MATH 788F: PRACTICE TEST

(1) Prove the following:

Let f(z) be a monic polynomial itZ[x] for which f(0) # 0. Suppose further that(z) =
fi(z) f2(x) f3(x) where eacly;(z) is irreducible. If

f(@) = (2 —a1)(z —ag) - (z — an)

where eacl; € C, then|a;| > 1 for at least three values gfe {1,2,...,n}.

(2) Letf(x) = 2 + 22. Determine with proof all primes for which f(x) is Eisenstein with respect {0 For each
suchp, find a value ofz for which f(x + a) is in Eisenstein form with respect o

(3) Let
f(z) = 2" 4 212° — 302* — 902° + 1350z + 2700.
Using Newton polygons, explain wh§(x) is irreducible. (Be careful, and indicate as clearly as possible what
information you are obtaining from each Newton polygon you use in your argument.)
(4) Let
flz) =20 — 8z — 4! — 2413 — 12 g1 210 .. g1,
For each part below, give all details of your solution. Do NOT refer to any theorems from class (in particular,
do not refer to Perron’s Theorem or its proof). You may however use the following lemmas from class:

Lemma 1. Let f(z) be a monic polynomial iZ[z] for which f(0) # 0. Suppose further that(x) has exactly
1 roota (with multiplicity 1) such thajw| > 1. Thenf(z) is irreducible.

Lemma 2. Let f(z) andg(x) be polynomials inC[z], and letC = {z € C : |z| = 1}. If the strict inequality
|f(z) +g(2)] < |f(2)| + |g(=)| holds for each: € C, thenf(z) andg(z) have the same total number of zeroes
(counting multiplicity) inside the circl€ (i.e., in the interior of the region bounded &Y.

(a) ConsiderF'(z) = (22 — 1) f(z). Explain why F'(z) has exactly one roat satisfying|a| > 1. (Hint:
Expand the produdz — 1) f(x).)

(b) Explain why this implies thaf () is irreducible.

(5) Forp a prime, prove that the Bernoulli polynomiBls,_1,—1)(z) is irreducible.



