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Calculus III: Homework Problem Sets

Part 111

§17.
§18.
§19.
§20.
§21.
§22.
§23.
§24.
§25.
§26.

Homework Set 17:
Homework Set 18:
Homework Set 19:
Homework Set 20:
Homework Set 21:
Homework Set 22:
Homework Set 23:
Homework Set 24:
Homework Set 25:
Homework Set 26:

Definition of a Multiple Integral (page 84)

Double Integrals over Rectangular Regions (page 87)
Double Integrals over General Regions (page 89)
Double Integrals using Polar Coordinates (page 95)
Triple Integrals (page 99)

Triple Integrals with Cylindrical Coordinates (page 106)
Triple Integrals with Spherical Coordinates (page 109)
Integrals - Various Approaches (page 115)

Line Integrals (page 121)

Green’s Theorem (page 122-123)

817. Homework Set 17: Definition of a Multiple Integral

1. Evaluate the double integral below by first identifying it as the volume of a solid.

[[ 244 R={@w0a<20<y<)
R

2. What is the value of the integral

é/m,

where R = {(z,y) : 2®> +y?> < 4} ?

3. Calculate / / dA, where R is the region in the first quadrant bounded by the circle 22442 = 1
R

and the coordinate axes.

4. Calculate

//(5—x)dA, where R = {(z,y)]|0 <2 <5,0<y <3},
R

by first interpreting the double integral as the volume of a solid.

5. Define R={(z,y) : 0 <2 <4,0<y<5}and
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2 f0<zr<4and0<y<3
flz,y)=q¢1 f0<z<2and3<y<5
-3 if2<zr<4and3<y<5h.

(a) Evaluate // f(z,y) dA.

4
(b) Evaluate/ /5 f(z,y) dy dz.
3 J1

FT 6. Define R={(z,y) :0<x<3,0<y<5}and

-2 f0<zr<3and 0<y <2
flz,y) =<0 ifo<z<2and2<y<5
5 if2<z<3and2<y<5.

Evaluate // f(z,y) dA.
R

FT 7. Let
R={(z,y): 0<2x<4,0<y<2}

and
2 for0<z<3and 0<y<1

flz,y)=<1 for0<zx<3andl<y<2
—3 for3<zr<4and0<y<2

Calculate // f(z,y) dA.
R

FT 8. Let
R={(z,y):0<2<4,0<y<3}

and
3 for0<zr<3and0<y<3

flz,y) =< =2 for3<z<4and0<y<2
1 for3<z<4and2<y<3.

Calculate // f(z,y) dA.
R

FT 9. Calculate //f(x,y) dA, where
R

R={(z,y):0<2<3,0<y<3}
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FT 10.

FT 11.

and
-2 for0<zr<3and0<y<1

flz,y) =< -1 for0<z<2andl<y<3
1 for2<zr<3and1l<y<3.

Calculate / / f(z,y) dA, where
R

R={(z,y):0<2<4,0<y<3}

and
-2 for0<zr<4and0<y<2
flz,y) =<3 for0<zr<2and2<y<3
2 for2<zr<4and2<y<3.
Let
R={(z,y):0<x<3,0<y<4}
and

2 for0<z<2and 0<y<2
flz,y) =< -1 for0<zr<2and2<y<4
1 for2<r<3and 0<y <4

(a) Calculate / / F(a,y) dA.
R

1 /3
(b) Calculate/ / f(x,y)dxdy.
o Jo

Answers for §17
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10.

11.

3

24

§18. Homework Set 18: Double Integrals over Rectangular Regions

1 2
. Evaluate the iterated integral / / (x4 3)dy du.
o Jo

12
Calculate / / xy dy dx.
0 Jo

Calculate the value of the double integral

2 1
/ / (2x + y)* dz dy.
o Jo

You do not need to simplify your answer (as long as it only involves numbers and arithmetic).

2 4
Calculate / / (xy + 3) dx dy. Simplify your answer.
0 J-a

Use a double integral to calculate the volume of the solid under the plane z = 2z + y and
over the rectangle
R={(z,y):3<2<51<y<2}

Use a double integral to find the volume of the solid under the plane z = 2x + 2y and over
the rectangle
R={(z,y):2<x<3,1<y<3}

2 3
Calculate / / 62y dy dz.
1 J2

T 1
. Calculate / / dr df.
o Jo
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T 3
FT 9. Calculate / / cos@drdb.
w/2J1
T 2
FT 10. Calculate/ / sin @ dr df.
o Jo
w/2 pl
FT 11. Calculate / / rcosf drdo.
0 0

2 1
FQ 12. Calculate the value of / / (23: + y)8 dx dy.
0o Jo

FQ 13. Calculate the volume of the solid bounded between
the surface z = 15(x—1)?+3y? and the plane z = 0
and bounded on the sides by the planes x = 0,
x =1,y =0 and y = 2. Simplify your answer.

(not scaled correctly)

FQ 14. Calculate the value of the double integral below.

//(3—2x)dA, where R = {(z,y) | 0 <2 <3/2,0<y <2}
R

Answers for §18

2.1

; 45 27 992
60 60 15

4. 48
5. 19
6. 18

7. 57
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10.

11.

12.

13.

14.

4
1/2

1
@(410 _ 211) —

261632
45

18

9/2

§19. Homework Set 19: Double Integrals over General Regions

1 x?
Calculate / / 3zy? dy dz.
o Jo

1,1
Calculate / / 23 dy dx.
0 Jz2
1 T
Calculate / / 3y dy dx.
0o Jo
1 y2
Calculate / / ydxdy.
0 Jy
2 ry
Calculate / / xy dx dy.
1 Jo

11
Calculate / / 20 (x + y)* dx dy.
0 J—y

T 7]
Calculate / / rdrdf.
o Jo

by y = x and y = 22 in the zy-plane.

. Find the volume of the solid that is under the plane 2y+ 2z = 2 and above the region bounded
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FQ 9.

FQ 10.

11.

FQ 12.

Let R be the region shown in the accompanying Y

figure. Fill in the missing limits of integration. )
y==z
[ r@maa= [ [ f (. y)dyde
R ’ ‘ ‘ ‘ y=2—z?
7 v ®

Fill in the five boxes below given that the double integral represents that volume of the
solid enclosed by the parabolic cylinders y = % and y = 8 — 22 and the planes z = 0 and
3z + 4y — z = —9. Do not calculate the double integral.

1
Recall that the volume of a sphere of radius 7 > 0 is (4/3)7r3. In the following, you should

think in terms of the definition of a double integral. What is the value of each of the following
integrals?

r Vr2—z2
(a) / V2 —a? —y?dydx
0o Jo
roopr2—?
o [

V2 — a2 —y?dedy
Vr2i—g?
/ / 2 —a?—y?dyde

VrZ—z?

7“27y
/ / V2 —a?—y?drdy

T2—y

Fill in the five boxes below to correctly write down a double integral that represents the

volume of the solid bounded by the coordinate planes and the plane x + 4y + 2z = 4.

[ [ dx dy

FQ 13. Calculate / / z* dA, where R is the region bounded below y = 1 — 22 and above the z-axis.

R

FT 14. Write each integral below as an iterated integral with the order of integration interchanged.
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FQ 15.

FQ 16.

FQ 17.

FQ 18.

FQ 19.

F'T 20.

F'T 21.

) /Ol/oxﬂx,y)dydx
o [ [ sy

Calculate the double integral below by first changing the
order of integration.

// \/1—7dyd:c

Express the double integral below as an equivalent double integral with the order of integra-
tion reversed. Give precise limits of integration. (Note that there is no integral to evaluate

here.) o
| [ s aya

Reverse the order of integration, and calculate the value of
\NT/2  paST)2
/ / cos(z?) dx dy.
0 y

Evaluate the double integral below by reversing the order of integration.

/ / cos dx dy

Evaluate the double integral by first reversing the order of integration.

L2
/ / e ¥ dydx
0 2x

Interchange the order of integration to calculate the value of the double integral

L rve
/ / (3x — 2*)° dx dy.
o Jo

Interchange the order of integration and calculate the value of the double integral

Simplify your answer.

w/2 /2
/ / y/cosy cosx dydx.
0 T

Simplify your answer.
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F'T 22.

F'T 23.

FT 24.

FQ 25.

FQ 26.

FQ 27.

FQ 28.

F'T 29.

FE 30.

Interchange the order of integration and calculate the value of the double integral

Lol
/ / ) e’ dydx.
0 T

Interchange the order of integration and calculate the value of the double integral

1 1
/ / * 7 dx dy.
0 \/y1+$

Interchange the order of integration and calculate the value of the double integral

11
/ / x/1+y3 dydz.
0 T

Note that the answer should not “look” nice.

Switch (interchange) the order of integration below and give appropriate calculations to show

that Lo
Y 1
— Y drdy = —.
/O/y @+ 12T 1

Calculate the value of the double integral below by reversing the order of integration.

4 2 3
dz d
/0/\/@:1:3+1xy

Your answer should involve the natural logarithm.

1 v 22 x3)
sin | — — — | dz dy.
[ (55

Your answer should involve a trigonometric function.

Calculate

Calculate the double integral below.
2 1
/ / Va2 +1drdy
0 y/2

You do not need to simplify your answer, but it should be a number.

1 1
Calculate / / @) dy dy.
0o /vy

/2 w/2 COS I
Calculat ——dy dx.
ac““/o / JItcosy 4

92



FF 31. Richard cannot remember how to calculate integrals involving inverse trigonometric func-
tions, and his Calculus teacher asks him to calculate

! arcsin(y/7) s
2 VT '

He has this crazy idea of looking instead at the double integral

/ / —dydx
1/2 Jx/

(a) Evaluate the “inner” integral (the one with respect to y) to get that the double integral
is equal to a single integral with respect to x. What is the integral with respect to x that
you get?

(b) Interchange the order of integration in the double integral above and evaluate it. (This
is the important part of this problem. Calculate the double integral by switching the order
of integration. Note that y = arcsin(y/x) is the same as siny = /z for z € [1/2,1] and

y€n/4,m/2].)
(c) Using the previous parts, justify that

1;§E%%f@dx:w(1—xg)—»ﬁ.

Answers for §19

1. 1/8
2. 1/12
3. 1/12

4. —1/12

ot

15/8

7. /6

8. 1/5

// f(z,y) dy dz

©o
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12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25

(1/3)sin(1)
(1/4)(1 )
32/9

2/3

(2/3)(e— 1)
(1/4)In(2)

(1/9)(2%/2 1)

/q/m Y ddx—/q——ﬁ——dx——1@@+nl
o Jo @12 T 2@ 12T 6
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FF

26. In(9) =21In(3)
27. 1 —cos(1/6)
28. (2/3)(2%2 — 1)
29. (1/3)(e —1)
30. 2v2 -2
1 - 4
31 (a) / (arcsm(\/@) o/ ) I
12 VI Vi
T
(b) 5 - V2
(c) Since
! 7r/4dx_7r\/51 _E_W\/é
we get from part (b) and then (a) that
1 arcsin(y/z) 1 1 . 4
f_\/§:/ / —dyd:)::/ (arcsm(\/i) 7/ >dx
2 1/2 Jx/a Ve 1/2 N N
1 : 1 1 .
_ arcsin(,/z) dm—/ 7r_/4dx: arcsin(/z) P 7r\/§.
12 VT 12 VT 12 VT 2 4
Rearranging, we get
! arcsin(/z) T O V) V2
C NV  dr == V24— =2 (1= X2 - V2
2 VT T2 v 2 4 7T( 4 ) v2
as we wanted.
§20. Homework Set 20: Double Integrals using Polar Coordinates
1. Calculate the area of the region inside the curve r = 1 — cos6 —

(see picture to the right). Simplify your answer.

95

ESTEEE

=)
=1

o

i




F'T

FQ

FQ

FQ

FQ
FQ

3.

Calculate the area of the region enclosed by the
graph of the limagon r = 2 + cos 6.

Let R be the region inside the circle r = 2sinf and
outside the circle r = /2. Fill in the boxes below to
indicate the correct limits of integration.

//f(r,f))dAz/ / f(r,0)rdrdd
R

Calculate the area of the region enclosed by
the graph of r = 0 from 6 = 0 to # = 27 and
the positive x-axis (see the shaded region in

N

the picture).

Use a double integral in polar coordinates to calculate the
area of the region enclosed by the cardiod » = 1 —cos#. Your
final answer should be a number.

Calculate the area determined by one loop of the graph of r = cos(26).

Fill in the five boxes below given that the double integral
represents the volume of the solid enclosed by the hyperboloid
—22 — y? + 22 = 1 and the plane z = 2. Note that polar
coordinates are being used and that I have only written dr df
at the end so you should keep this in mind when feeling in
the box immediately to the left of dr df. Do not calculate the
double integral.
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FQ 8.

FQ 9.

FQ 10.

FQ 11.

FQ 12.

FQ 13.

FT 14.

Y s

Calculate the value of

1 v/ 1—y2
/ / (3:2 + y2)3/2 dx dy.
0o Jo

Calculate the double integral below by converting to polar coordinates.

3 V9 — 22 1/
/ / (25 — (2* +y%)) '~ dydx
0 Jo

Evaluate the double integral

3 \/9—y2
/ / (@® +y*)* da dy
—3J /92

by converting to polar coordinates.

Calculate / / sinf dA where R is the region inside the 1
R

graph of the half-circle r = 2cosf for 0 < 0 < 7/2
(pictured to the right). Note that this is not an area
question.

< >
<€ >

N

Calculate the volume of the solid which lies under the cone z = (/2% + y? and above the
disk 22 + y? < 4 in the xy-plane.

Express the volume of the solid that is inside 2% + y? = 2y and lies above z = 0 and below
z = \/x? + y? as a double integral in polar coordinates.

The graph to the right shows the two circles r = v/3 cos
and r = sinf. Express the area of the shaded region
bounded by these two circles as a sum of two double in-
tegrals in polar coordinates. Do not evaluate the double
integrals.
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FT 15. The graph of r = cosf + sinf is the circle pictured to 4
the right. Calculate the shaded area in the picture, where
0 <6 < m/2. Your answer should be a number.

A
A\ 4

y
£ r =14 cos@

FT 16. The graph of r = 14 cos# for 0 < 6 < 7/2 is pictured
to the right. Calculate the shaded area in the picture
to the right. Your answer should be a number.

FT 17. Calculate the area inside the graph of r = /sin @ for
0 <6 < (pictured to the right).

Answers for §20

1. 37/2

2. 97r/2

3m/4

2sin@
3. / f(r,0)rdrdd
V2

w/4
4. 4m3/3
5. 3m/2

6. /8
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27 \/3
7. / / (2—V14r?)rdrdd
0 0

8. 7/10
9. 617/6
10. 18w
11. 2/3

12. 167/3

T 2sin 6
13. // r? dr df
0 0
w/3 psind /2  py/3cosh
14./ / rdrd@—l—/ / rdrdf
0 0 73 Jo

15. — +

e
N | —

16. 3—7T—|—1

17. 1

821. Homework Set 21: Triple Integrals

2 3x T4y
1. Calculate / / / dz dy dzx.
0 0 Y

2. Use a triple integral to calculate the volume of the wedge in the
first octant that is cut from the solid cylinder y? + 2z? < 4 by the
planes y = z and =z = 0.

N
]
1
1
J
I
1‘{
N
I
I
y

3. Let G be the solid enclosed by the surfaces z = 42 + y? and z = 4 — 3y?. Fill in the six
missing limits of integration below.
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FQ 4.

FEF 5.

FT 6.

FT 7.

FT 8.

FQ 9.

FQ 10.

///f(x’y’z) V= f(@,y,2) dz dy dx
G

The solid G is bounded below by z = 2% + 2y2, above by z = 12 — 222 — y? and lies between
the planes y = 1 and y = 2. Express the volume of GG as a triple integral. Do not evaluate
the triple integral - your final answer should be a triple integral with appropriate limits of
integration.

Express the volume of the solid in the first octant bounded by the coordinate planes, the
surface 4% + 22 = 4 and the plane x = 3 as an iterated triple integral. Do not evaluate the
integral.

Express the volume of the solid in the first octant and inside the cylinders 3? + 22 = 2 and
2% 4+ y? =1 as an iterated integral. Do not evaluate the integral.

Let G be the solid above the parabolic paraboloid
z = 3z% + 3y? and below the parabolic paraboloid
z = 2+ 2% + y* (pictured to the right). Express
the volume of G as a triple integral in rectangular
coordinates x, y and z. Do not evaluate the triple
integral.

Let G be the solid above the plane z = 1 and below the sphere z? + y? + 22 = 4. Express
the volume of GG as a triple integral in rectangular coordinates z, y and z. Do not evaluate
the triple integral.

Set up (but do not evaluate) an iterated triple integral for the volume of the solid inside the
cylinder 2 +y? = 4, above the plane y+ z = 0 and below the plane y — 2 = 0. (Note: There
are points (x,y, z) where z < 0 in the solid.)

Let G be the solid in the first octant (shown to the
right) bounded by z = 0, y = 0, the paraboloid
2z = 322 + 3y%, and the paraboloid z = z? + y? + 8.
Express the volume of G as a triple integral in rectan-
gular coordinates x, y and z with appropriate limits of
integration. Do not evaluate the triple integral.
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FQ 11. Express the volume of the wedge in the first octant that
is cut from the cylinder y? + 22 = 1 by the planes y = «
and x = 1 as a triple integral. Answer by filling in each
of the 5 boxes below with the appropriate number or
expression. Do not evaluate the iterated integral.

/01 [ [ dz dy dz

t‘,’i{"
i
/

i

FQ 12. Write a triple integral in rectangular (Cartesian) coordinates (that is, in terms of z, y and z)
that represents the volume of the solid bounded by z = 3 — 22 — 9% and 2 = —6 + 222 + 29>
Do not evaluate the triple integral.

FQ 13. Rewrite the iterated integral below with the order of integration changed to “dz dx dy” and
evaluate the integral with the changed order of integration.

1 1 Yy
/ / / y32eVdz dy da
0 Jxz2 Jo

FQ 14. Fill in the six boxes below to correctly com-
plete interchanging the order of integration.
The first triple integral below should be
used to obtain specific information about the
solid. The images depict the solid that is to
be used for the limits of integration. Here,
the equations defining the faces are indicated

by arrows; each arrow points to a face that
is IN THE PICTURE.

ﬁ
g
sy
i

S

4 T 2
/ / f(z,y,2)dzdxdy = f(z,y,2)dydzdz
0o Jy2 Jo
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FQ 15. Fill in the six boxes below to correctly com- z
plete interchanging the order of integration. '

The picture to the right depicts the solid that //////77//7/{%/7//
/]

is to be used for the limits of integration,
but the first triple integral below should be
used to obtain specific information about the
solid.

1 1 V1—z2
/// f(x,y, 2) dzdx dy
0 Y 0
@

= [ [ f(x,y, 2)dxdydz

FQ 16. Fill in the 6 boxes below to correctly complete interchanging the order of integration.

f(z,y,2)dydedz

3 pVO—a?  py/9-a?—y?
f(z,y,2)dzdydx =
/0 /0 /\ /9—x2—y?

FQ 17. Write an iterated integral that is equal to the given iterated
integral below but with the order of integration dx dydz
instead of dz dx dy.

/Ol/yl/oyf(xay,Z)dzdxdy

FQ 18. Fill in the five boxes below to correctly complete
interchanging the order of integration.

3 (6-2x)/3 f(3—x)/3
/ / / f(x,y, z)dz dy dx
-3 Jo 0

_ [ [ .y, 2) dy de dz
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FT 19. Fill in the six boxes below to correctly complete interchanging the

F'T 20.

F'T 21.

order of integration.

6 (6—2)/3 pr(6—3y—=2)/3
/ / / f(x,y, 2) dx dy dz
0 0 0

Fill in the 6 boxes below to correctly complete
interchanging the order of integration. The
pictures to the right depict the solid that is
to be used for the limits of integration, but
the first triple integral below should be used
to obtain specific information about the solid.

2 \/@ 5—y2—22
/ / / f(x,y,2)dxdydz
—2J0 1

= [ [ f(x,y,2)dydzdz

Fill in the 6 boxes below to correctly complete inter-
changing the order of integration. The picture to the
right depicts the solid that is to be used for the lim-
its of integration, but the first triple integral below
should be used to obtain specific information about
the solid.

3 r2z/3 py
/ / / f(x,y,2)dzdy dx
0o Jo 0

= [ [ f(z,y,2)dedydz
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FT 22. Fill in the 6 boxes below to correctly complete inter-
changing the order of integration. The picture to the
right depicts the solid that is to be used for the lim-
its of integration, but the first triple integral below
should be used to obtain specific information about
the solid. Show work. In particular, you should not
simply write down the upper limit of integration for
x without showing where it came from.

1 V2—a2 \/ 2—12—y?
/ / / f(x,y,2) dzdy dx
0 x 0

™ 2 1
FF 23. Calculate / / / za? sin(xyz) do dy dz. (Hint: If you do this problem using the approach
o Jo Jo
intended, then the integration should not be hard.)

36 3 3—y
FF 24. Calculate / / Vay? —ytdrdydz.
o Jyz/2Jo

Answers for §21

1. 8

2. 8/3

4—3y2
// f(z,y,2) dzdy dx

4z2+y2

4y 12—2z2 —y?

// / dz dx dy

2 x2+2y
2 py/4—y?2 3 2 pVA—22 p3
// /dxdzdyor// /dxdydz
o Jo 0 o Jo 0
1 pVi-a? /242 1 /1=y2 p/2-y2
// / dzdyd:cor// / dz dx dy
o Jo 0 o Jo 0

w
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\]

2412 +y? 2412 4y?
// dzdyd:tor// dz dx dy
- 322+3y? 32 +3y?
Va—ai—y? V32 pn/a—a?—?
/ / / dz dy dx or/ / / dz dx dy
V3 J—3=x2
2 Va—z2 Yy
// / dz dy dx
-2J0 -y
Va—22 z24+y2+8
10. // / dz dy dx
3x2+3y2
1 px py/1-y2
11. / // 1 dzdydx
o Jo Jo
3—z2—
12/ / / dz dy dx
V3—z2 64212 42y2
1 VY Y
13.// /y3/2eydzd:cdy:e—1
0o Jo 0
14. // /fxy, dydx dz
/2 Jx?
1 pvV1-22 V1—22
15.// / f(z,y,2)dedydz
0 0 Yy
3 V922 p/9—22-22
16.// / f(z,y,2)dydx dz
-3Jo 0
1 1 pl
17. / / /f(x,y,z)d:cdydz
0 z Y
3-3z ,(6—2x)/3
18. // / f(z,y,2)dydxdz
0
2 2—x 6—3x—3y
19.// / f(z,y,2)dzdydx
0o Jo 0

o

©w
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2 5—22 Vbh—x—2z2
20. / / / f(z,y,2)dydx dz
—2J1 0

21. // flz,y,2)dedydz
3y/2

(2— z2 V2—x2—32
22. / / / f(z,y,2)dydx dz

23. /2

24. 18 -33/2

§22. Homework Set 22: Triple Integrals with Cylindrical Coordinates

FQ 1. Calculate the volume of the solid enclosed between the paraboloids z = 322 4 3y? — 7 and
z=a?+y*+ 1.

FQ 2. Evaluate

i

where E is the solid that lies inside the cylinder 22 4+ y? = 9 and between the planes z = —1
and z = 1.

FT 3. Express the volume of the solid in the first octant and inside the cylinders y? + 2% = 2 and
2% 4+ 1y? =1 as an iterated integral in cylindrical coordinates. Do not evaluate the integral.

1 pVi—a? 4 4o
/ / / (m2 + y2) 4z dy dzx.
-1Jo 0

FQ 5. Calculate the volume of the solid that is 2= V2t +y?+16
above the disk D = {(z,y)|z* + y* < 9}
in the zy-plane and under the surface

z = /2% +y* + 16.

Simplify your answer.

FQ 4. Calculate the value of
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FQ 6.

FQ 7.

FT 8.

FT 9.

F'T 10.

FT 11.

FT 12.

FF 13.

Find the volume of the solid that is bounded above and below by the sphere 22+ 3%+ 22 =9
and inside the cylinder 2% + y? = 8. Simplify your answer.

Rewrite the triple integral below as a triple integral in cylindrical coordinates.

2 Vi—z2  p4—a?—y?
/ / / y* dz dy dx
—2.Jo 0

Rewrite the triple integral below as a triple integral in cylindrical coordinates.
1 pVima? py/1-a?—y?
/ / / z (x2 + 3+ 22)3/2 dz dy dx
-1Jo 0

Calculate the following triple integral by first rewriting the triple integral in cylindrical

coordinates.
2 /Ay pafA-y2-2?
/ / / (4—9:2—y2)2 dx dz dy
0 J-/a—2Jo

(5) Let G be the solid (shown to the right) in the
first octant between the sphere 22 + 32 + 22 = 20 and
the paraboloid z = 2% + y?. Express the volume of G
as a triple integral in cylindrical coordinates. Do not i
evaluate the triple integral. (Hint: What is the value
of z where the sphere and the paraboloid intersect?)

Let G be the solid above the parabolic paraboloid
2z = 322 + 3y? and below the parabolic paraboloid
z = 2+ 2% + y* (pictured to the right). Express
the volume of G as a triple integral in cylindrical
coordinates z, r and 6. Do not evaluate the triple
integral.

Let G be the solid between the two cylinders 422 + 4y% = 7% and 22 + y? = 7% and between
the two planes z = —1 and z = 2. Calculate

/G// Cos(ﬁﬁ) dv.

Calculate ///(x2 + y2)3/2 dV where S is the solid inside the cylinder 2% + y* = 1, below
S
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the cone z =4 — y/x? + y? and above the plane z = 0.

FQ 14. Evaluate the triple integral

2 pVIa?  pyf9-a?—y?
/ / / dz dydzx.
—2Jo 0

FF 15. This is a problem that is intended to have a surprising conclusion. It is a classical problem
in Calculus (so you won’t be surprised if you know the conclusion). We use material in this
course to resolve it. Suppose we drill a cylindrical hole down the center of a sphere to make
a bead (see the pictures below of different views of such a hole). The larger the sphere, the
larger the bead will be. Suppose that the distance from the top of the sphere where the drill
enters the sphere to the bottom of the sphere where the drill leaves the sphere is h. Let R
denote the radius of the sphere.

(a) In the figure to the right, B is at the center of the sphere.
What is the distance from B to C (the nearest point on the
edge of the hole that is drilled out of the sphere)? Your answer
should depend on R and h.

(b) Write a triple integral in cylindrical coordinates that represents the volume of the bead
(formed from a sphere of radius R and with the “height” of the bead being h as described
above).

(c) Calculate the volume of the bead using the triple integral in part (b).
(d) What happens to the volume of the bead as the radius R of the sphere increases?

Answers for §22

1. 167

2. 36w

/2 pl pa/2-12sin20
3. / / / r dzdrdf
0 0 0
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4. 4w /5
5. 1227/3

6. 1047 /3

T 2 4—r2
7. / / / r3sin@ dz dr df
o Jo Jo
T 1 V1—-7r2 )
8. / / / r2(r® + 2%)%% dz dr df
o Jo Jo
9. / / / 2r dzdrdf = @
VIT? T2 7
w/2 2 pV20—12
10. / / / r dzdrdf
0 0 2
2,1 p24r2
11. / / / r dz dr df
0 0 Jar2

12. —67m

13. 197/15

14. 5(27-5)

15. (a) VEZ — (h)2)?

VR2—r2
/ / / r dz dr df
R2— h/2 VRZ 2
(© gw(Q)

(d) It’s constant. The volume is always the same no matter what the value of R is.

§23. Homework Set 23: Triple Integrals with Spherical Coordinates

FT 1. Calculate rectangular coordinates (z,y, z) and cylindrical coordinates (r, 0, z) for the point
with spherical coordinates (p, 0, ¢) = (6,7/6,7/6). Simplify your answers so that no trigono-
metric and no inverse trigonometric functions are used.
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FT 2.

FT 3.

FT 4.

FT 5.

FEF 6.

FT 7.

FT 8.

FT 9.

F'T 10.

FT 11.

FT 12.

Calculate cylindrical coordinates (r, 6, z) and spherical coordinates (p, 8, ¢) for the point with
rectangular coordinates (z,v,2) = (—+/3/2,—1/v/2, —v/2). Simplify your answers so that
no trigonometric and no inverse trigonometric functions are used.

Calculate cylindrical coordinates (7,6, z) and spherical coordinates (p, 0, ¢) for the point
with rectangular coordinates (z,y,2) = (v/3,—1,—2). Simplify your answers so that no
trigonometric and no inverse trigonometric functions are used.

Calculate rectangular coordinates (x,y, z) and spherical coordinates (p, 6, ¢) for the point
with cylindrical coordinates (r,6,2) = (2v/3,—7/3,6). Simplify your answers so that no
trigonometric and no inverse trigonometric functions are used.

Calculate the rectangular coordinates (z,y, z) and the spherical coordinates (p, 6, ¢) for the
point with cylindrical coordinates (r,6,2) = (3,7/4, —/3). Simplify your answers so that
no trigonometric and no inverse trigonometric functions are used.

Calculate cylindrical coordinates (1,6, z) and spherical coordinates (p, 6, ¢) for the point
with rectangular coordinates (z,v,2) = (3,3v/3, —=2v/3). Simplify your answers so that no
trigonometric and no inverse trigonometric functions are used.

Calculate cylindrical coordinates (r, 6, z) and spherical coordinates (p, 0, ¢) for the point with
rectangular coordinates (x,y, z) = (1,1, +/6). Simplify your answers so that no trigonometric
and no inverse trigonometric functions are used.

Calculate rectangular coordinates (x,y, z) and cylindrical coordinates (r,#, z) for the point
with spherical coordinates (p,0,¢) = (4,77/6,7/6). Simplify your answers so that no
trigonometric and no inverse trigonometric functions are used.

Calculate cylindrical coordinates (7,6, z) and spherical coordinates (p, 8, ¢) for the point
with rectangular coordinates (z,vy,z) = (—1, V3, —2\/5). Simplify your answers so that no
trigonometric and no inverse trigonometric functions are used.

Calculate the rectangular coordinates (z,y, z) and the cylindrical coordinates (r, 6, z) for the
point with spherical coordinates (p, 0, ¢) = (4,7/2,7/6). Simplify your answers so that no
trigonometric and no inverse trigonometric functions are used.

Calculate rectangular coordinates (z,y, z) and spherical coordinates (p, 0, ¢) for the point
with cylindrical coordinates (r,6,2) = (2,7/4,—2v/3). Simplify your answers so that no
trigonometric and no inverse trigonometric functions are used.

Complete the table below so that the variables z, y, 2z, r, 8, p and ¢ are chosen in such a
way that the rectangular coordinates (z,y, z), cylindrical coordinates (7,0, z) and spherical
coordinates (p, 0, ¢) all represent the same point. Simplify your answers so that they do not
involve trigonometric functions and do not involve inverse trigonometric functions.
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FF 13.

FQ 14.

FQ 15.

F'T 16.

FQ 17.

FQ 18.

FQ 19.

F'T 20.

FQ 21.

Variables |z | y z r 0 P )

Values | 3 —6 117/6
T pw/2 P2
Calculate / / / pcosBdpdlde.
o Jo Jo
Let G be the solid inside the cone z = /(2% +y?)/3 and

between the spheres 22 + y? + 22 =4 and 22 + y> + 22 =9
(as shown). Express the volume of G as a triple
integral in spherical coordinates p, 8 and ¢ with
appropriate limits of integration. Do not evalu-
ate the triple integral.

Use spherical coordinates to find the volume of the solid bounded above by the sphere p = 3
and below by the cone ¢ = 7/6.

Let G be the solid above the plane z = 1 and below the sphere 22 + y? + 22 = 4. Express
the volume of G as a triple integral in spherical coordinates p, ¢ and 8. Do not evaluate the
triple integral.

Calculate the volume of the solid inside the half-cone z = 4/3z2 + 3y? and between the
spheres 22 + %2 + 2?2 = 1 and 2% + ? + 22 = 4.

Express the volume of the solid that lies inside
the sphere z? + y? + 22 = 9 and between the
two half-cones given by z = +/3(2?+y?) and
z = —y/x?+y? as a triple integral in spherical
coordinates. Do not use inverse trigonometric func-
tions in your answer.

Express the volume of the solid that lies within the sphere 2% + y? + 22 = 4, above the
xy-plane, and below the cone z = /22 + y? as a triple integral in spherical coordinates.

Rewrite the triple integral below as a triple integral in spherical coordinates.
1 Vi—z?  py/1—z2—y2
/ / / z ($2 +9? +Z2>3/2 dz dy dx
-1Jo 0

Express the volume of the solid that lies inside the sphere 22 + y? + 22 = 4 and between
the two half-cones given by z = /(22 +y?)/3 and z = —\/2? 4+ y? as a triple integral in
spherical coordinates. Do not use inverse trigonometric functions in your answer.
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F'T 22.

F'T 23.

F'T 24.

F'T 25.

F'T 26.

FQ 27.

FT 28.

F'T 29.

Express the volume of the solid inside the sphere 22 +y? + 22 = 4 and between the two cones
z = /x?+y? and z = —\/3(2% 4 y?) as a triple integral in spherical coordinates. Do not
use inverse trigonometric functions in your answer. Do not evaluate the triple integral.

Express the volume of the solid within the sphere 2% 4+ y? + 22 = 8 and outside the half-cone
z = /2% 4+ y? as an iterated triple integral in spherical coordinates. Do not evaluate the
triple integral.

Write a triple integral in spherical coordinates which represents the volume of the solid above

the surface z = /22 + y2/v/3 and below the surface 2% 4 3> + 22 = 4.

Write a triple integral in spherical coordinates which represents the volume of the solid inside
the sphere 22 + y? + 22 = 9 and above the surface z = —+/22 4+ y2. Do not evaluate the
integral.

Let G be the solid inside the cone
z = /2?2 + y? and between the spheres
2+t +22=2anda? +9y> + 22 =4
(as shown to the right). Express the
volume of G as a triple integral in
spherical coordinates p, # and ¢ with
appropriate limits of integration. Do
not evaluate the triple integral.

Fill in the 6 boxes below to correctly convert the integration using rectangular coordinates
to an integration using spherical coordinates.

3 V022 py/9-22—y?
flx,y,2z)dzdydx
/O A /;\/9—x2—y2 ( )

= f(psin¢cos B, psin ¢sin b, pcos ¢) p*sin ¢ dp do db

Let G be the solid between the spheres 22 + y* + 2? = 4 and 2 + y* + 2? = 16 and above
the half-cone given by z = —/3 (22 4+ y?). Express the volume of G as a triple integral in
spherical coordinates p, # and ¢ with appropriate limits of integration. Simplify so that no
inverse trigonometric functions appear in your answer. Do not evaluate the triple integral.

Rewrite the following triple integral as a triple integral in spherical coordinates. Do not use
inverse trigonometric functions in your answer. Do not evaluate the triple integral.

3 prVI—22  pa/9—y2—22
/ / / (:132 + 92+ z2)3/2 dx dy dz
0o Jo 0
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FQ 30.

Calculate
2

2 V4—z2 4—x2—y 0y 2, 2y
/ / / e~ @Y 1z dy .
—2Jo 0

Simplify your answer.

10.

11.

12.

13.

14.

15.

Answers for §23

(z,y,2) = (3v/3/2,3/2,3v3) and (r,0,2) = (3,7/6,3V3)
(r,0,2) = (v/2,77/6,—/2)) and (p, 0, ) = (2,77/6,37/4)
(r,0,2) = (2,117/6,—2) and (p, 0, ¢) = (2v/2,117/6,37/4)
(z,y,2) = (V/3,-3,6) and (p,0, ¢) = (4v/3,57/3,7/6)

(z,y,2) = (3v/2/2,3v2/2,—/3) and (p,0,¢) = (2v/3,7/4,27/3)
(r,0,2) = (6,7/3,—2v3) and (p, 0, ¢) = (4v/3,7/3,21/3)
(r,0,2) = (vV2,7/4,V6) and (p,0,¢) = (2V2,7/4,7/6)

(z,y,2) = (—v3,—1,2¢/3) and (1,0, 2) = (2,77/6,2v/3)

(r,0,2) = (2,27/3,—2v/3) and (p, 0, ¢) = (4,27/3,57/6)

(z,y,2) = (0,2,2v/3) and (r,0, 2) = (2,7/2,2V/3)

(.CE, Y, Z) = (\/57 \/_7 _2\/3) and (pv 0, ¢) = (47 7T/4> 5”/6)

Variables | x Y z r 6 p 0]

Values | 3 | —v3 | —6 | 2/3 | 117/6 | 4V/3 | 57/6

27
2r  pw/3 3
/ / / p*sin ¢ dp de db
o Jo 2
187 (1 — ?)
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16

17.

18

19

20

21

22

23

24

25

26

27

28

29

2 pw/3 P2
/ / / p*sin ¢ dp de df
0 0 1/cos ¢
Ur() V3
3 2

2r  p3w/4 3

/ / /pQSinqﬁdpd(bdQ
o Jae Jo
2 pw/2 2

/ / /pzsin¢dpd¢d0
0 w/4 JO
/2 pl

// /p6sin¢cos¢d,0d¢d6
0 Jo 0
2 3 /4 2

/ / /pQSinngpdgbdQ
o Jas3 Jo
2r  pbw/6 P2

/ / /pZSinqﬁddeﬁdQ
0 w/4 0
27 T 2\/5

/ / / p*sin ¢ dp de db
0 w/4J0
2 pw/3 p2

/ / /p281n¢dpdq5d9
o Jo 0
2 p3w/4 3

/ / /pQSinqﬁdpdgbdQ
0o Jo 0
2 pw/4 2

/ / / p*sin ¢ dp de df
0 0 V2

w/2 pm 3
. / / / f(psin¢cos B, psin ¢sin b, pcos ¢) p*sin ¢ dp dep d
0 o Jo

2r  pbw/6 p4

. / / / p*sin ¢ dp de df
o Jo 2
w/2 pmw/2 3

. / / / p°sin ¢ dp de df
0 0 0
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30.

(-

FT 1.

FT 2.

FT 3.

FT 4.

FEF 5.

FT 6.

FF 7.

FEF 8.

FT 9.

FFE 10.

FT 11.

§24. Homework Set 24: Integrals - Various Approaches

6 2
Calculate / / yvas + 1 dxdy.
0 Jy/3
1 /1242
Calculate / / Y2 (1 — )V dz dy.
o Jo

1 pv2—22 3/
Calculate / / (xz + y2) / dy dz.
0 T

g %7‘73 T 3
Calculate / / X COS <(— — y) ) dy dzx.
o Jo 2

3 v/ 9—y2 1
Calculate / / ———— dx dy.
—3Jo VT + 2%+ y?

Calculate
2y/m—1 Vr—1
/ / sin (x2 + 1) dz dy.
0 y/2

Your answer should be a number but may involve trigonometric functions.

2 p/i-y?
Calculate / / (:1:2 + y2) Y2 e dy.
—2Jo

11
Calculate / / sin(y*/?) dy dz.
—1Jz2

11
Calculate the value of the double integral / / (32° + 1)Y2 dx dy.
0 Jyg

4 pr/25—y2
Calculate / / V25 — x?2dx dy.
0o J3

4 \/ 16—y2 s s
Calculate / / e ) dx dy.
—4Jo
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F'T

FF

FT

FF

FT

FT

FT

FT

FT

FT

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

2 pVA—x2  pn/4—x2—y2
Calculate / / / 2222 + 42 + 22 dz dy de.
0 Jo —\/ 4—x2—y2

2 \/47y2 \/47%272;2
Calculate / / dz dx dy.
0 —\/4—y2 —\/4—x2—y2

1 IS2Z oy
Calculate the value of the triple integral / / / (22 + y*)** dz dy du.
-1 Jo 0

4 V16—x2 \/ 16—x2—y2
Calculate / / / \/1 + (22 + y? + 22)3/2 dz dy dz.
—aJo 0

Calculate the volume of the solid above the surface z = 322 + 3y? and below the surface
2z =4 — 22 — y?. Simplify your answer.

Calculate the volume of the solid that lies between the surfaces
z= (22 +y*)3?% and z = 16 — (2% + ¢?)%/2.

3 VT opAST—y?
Calculate / / / sin (mQ + y2) drdydz.
-1Jo 0

Calculate
4 pV/16—22  py/16—y2—22 /9
/ / / (m2+y2—|—22) / dx dy dz.
0 Jo —4/16—y%2—2z2
Calculate

2 | ,2\3/2
/// (° +y°) av,
J 4—3\/x?+y?

where GG is the solid that lies above the cone z = 3y/x? + y2,
below the plane z = 4 and inside the cylinder 22 + 3? = 1.

Calculate

1
W =
2 $2+y2+22

where G is the solid inside the cone z = /3(2% + y2) and between the spheres 22 +y*+2% = 1
and 22 +y* + 22 =9.

116



FT 22. Let G be the solid inside the half-cone 3z = /322 + 3y? and between the spheres z2+1?+2? =
1 and 22 + y* + 22 = 4. Calculate

1
s dV.
/// v +y? + 27
G

FT 23. Let G be the solid in the first octant bounded by
x = 0, y = 0, the paraboloid z = 322 + 332, and
the paraboloid 2z = x? 4 y? + 8. Calculate

/// (22 + 9P AV,
G

FQ 24. Let S be the solid in the first octant inside the cylinder 22 +4? = 4 and below the paraboloid
z = 22 + 32, Calculate the value of

e

FT 25. Calculate the value of

1 pV1—a2 p3—x?—y?
/ / V1—22—y?dzdydx. smany
o Jo

#
i

Simplify your answer. (The triple integral is over the solid
shown to the right, but note that the problem is not asking
for the volume of the solid.)

FT 26. Calculate
( )
JI2+ 2+22 3/2d2d dx.

1

\/ 312 +3y2

Your answer should be a number that does not involve trigonometric nor inverse trigono-

metric functions. But you do not need to simplify it in other ways. For example, you may
want to use 2 or 4 to a power without working out what it equals.

2 VIS /TR
I

FF 27. Calculate the volume of the solid bounded above by the sphere 22 4 y? + 22 = 50 and below
by the cone z = 7 /2% + y2. Justify your answer and simplify it so that it does not involve
any trigonometric or inverse trigonometric functions.

FT 28. Calculate the volume of the solid inside the half-cone z = 31/22 + 32, outside the cylinder
2% 4+ y? = 1, and between the planes z = 3 and z = 6. T'wo pictures of the solid from different
angles are shown below.
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V3 VEmaE pyf9-a?—y?
FF 29. Calculate / / Va2 +y?+ 22dzdydx. Simplify so that your final an-
—V3J-V3=x2 \/ 222+2y2

swer does not involve trigonometric functions.

T 2 pVA—r2 1/9
FF 30. Calculate / / / 2 (2% +12) " dz dr df.
0 0 J—v4—r2

FF 31. Calculate
s 2 V8—1r2
/ / / (r2 4+ 2)Y2r dz dr db.
0 0 r

Simplify your answer. (Hint: Consider changing to a different coordinate system.)

FF 32. Calculate the value of the integral

27 1 V6—1r2
/ / / (r® + 22)Y2r dz dr db.
0 0 JV5r

FF 33. Calculate the value of the integral

2 pm/2 2
/ / / p? sin®p /4 — p?sinp dpdode.
o Jo 0

Simplify your answer. (Hint: Consider changing to a different coordinate system.)

Simplify your answer.

FF 34. Calculate the volume of the solid lying above the zy-plane and inside the surfaces
P2 =—14+22+9y* and 32+ 3+ =4
Simplify your answer. (Hint: Express the volume as a sum of two integrals.)

FT 35. Use a Jacobian (as indicated below) to calculate the value of
//(2x+y)2(x—2y)da:dy, where R = {(z,y) : 0 <2z +y <3,1 <x—2y <2}
R
To evaluate the integral, use the substitutions
u=2xr+y and v=2x—2y.
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F'T 36.

Your teacher has solved for  and y for you, so you don’t need to. Solving for x and y gives

_2u—i—v U — 20

x 3 and y = :

Now, calculate the Jacobian 0(x,y)/0(u,v) and the double integral above.

Use a Jacobian (as indicated below) to calculate the value of

//(2x+3y)3(ac —2y)tdrdy, where R={(z,y):0<2rx+3y<20<z—2y<1}
R

To evaluate the integral, use the substitutions
u=2r+3y and wv=u1x-—2y.

Your teacher has solved for x and y for you, so you don’t need to. Solving for x and y gives
1 1

r = ?(2u +3v) and y= ?(u — 20).

Now, calculate the Jacobian d(z,y)/d(u,v) and the double integral above.

10.

Answers for §24
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11.

12.
13.

14.

2
15.

16.
17.

18.
19.
20.
21.

22.
23.
24.

25.
26.

27.

28.

29.

30.

1927 /5

2

g0 919
10 5

27 /5
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FF

FF

FF

FF

2
31. 167 (1 — £)
2
)
32. 1871 —4/=
(143)
33. 1287/15
34. 5m7/3
, 27
35. d(x,y)/0(u,v) = —1/5 and (2x 4+ y)“(z — 2y) dx dy = 0
R
4
36. d(z,y)/0(u,v) = —1/7 and //(217 + 3y)* (x — 2y)* dz dy = 3
R
§25. Homework Set 25: Line Integrals
1. Calculate the line integral / (x4 2y) dx+ (x —2y) dy where C is the line segment from (1, 1)
c
to (3,—1).
2. (a) Calculate the line integral /(x2 cosy +y) dr + (2?cosy — y) dy where C is the line
segment from (1,0) to (0,1).
(b) What is the value of the line integral in part (a) if instead C is the line segment from
(0,1) to (1,0)?
3. Calculate the line integral / (x — 2y) dz + (22 + y) dy where C is the semi-circle of radius 2
c
centered at the origin above and on the z-axis starting from (2,0) and ending at (—2,0).
4. Calculate /2y dr + xdy + 2(y — z) dz where C is the curve given by v =1 —t, y = t?, and
c
z=t"—tfromt=0tot=1.
Answers for §25
1. 0
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FF

FF

FF

FF

§26. Homework Set 26: Green’s Theorem

. Using Green’s Theorem, calculate the line integral

/ (v* +2° — 22)dx + (2zy + 2° — 3cos(y® + 1)) dy,
c

where C is the triangle oriented counter-clockwise with vertices at (0,0), (2,2), and (0,1).

. Use Green’s Theorem to calculate / (y+sinz) do+ (3z —y* cosy) dy, where C is the counter-

c
clockwise oriented curve consisting of the line segment from (0,0) to (2,2), the portion of
the circle 2% + y* = 8 from (2,2) to (—2, —2), and the line segment from (-2, —2) to (0, 0).

. Using Green’s Theorem, calculate the line integral

C

where C is the rectangle oriented counter-clockwise with vertices (0,0), (1,0), (1,3), and
(0,3). Simplify your answer.

. Using Green’s Theorem, calculate

/(—3y + 2xsiny) dz + (z + 2% cos y) dy,
¢

where C is the curve that is oriented counter-clockwise given by x = cost and y = sint for
0<t<2m.

. The curve C consists of the segment from (0,0) to (4,0), the segment from (4,0) to (4,2),

the segment from (4, 2) to (0,2), and the segment from (0,2) to (0,0). Thus, C is the curve
counter-clockwise traversing the edges of the rectangle with vertices (0,0), (4,0), (4,2) and
(0,2). Using Green’s theorem, calculate the value of the line integral

/xy?’ de + 22y dy.
C
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FF

. Use Green’s Theorem to calculate

/(y—ye’” + 2z cosy) dx + (3x — e* — 2 siny) dy,
c

where C is the counter-clockwise oriented curve consisting of the line segment from (—2,0)
to (2,0) and the portion of the circle 2 4+ y? = 4 above the x-axis beginning at (2,0) and
ending at (—2,0).

. What is the value of

/c (em — y) dx + ((cos (2y2 + 3))4 +x) dy,

where C is the curve given by

r=sint, y=cost, 0<t<277?

Answers for §26

. 4/3
. 8
. 9/2
AT
. —64/3
A

. —2m (Note that C is oriented clockwise.)
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