6 The Transcendence ot and &

For this section and the next, we will make use of

I(t) = /0 et F(u) du

wheret is a complex number anfi(x) is a polynomial with complex coefficients to be specified
later (depending on the application). Integration by parts gives

I(t) = Z F9(0 Z FOt Z F9(0) Z f (8)

Jj=0 7=0

wheren is the degree of (z). If f(z) = > "_;a;27, we set

n

F@) =" lajla’.

j=0
Then

t)] < < [t max{]e'" |} max{| f(u)|} < [t]e!F(Jt]).
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Theorem 16. The numbee is transcendental.

Proof. Assumee is a root of
g(x) =by+ bz + -+ ba" € Z[x],
whereb, # 0. Letp be a prime> max{r, |by|}, and define
flx)=a"(z—1)P(x—2)P - (z—71)P.

Consider

Sinceg(e) = 0, the contribution of the first summand on the right-hand side of (8)i®00. Thus,
- _ Z Z bkf(j)(k)
k=0 j=0

wheren = (r + 1)p — 1. The definition off (x) implies that many of the terms above are zero, and

we can write
Z bofV +ZZbkf”

Jj=p—1 k=1 j=p
Each of the terms on the right is divisible pyexcept for

fr7H0) = (p = DU=1)P ()7,
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where we have used that> r. Thus, since > |b| as well, we see thaf is an integer which is
divisible by (p — 1)! but not byp. In other words,/ is an integer with

7= (p— 1)L

Since B
fR)y =k Y+ 1)P(k+2)P - (k+r)P < (2r)" for0<k<r,

we deduce that ; .
<D IlIG) < D 1blie F(G) < e ((2r)D)",
=0 =0
wherec is a constant independent@f This gives a contradiction and establishes the theorem.

It helps to be aware of the following lemmas.

Lemma 1. If « and 5 are algebraic numbers, then so atet 3, a3, anda/ (if 5 # 0). If « and
(3 are algebraic integers, then so are+ 3 andag.

Lemma 2. If « is an algebraic number with minimum polynomjgl:) € Z[z] and if b is the
leading coefficient of(z), thenba is an algebraic integer.

Lemma 3. If « is an algebraic integer and: is rational, thenx is a rational integer.

In addition, it would be helpful to be familiar with the fundamental theorem of elementary
symmetric functions.

Theorem 17. The numbelr is transcendental.

Proof. Observe that ifr were algebraic, their would be as well (which we can see by using
Lemma 1 or by observing that ff(z) € Z[z] andf(7) = 0, theng(z) = f(iz) f(—ix) € Z[z] and
g(im) = 0). It suffices therefore to show thét= ix is transcendental. Assume otherwise. bt
the degree of the minimal polynomiag{z) for ¢, and letd; = 6,6,, ..., 0, denote the conjugates
of . Letb denote the leading coefficient gfx). In particular, we will use momentarily thad; is

an algebraic integer (see Lemma 2). Sin€e= —1, we deduce that

(1+eM)y(14e%2)---(1+e")=0.

Multiplying the above expression on the left out, we obtain a sud térms of the forme?® where
¢ =e6,+---+¢0, withe; € {0,1} forall 5. Let¢y, ..., ¢, denote the non-zero expressions of
this form so that (since the remainiaf— n values ofp are 0)

g+e’ +- e =0,
whereq = 2" — n. Letp be a large prime, and let

Fla) =0 a = 1) (o= )
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By the fundamental theorem of elementary symmetric functions and Lemma 2 and Lemma 3,
f(z) € Z|x]; to see this more clearly, considey, . . ., ¢, as the complete set afs as above (so
the firstn are still the non-zero ones) and use that

o

H(m—gbj Hx—gbj

J=1

is symmetric irdy, . .., 6,.. Define

From (8), we deduce that

wherem = (n + 1)p — 1. Observe that the sum ovkris a symmetric polynomial ib¢y, . . ., b,

with integer coefficients and thus a symmetric polynomial with integer coefficients i2f tnem-
bersb¢ = b(e10, + --- + €,.0,). Hence, by the fundamental theorem of elementary symmetric
functions, we obtain that this sum is a rational number. Observe that Lemma 2 and Lemma 3
imply that the sum is furthermore a rational integer. Sirfi€&(¢,) = 0 for j < p, we deduce

that the double sum in the expression joabove is a rational integer divisible py. Observe that
fU)(0) = 0forj < p—1andf(0) is divisible byp! for j > p. Also,

FE(0) = 0" (=1)" (p — D1 -+~ da)?.
From the fundamental theorem of elementary symmetric functions and Lemma 2 and Lemma 3,

we deduce thaf*~1(0) is a rational integer divisible bip — 1)!. Furthermore, if is sufficiently
large, thenf®=1(0) is not divisible byp. If p is also> ¢, we deduce that

[J| > (p— 1)L

On the other hand, using the upper bound we obtained foy|, we have

1T <> lowle™F(1ou]) < er1db
k=1

for some constants andc,. We get a contradiction, completing the proof. O
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