modd (p, f()).

Specifically, write
zU~VP modd (p, f(x)) = Zaija:i_l for 1 < 3 < n.
i=1

Then we set A = (a;;)

nxn'

Observations

e The vector (1,0,0,...,0) will be an eigenvector for A
associated with the eigenvalue 1.

e The set of all such vectors is the null space of B = A—1.
e This null space is spanned by &k = n — rank(B) linearly

independent vectors which can be determined by per-
forming row operations on B.



Let A be the matrix with 7th column corresponding to the
coefficients of

2V~Y? modd (p, f(x))-
Specifically, write

zY~VP modd (p, f(z)) = Zaija:i_l for 1 < j5 < n.
i=1

z’ modd (2, f(x)) =1
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z’ modd (2, f(x)) =1
r? modd (2, f(x)) = x*
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Example. f(z) =z*+ x*+x + 1 and p = 2

z’ modd (2, f(x)) =1
r? modd (2, f(x)) = x*
r* modd (2, f(z)) =z +x + 1
x® modd (2, f(x)) = z° + =* 4+ z* modd (2, f(x))
= z* 4+ z° 4+ £ modd (2, f(z)) =1




Suppose v = (by,bs,...,b,) is in the null space, and set

g(x) = Z  bjz?



Suppose U = (bl,bz, .y by) is in the null space, and set
g(x) = 5, bjz’™ Observe that

g(z”) = g(x) (mod p, f(x)).

g(a:p) — Z bjm(j_l)p
j=1



Suppose U = (bl,bz, .y by) is in the null space, and set
g(x) = 5, bjz’™ Observe that

g(z¥) = g(x) (mod p, f(x)).

g(z¥) = En: bt 1P = En: b; En: a;jr' !
J=1 j=1 =1



Suppose U = (bl,bz, .y by) is in the null space, and set
g(x) = 5, bjz’™ Observe that

g(z¥) = g(x) (mod p, f(x)).

g(z¥) = En: bt 1P = En: b; En: a;jr' !
J=1 j=1 =1

n

= ; (ébj&ij)iv B



Suppose U = (bl,bz, .y by) is in the null space, and set
g(x) = 5, bjz’™ Observe that

g(z¥) = g(x) (mod p, f(x)).

g(z¥) = En: bt 1P = En: b; En: a;jr' !
J=1 j=1 =1

n

n n
= Z ( bjaij) ' = E bx'
=1 1 i=1

]1=



Suppose U = (bl,bz, .y by) is in the null space, and set
g(x) = 5, bjz’™ Observe that

g(z”) = g(x) (mod p, f(x)).

g(z¥) = En: bt 1P = En: b; En: a;jr' !
J=1 j=1 =1

n

zizg(jzn;bjaio EZ:: ' = g(x)



Suppose U = <b1,b2, .y by) is in the null space, and set
g(x) = i, bjx’ Observe that

g(z”) = g(x) (mod p, f(x)).

Moreover, the g(x) with this property are precisely the g(x)
with coeflficients obtained from the components of vectors v

in the null space of B.




Suppose U = (bl,bz, .y by) is in the null space, and set
g(x) = 5, bjz’™ Observe that

g(z”) = g(x) (mod p, f(x)).

Moreover, the g(x) with this property are precisely the g(x)
with coeflficients obtained from the components of vectors v

in the null space of B.

Notation. If u(x) and v(x) are in Z|x] or F,[x], then
ngP(u(w)v ’U(fE))

denotes the greatest common divisor of u(x) and v(x) when
computed over the field F,.

Definition. The greatest common divisor of two polynomials
g(x) and h(x) in F,[x], with at least one of g(x) or h(x) non-
zero, is the monic polynomial in F,|[x| of largest degree which
divides both g(x) and h(x) and is denoted by gcd(g(x), h(x)).



Suppose U = (bl,bz, .y by) is in the null space, and set
g(x) = 5, bjz’™ Observe that

g(z”) = g(x) (mod p, f(x)).

Moreover, the g(x) with this property are precisely the g(x)

with coeflficients obtained from the components of vectors v
in the null space of B.

Berlekamp’s Method

Theorem. Let f(x) be a monic polynomzial in Z|x|. Suppose
f(x) is squarefree in F,lx]. Let g(x) be a polynomial with
coefficients obtained from a vector in the null space of B =
A — I as described above. Then

f(x) = ]| gedp(g(x) — s, f(x)) (mod p).



Suppose U = (bl,bz, .y by) is in the null space, and set
g(x) = 5, bjz’™ Observe that

g(z”) = g(x) (mod p, f(x)).

Moreover, the g(x) with this property are precisely the g(x)
with coeflficients obtained from the components of vectors v
in the null space of B.

Theorem. Let f(x) be a monic polynomzial in Z|x|. Suppose
f(x) s squarefree in F,[x]. Let g(x) be a polynomial with
coefficients obtained from a vector in the null space of B =
A — I as described above. Then

f(x) = ]| gedp(g(x) — s, f(xz)) (mod p).

Comment: If degg > 0, then the factorization is non-trivial.

Do MAPLE examples.



