Mersenne Primes

Definition. A Mersenne prime is a prime of the form 2" — 1.

e Equivalently, ... of the form 2P — 1 where p is a prime.

e Mersenne primes are related to perfect numbers. Euler
showed that o(m) = 2m, where m is even if and only if
m = 2P71(2P — 1) where p and 2P — 1 are primes.

e The largest known prime is 27722917 _ 1.



The Lucas-Lehmer Test. Let p be an odd prime, and define
recursively

Ly=4 and Ly, =L?—2mod (2°—1) for n > 0.
Then 2P — 1 s a prime tf and only if L, > =
vi =4, vo = 14, ... U2n+1:'l)§n—2 (n > 0) L, = von

N = 2P —11s a prime <= v(n+1)/4 18 divisible by NV

Oln—,Bn
U, = and v,=a"+38" forn >0,
a—p0
where a = (P + v D)/2and 8 = (P —vVD)/2

D = P? — 4Q

_2+V3) - (2 - VA

v and v, = (24+V3)"+(2—Vv/3)"

Uy



v1 =4, vo =14, ... Vont1 = V3, — 2 (n > 0)
N = 2P —11s a prime <= v(n4+1)/4 18 divisible by NV
(= ):

o 3\ 1/2 = _1 (mod N) and 2V "1/2 =1 (mod N)

e It suffices to prove v(n;1)2 = —2 (mod N).

o 2+ 3= ((\/5:: \/6)/2)2

(N+1)/2
"

” _ 2(1—N)/2
® UN+1)/2 ]Z:% 2].

® 2(N_1)/ZU(N_|_]_)/2 =14 3WN+D)/2 = _9 (mod N) .



v1 =4, vo =14, ... Vont1 = V3, — 2 (n > 0)

N = 2P —1is a prime <= vn41)/4 1s divisible by N

@+ —(2—-VB)" _ n n
Uy = 12 and v, = (24+v3)"+(2—V'3)

( <= ): Note that this is the important direction!

o (24++3)2—1 = +£/12(2+£+/3) (all signs the same)

o If p¢|u, with e > 1, then Future Homework

k=1 1 — .k 1
Ukn = ku, ju, (mod p*™') and up,y1 = u; ; (mod p*™).

BEWARE BAD NOTATION

DFDP



v1 =4, vo =14, ... Vont1 = V3, — 2 (n > 0)

N = 2P —1is a prime <= vn41)/4 1s divisible by N

@+ —(2—-VB)" _ n n
Uy = Jia and v, = (24+v3)"+(2—V'3)

( <= ): Note that this is the important direction!

o (24++3)2—1 = +£/12(2+£+/3) (all signs the same)
@ VU, = Upi1 — Up—1 aNd Upin = UpUpi1 — Upym—_1Un,
o If p®|u, with e > 1, then
Upn = kul ju, (mod pt!) and ug,, 1 = uy , (mod p*tt).
o If p¢|lu,, with e > 1, then p¢|uy,,.

e V primes p, 3 e =¢, € {—1,0,1} such that p|u,,..



v1 =4, vo =14, ... Vont1 = V3, — 2 (n > 0)

N =

2P — 1 1s a prime <= v(n41)/4 18 divisible by N

V)" — (2 - V3)"

and v, = (24+v3)"+(2—V3)"

® v, =

V12

Up+1 — Up-—1 and Um4n — UmUn41 — Um—1Up

o If p°|lu,, with e > 1, then p¢|uy,,.

e V primes p, 3e =¢, € {—1,0,1} such that p|u,..

’U,O:O, ’U,lz]_, ’U,2:4, ’U,3:15,... (62:6'3:0)
5] /2]
c—~ \2k+ 1 ’ e~ \2k

=3P"1/2 =41 (mod p) and wv,=4 (mod p)




v1 =4, vo =14, ... Vont1 = V3, — 2 (n > 0)

N = 2P —1is a prime <= vn41)/4 1s divisible by N

@+ —(2—-VB)" _ n n
Uy = Jia and v, = (24+v3)"+(2—V'3)

® Uy = Upt+1 — Up-—1 and Um4n — UmUn41 — Um—1Up

o If p°|lu,, with e > 1, then p¢|uy,,.
e V primes p, 3e =¢, € {—1,0,1} such that p|u,..

u, = 3P~1)/2 E@l (mod p) and v, =4 (mod p)

Up—1 = AUy — Upr1 = 4Up — Vp — Up—1 = —Up—1 (mod p)



v1 =4, vo =14, ... Vont1 = V3, — 2 (n > 0)

N = 2P —1is a prime <= vn41)/4 1s divisible by N

u, = (2 \/g)n — (2 — \/§)n and v, = (2+\/§)n‘|‘(2_\/§)n

V12

® Uy = Upt+1 — Up-—1 and Um4n — UmUn41 — Um—1Up

o If p°|lu,, with e > 1, then p¢|uy,,.
e V primes p, 3e =¢, € {—1,0,1} such that p|u,..

u, = 3P~1)/2 =e (mod p) and v, =4 (mod p)

Up—1 = AUy — Upr1 = 4Up — Vp — Up—1 = —Up—1 (mod p)



v1 =4, vo =14, ... Vont1 = V3, — 2 (n > 0)

N = 2P —1is a prime <= vn41)/4 1s divisible by N

u, = (2 \/g)n — (2 — \/§)n and v, = (2+\/§)n‘|‘(2_\/§)n

V12

® Uy = Upt+1 — Up-—1 and Um4n — UmUn41 — Um—1Up

o If p°|lu,, with e > 1, then p¢|uy,,.
e V primes p, 3e =¢, € {—1,0,1} such that p|u,..
o gcd(up,uni1) =1 and ged(uy,, v,) < 2
up =0, u; =1, upt1 = Pu, — Qup_1 = 4up — Up_1

vo =2, v =P =4, Un+1 = 4v, — V,—1

Du,, = 2v,11 — Pv,, — 6u,, = v,11 — 2v,



v1 =4, vo =14, ... Vont1 = V3, — 2 (n > 0)

N = 2P —1is a prime <= vn41)/4 1s divisible by N

@+ —(2—-VB)" _ n n
Uy = Jia and v, = (24+v3)"+(2—V'3)

® Uy = Upt+1 — Up-—1 and Um4n — UmUn41 — Um—1Up

o If p°|lu,, with e > 1, then p¢|uy,,.

e V primes p, 3e =¢, € {—1,0,1} such that p|u,..

® ng(unaun—l-l) = 1 and ng(unavn) S 2

e For m € Z7, if @« = a(m) is minimal such that u, = 0
(mod m), then u,, =0 (mod m) <= «ajn.

If p¢|u, with e > 1, then

R | 1 _ .k 1
Ukn = ku, ju, (mod p*"') and up,y1 = u, , (mod p*™).



v1 =4, vo =14, ... Vont1 = V3, — 2 (n > 0)

N = 2P —1is a prime <= vn41)/4 1s divisible by N

@+ —(2—-VB)" _ n n
Uy = 12 and v, = (24+v3)"+(2—V'3)

® Uy = Upt1 — Up—1 ANd Upin = UpUpt1 — Um—1Un

o If p°|lu,, with e > 1, then p¢|uy,,.
e V primes p, 3e =¢, € {—1,0,1} such that p|u,..
® ng(unaun—l—l) = 1 and ng(unavn) S 2

e For m € Z*, if @ = a(m) is minimal such that u, = 0
(mod m), then u,, =0 (mod m) <= «ajn.

® Uyp—2 =0 (mod N) —> uyp-—2 %0 (mod N)

BEWARE WE'RE BACK TO p BEING p.



v1 =4, vo =14, ... Vont1 = V3, — 2 (n > 0)

N = 2P —1is a prime <= vn41)/4 1s divisible by N

2+ V3) - (2-V3)" _ n n
= T2 and v, = (24+V3)"+(2—V3)

Un = Unp41 — Up-—1 and Um4n — UmUn41 — Um—1Up

If p¢|u, with e > 1, then pt!|uy,.
V primes p, 3 e =¢, € {—1,0,1} such that p|u,..
ng(unaun—l-l) = 1 and ng(unavn) S 2

For m € Z7, if « = a(m) is minimal such that u, = 0
(mod m), then u,, =0 (mod m) <= «ajn.

Vgp—2 = 0 (mod N) —> wuyp-—2 Z 0 (mod N)

U2y, — UpUy — Uop—1 =0 (m()d N) p— a(N) — 2p_1



v1 =4, vo =14, ... Vont1 = V3, — 2 (n > 0)

N = 2P —1is a prime <= vn41)/4 1s divisible by N

o If p¢|u,, with e > 1, then pct|u,,.
e V primes p, 3e =¢, € {—1,0,1} such that p|u,..

e For m € Z7, if @« = a(m) is minimal such that u, = 0
(mod m), then u,, =0 (mod m) <= «aln.

® Uy — UpV, — Uop—1 = 0 (m()d N) — a(N) — zp—l

Write N = pi'p3?.--p% with p, distinct primes and e; > 1.

e;i—1 . B
Set €; = &, and k = lcm{pj” (pj +€5) : 3 = 1,...,'r}.
Then ury = 0 (mod N). Thus, (2P — 1) = 2P~ ! divides k.
Hence, 2P~ divides pjj_l(pj e;) for some j. For such j,
p; > 2P~ — 1. Then 3p; > 2P — 1, implying NN is prime. .




Other Primality Tests

Theorem (Selfridge-Weinberger). Assume that the Extended
Riemann Hypothesis holds. Let n be an odd integer > 1. A
necessary and sufficient condition for n to be prime s that
for all positive integers a < min{70(logn)?,n}, we have
a"1/2 = £1 (mod n) with at least one occurrence of —1.

Note: Primes pass this test but 1729 does not.

Theorem (Lucas). Let n be a positive integer. If there is
an integer a such that a” ' =1 (mod n) and for all primes
p dividing n — 1 we have a"V/P Z 1 (mod n), then n is
prime.



Theorem (Lucas). Let n be a positive integer. If there is
an integer a such that a® ! =1 (mod n) and for all primes
p dividing n — 1 we have a"V/P Z 1 (mod n), then n is
prime.

Revised Theorem. Let n be a positive integer. Suppose that
for each prime p dividing n — 1, there 1s an a € Z such
that a” ' = 1 (mod n) and a™V/P # 1 (mod n). Then n
1S prime.

Note: Primes pass this test but 1729 does not.

This test is good if and only if one can factor n — 1.

Idea: If p¢||(n — 1), then p®|ord,a =— p¢|p(n) =— n prime.



