Math 241: Test 1 Spring, 2020 SOLUTIONS

(1) Let A= (2,4,—-1), B=(-2,8,1) and C' = (6,—1,2). Fill in the boxes below by doing
an appropriate calculation. As noted above, your work will be graded.

(a) The distance from A to the y-axisis | /5 | Simplify.

Solution: The distance from the y-axis is determined by the z and z coordinates of the
point. The answer comes from the computation /22 + (—1)2 = /5. W

(b) AB = (—4,4,2) and AC = (4, -5,3) . Simplify.

Solution: Here, the relevant computations are

AB = ((=2) — 2,8 — 4,1 — (—1)) = (—4,4,2)
and
AC = (6-2,(-1)— 4,2 — (~1)) = (4,-5,3). W

(c) The distance from A to B is 6 | Simplify.

Solution: This is just

|AB | = V(4P + 2+ 2 =/36=6. W

(d) A vector which has the opposite direction as AB and which has length 3 is

(2,—-2,-1) . Simplify so the answer only involves integers (no fractions).

Solution: The vector AB has length 6, so (1/2) AB has length 3. We want a vector of
length 3 going in the opposite direction as 1@, so we multiply by —1 to get —(1/2) AB =

(e) The measure of ZBAC is | 3w/4 |. Simplify. Do not use an inverse trig function.

Solution: We want the angle  between the vectors zﬁ and 1@ . We calculate

AD + AC 30 -5 -5 -1

0 = — = = = —.
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Therefore, = 37/4. W




(2) The four vertices of a parallelogram are
given by D

A=(0,0,0), B=(21,2),
C=(4,1,6) and D =(2,0,4). B
A

The sides are AB, BC, CD and AD.

(not drawn to scale)

(a) Using the vectors zﬁ and E, compute the area of the parallelogram.

Area: 6 (Simplify)

Solution: The area of the parallelogram is || Jﬁ X E H So we compute

- =

15k
AB X AD=|2 1 2 = (4,4, -2).
2 0 4

The answer is || AB X AD || = 36 =6. W

(b) What is the height of the parallelogram using AB as the base?

Height: 2 (Simplify)

Solution: Let h be the height we want. Since the area of a parallelogram is its height
multiplied by the length of its base, we see form part (a) that

6=h|AB| = hv2Z+12+22 = h V9 =3,

soh=2. 1



(3) The plane P; is given by the equation

6x — 3y + 2z = 2,
and the plane P, is given by the equation

6z — 3y + 2z = 6.

The planes P; and P, are parallel (you do not need to justify this). Using the length of
a projection vector, calculate the distance between the two planes. For full credit, your
calculation for the answer must involve calculating the length of a projection.

Distance between planes: | 4/7 | (Simplify)

Solution: We pick a point A on P; and a point B on P,. There are many choices, and any
will do. We take A =(0,0,1) and B = (1,0,0). Then AB = (1,0,—1). Each plane has a

normal vector 70 = (6,—3,2). The distance between the planes is given by

\n-ﬁ\

Jproj 78 || = 22
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(4) (a) Write parametric equations for the line ¢ that passes through the point P = (1, —1,1)
and is parallel to the line with parametric equations t =2 — ¢, y =3t and z = 1 + t.

r=1-—1
Parametric Equations of Line /: y=—1+4+3t
z=1+1

Solution: Since P = (1,—1,1) is on ¢ and the vector v = (—1,3,1) is parallel to ¢, the
answer follows. W

(b) At what point does your answer to part (a) intersect the plane 3z +y+ 2z =107

Point of Intersection: (4,-10,-2) (Simplify)

Solution: We want to find the value of ¢ for which the point (1 —¢,—1+3t,1+1¢) on ¢ is
also on the plane 3z +y + 2z = 0. So we want

3(1—t)+(—14+3t)+(1+1¢t)=0.

This simplifies to 3+ ¢ =0, so t = —3. The answer (4, —10, —2) follows by plugging t = —3
into (1 —¢,-1+3t,1+¢). &



(5) The graphs for the equations below are similar to the graphs given in the “Graph Section”
below. The orientation and scaling may be different. For each equation, indicate which
graph in the Graph Section best matches it. For example, if the equation is for a hyperbolic
paraboloid, then the graph you choose should be a hyperbolic paraboloid. Indicate your
choice by writing down and circling the corresponding letter from the Graph Section next
to the problem - next to (i), (ii) or (iii) below. Next, read the question in the Graph Section
corresponding to the graph you choose. Then answer the question for the graph of the
equation in the problem below. Do NOT answer the question for the graph in the Graph
Section (since it may be oriented differently than the graph of the equation below).

(1) 3z —y> — 422 +4=0

Solution: The equation is equivalent to (—3/4)x?+(1/4)y*+ 2% = 1 (with one minus sign on
the left), so the graph is|(d)|, a hyperboloid of one sheet. When z = 1, we get 322 — y* = 0

so that y = £v/3 2. Wet get [ two lines|. W

(ii) 322 —y? — 422 =0

Solution: This is |(c) |, an elliptic cone. The zy-plane is the plane z = 0. When z = 0, we

get 3% — y? = 0 which again gives y = ++/3 x. Thus, we can write our parametric equations
as|lz=t,y=+v3tand z=0| W

(iii) 322 —y? —42+4 =10

Solution: Since a variable appears to only the first power, this is a paraboloid. As the

squared terms are on the same side of the equation and have opposite signs, this is | (f) |, a
hyperbolic paraboloid. When y = 2020, we have 322 — 2020? — 4z + 4 = 0 or equivalently

4z = 32 — 20202 + 4 = 0, which is |a parabola|

Graph Section

(b) Thisis a graph of an
ellipsoid.  What are the £
2 points where the graph

(a) To the right is a graph of
an elliptic paraboloid.  What
point is the vertex in the graph

for the problem? Give all 3 of for the problem inter-

the coordinates. sects the y-axis?  Give

all 3 coordinates for each point.

(¢) This is an elliptic cone.
The xzy-plane intersects the
graph for the problem in
two lines. Write down para-
metric equations for these
two lines.

(d) This is a hyperboloid of

I sheet. What is the inter-
section of the plane z = 1
with the graph in the prob-
lem?  Answer a point, two
lines, an ellipse, a parabola,
or a hyperbola.

(e) This is a hyperboloid
of 2 sheets.  What is the
intersection of the plane
r = 2020 with the graph
in the problem? Answer a
point, two lines, an ellipse,
a parabola, or a hyperbola.

(f) This is a hyperbolic
paraboloid. What is the
intersection of the plane

y = 2020 with the graph [

in the problem? Answer
a point, two lines. an

ellipse, a parabola, or a hyperbola.




