COURSE DESCRIPTION

Fall 1997

Course: Math 747, Algebraic Geometry—Introduction to Elliptic Curves and Modular Forms

Instructor: Prof. Xian Wu, LeConte 400F, 7-4714.

Prerequisites: Some basic undergraduate complex analysis (such as MATH 552) and algebra (such as MATH 700). Having a first course in number theory will be helpful but not required. MATH 746 is not a prerequisite.

We choose this non-traditional topic as an introductory course in algebraic geometry, not only because the subject has gotten so much attention since Wiles’ proof of Fermat’s Last Theorem, but also because one rarely sees a more diversified interplay of so many different branches of mathematics in one such study. An elliptic curve is all of the following: a donut, the solution set of a cubic equation, an abelian group, a complex torus, a Riemann surface of genus 1, a two-sheeted ramified covering of the projective space P^1, : : : . Our approach will be algebraic geometrical with emphasis on applications to number theory. For instance, we will consider the ancient “congruent number problem” that whether a given integer is equal to the area of a right triangle whose sides are rational numbers. For example, 6 is a congruent number since it is equal to the area of the 3-4-5 right triangle. On the other hand, Fermat showed that 1 is not a congruent number. Although considerable energy has been devoted to this old problem by some well-known mathematicians since the tenth century, it has looked hopeless to find a general criterion, until recently. As it turns out, the answer to this naive question involves some deep theorems and conjectures in the theory of elliptic curves, which will be one of our focus points of the course. In the first part of the course, we will cover some background material in algebraic geometry. Topics there will include varieties and algebraic curves, intersection numbers and Bezout’s theorem, the Riemann-Hurwitz formula and the genus formula. We will then turn our focus to elliptic curves and modular forms. Besides basic definitions and properties, we will study such topics as the congruence zeta-functions, the Hasse-Weil L-functions, the Birch-Swinnerton- Dyer conjecture, congruence modular forms, and modular curves. Finally, we will have a detailed discussion of the Taniyama-Shimura conjecture which, of course, implies Fermat’s Last Theorem and was what Wiles really proved.