MATH 532, 7361: MODERN GEOMETRY
Test 2 Solutions

Test 2 (1992):

PartI:

(1) If A, B, and C' are not distinct, then the conclusion that A, B, and C are collinear is clear.
Suppose now that A, B, and C are distinct. Recall that not all of z, y, and z are zero. Suppose
z # 0 (a similar argument can be made if y # 0 or z # 0). From A 4+ yB + 2C = 0, we
obtain A = (—y/z)B + (—z/x)C. Lett = —z/x. Since x + y + z = 0,

1—t=1—<—3):1+f:$+'z:—3.
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Hence, A = (1 — t)B + tC. By Theorem 1, A is on % Thus, A, B, and C are collinear.

(2) The square of the distance from N to M4 is (N — M4)? and the square of the distance from
N to Mpis (N — Mp)?. Tt therefore suffices to show that (N — M,)? = (N — Mp)?2. Since

CD and BA are perpendicular, (D — C')(A — B) = 0. We use that
D-C=(A+B+C+D)—(B+C)—(A+C)
= 4N —2My — 2Mp =2((N — M) + (N — Mp)).
and A—-B=(A+C)—(B+C)=2Mp—2Ms=2((N - M) — (N — Mp))
Since (D — C)(A — B) = 0, we deduce

0= ((N = M)+ (N~ Mg))((N = My) = (N —Mp)) = (N — Ma)* = (N — Mp)*.
Hence, (N — M4)? = (N — Mp)?.

Part I1:

(1) Not relevant to the current course.

(2) Let P4 be the intersection of the altitude drawn from A to <B—C>’ Let Pg be the intersection of

the altitude drawn from B to AC Let Pc be the 1ntersect10n of the altitude drawn from C' to
AB Let D be the intersection of APA and BPg. Then AD and BC are perpendlcular and

BD and AC are perpendicular. Hence, (D — A)(C' — B) = 0 and (D — B)(C — A) = 0.
Therefore,

0=(D—A)(C—B)—(D—-B)(C—A)=—AC — BD+ AD + BC = (D — C)(A— B).

Thus, C'—l>) and ﬂ are perpendicular. We deduce that the altitude from C' also passes through
D so that the three altitudes are concurrent.
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Part I11:
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In this problem, f = R, /s 4T'aRx 4. From the last page of this test (and as shown on homework
from class) Ty = Ry a/2Rx 0,0)- Thus, we can view f as a product of four rotations with the
sum of the angles in the rotations being 77 /2. Since a rotation by 77 /2 is the same as a rotation
by 37 /2, we deduce that f = R3x/2,5. Using A = (1, 3), one writes Ry /2,4ATA R 4 as aproduct
of 3 matrices and obtains

0 1 =5
RyjpaTaRrsa= | -1 0 5
0 0 1

(Note that the matrix above can be used to justify f = Rs./2 g as well.) If B = (z,y), then

0 1 z—vy
Rsrop=1-1 0 z+y
0 0 1

Hence, z — y = —5 and = + y = 5. Solving, we deduce x = 0 and y = 5. Thus, B = (0, 5).

The vector B — A (going in the direction of /) is parallel to the vector D — C' (going in the
direction of m). Thus, B — A = k(D — C) for some constant k. Since [ is the midpoint of
AC and F is the midpoint of {3 D, we obtain 1
E=_-(A+0C) and F=—_(B+D,).
1 21 1 12 E+1
- —_— —
Thus, E'F is a constant times C'D. This constant is non-zero since F # F'. It follows that £'F'

«—> <>
is parallel to C'D. Hence, E'F is parallel to both ¢ and m.

You do not need to know this for Test 2.

Thus,

Proof. By Theorem 1 (from the Information Page at the end of this test), there are real numbers
k1, ko, and k5 such that

X =(1-k)A+ kA =(1—k)B+kB =(1-k)C + ksC'.

Next, we show that k # ko. Assume k; = k. Observe that k; # 0 since otherwise we would
have X = A = B, contradicting that A and B are distinct points. Also, k; # 1 since otherwise
we would have X = A’ = B’, contradicting that A’ and B’ are distinct points. We get that

(1 —Fk1)A— (1 —k9)B=kyB — kA
— —
and that the vectors BA and A’ B’ either have the same direction or the exact opposite direction.
This contradicts that the point P exists. Hence, k # k. Thus,

1—/€1 kg—l k2
A B =
ko — Ky +k2—k1 ko — Ky

By Theorem 1 with ¢t = (ks — 1)/(ks — k1) , we see that the expression on the left above is a
—

—ky
A
+ ko — kq

B/

point on line AB. By Theorem 1 with ¢ = —k;/(ky — k1), we see that the expression on the
>

right above is a point on line A’B’. Therefore, we get that

-k k1
o A B.
[y T w—




Hence,
(D) (ko — k)P =(1—Fk)A+ (ks — 1)B.

Using that
(1 - kg)B - (1 - kg)c - k}gc/ - kgB/,

we similarly obtain that ko # k3, that

1— k2 k3 -1 k3 ! _kQ /
B C= C B
Bs— ko hs—hy ks —hy ks —hy
and that
2 (ks — k2)Q = (1 — k2)B + (ks — 1)C.
From
(1 - kg)c - (1 - k}1>A - k’lA/ - kgC/,
we similarly obtain that either
3) k3 = ki
or
1 — _ _
4) My izl Mgy ks o

ki — ks ki — ks ki — ks ki — ks

If (4) holds, then we could deduce that there is a point on both line fTé and line A'C", giving
a contradiction. Thus, (3) must hold. We get from (1) and (2) that

(ke — k)P + (ks — k2)Q = (1 — k1) A+ (ks — 1)C

so that
(kQ - kl)(P - Q) = (1 - kl)(A - C)-

Observe that P # () since otherwise we would have that the points A, B, and C' are collinear,

which isn’t the case. Since k; # ko, we obtain that the lines PHQ and AC are parallel, complet-
ing the proof. B



Test 2 (1993):

Part I:

(1) If A = B, thentake x = 1, y = —1, and z = 0. Suppose now that A # B. By Theorem 1,
there is a real number ¢ such that C' = (1 —t)A+tB. Letx =1 —t,y = t,and z = —1. Then
x,y,and zarenotall 0, x +y + 2 =0,and xA + yB + 2C = 0.

(2) See Problem (2) of the 1992 test.
(3) One answer is: AAA’Z and ABB'X are perspective from point Y.

Part II:
(1) It suffices to show that G = %(C’ + F'). The given information implies

D:B+O, E:A+C, F:A+B, and G:D+E.
2 2 2 2
Hence
’ 1 1/ B+C A+C 1 A+ B 1
G 2( +E) 2< 2 2 > 2(C+ 2 > 2<C+ )
as desired.

(2) From the given information, f = R /2 (1,1)r (1,00fx/2,0,0)- Since the sum of the angles (7 /2,
7, and 7/2) is 27 (an integer times 27), we deduce that f is a translation. In other words,
f = Tg. To determine B, one can compute [ by multiplying matrices. However, it is probably
easier to take a point and see what f does to it (where it is mapped under f). Consider (x,y) =
(0,0). Rotating this point about (0, 0) by 7/2 does not change it. Now, rotating the point about
(1,0) by m moves it to (2, 0). Finally, rotating this point about (1, 1) by 7/2 moves it to (2, 2).
Thus, f takes (0,0) to (2, 2). It follows that B = (2, 2).

(3) You do not need to know this for Test 2.

(4) Recall in class that we discussed how one could obtain the point C' where R, 3¢ = Rg pRa, A.
The points A, B, and C form a triangle with /ZBAC = «/2 and ZABC = (/2. Since
a + = 7 in this problem, the sum of the measures of /BAC and ZABC' is w/2. Thus,
AABC is a right triangle with ZACB = /2. Recall that we showed in class that in this
situation, C is on the circle having diameter AB. Since the center of this circle is the midpoint
of AB, C'is on the circle centered at %(A + B) passing through A and B.



Test 2 (1994):
(1) See Problem 1 on the 1992 test. Note that the theorems are numbered differently.

(2) Observe that
A+B+C+D_B+C_A+D

9 9 5 0

2N = My —Qa =

Thus,

0= (2N — My — Q) (My—Qa) =2NM,y — M3 —2NQ4 + Q%
= —N?+2NMy — M3+ N? =2NQa + Q% = —(N — Ma)’ + (N — Qa)*.

Thus, (N — M4)?* = (N — Q4)?, and we deduce that the distance from N to M4 is the same as the
distance from N to ) 4.
G) @ (3,-2)
(b) 4
(c) (4,4) (you should be able to do this with and without matrices)

(d) (1,4) (you should be able to do this with and without matrices)

(4) One answer is: AAZ A’ and ABX B’ are perspective from point Y. There are other answers. An-
other one that was suggested is: AA'"Y A and AC" X' are perspective from point Z.

(5) Observe that a®> = (B — A)%, > = (C'— B)?, and ¢ = (C — A)?. Since a® + b = ¢?, we obtain
(B—A)?+(C—B)?=(C—A)
so that
B* —2AB+ A+ C* —2BC + B*> = C* — 2AC + A%,

Rearranging, we obtain 282 — 2AB — 2BC + 2AC = 0. Dividing by 2, we obtain 0 = B> — AB —
— —

BC + AC = (A — B)(C — B). Therefore, BA and BC' are perpendicular and, hence, ZABC'is a

right angle.

(6) You do not need to know this for Test 2.

(7) Since f is three successive rotations with the angles of these rotations summing to 87/3, f =

Rgr/3,(2y) = Ra,p Where @ = 27/3 and D = (z,y) for some numbers = and y. We need to
determine z and y. Since f(1,1) = (5,7), we deduce that

5 1 —1/2 —V3/2 (32 +/3y)/2 1

7| =Rorpsww [ 1] = V3/2 —1/2 (—V3x+3y)/2| (1

1 1 0 0 1 1
Thus, 10=-1-v3+3z+v3y and 14=v3-1—+32+3y.

Rewriting these, we obtai
g 3x+\17§y:11+\/§ and  V3z—3y=—-15+3.

Multiplying the first of these by /3 and adding the result to the second, we deduce 4v/3 x = 12/3 —
12 so that z = 3 — /3. Substituting, we obtain (after a little work) y = 4 + (2\/§ /3).



(8) Proof: Since AA’, BB', and C'C" are parallel, there are real numbers k; and ko such that
A'— A=k (B — B) =k(C'-0C).

We get that
A - k’lB - A/ - le/.

We first explain why k; # 1. Assume k; = 1. Then A — B = A’ — B’ so that AB and A'B' are
parallel. This contradicts that P exists. Therefore, k; # 1. Hence,

1 —ky B 1 . —ky .
<1—I<:1)A+(1—k:1)3_(1—k1)A+<1—k¢1)B'

By Theorem 1 (from the last page of this exam) with ¢t = —k; /(1 — k;), we see that the expression

—
on the left above is a point on line AB and that the expression on the right above is a point on line
—
A'B’. Therefore, we get that

(1) (1—Fk)P=A—-FkB.
Similarly, from k1 B — koC' = k1 B’ — kyC’, we deduce that
(2) (k1 — k2)Q = k1B — ko C.
Also, from kyC — A = ky,C' — A’, we deduce that
3) (ko — )R = koC — A.
Therefore, from (1), (2), and (3),

(1—k)P+ (kb —k)Q+ (ks —1)R= 0.

The result follows from Theorem 3 (on the last page of this test).



Test 2 (1995):

(1) See Problem 1 on the 1993 test. Note that the theorems are numbered differently.

(2) The square of the distance from N to M, is (N — M4)? and the square of the distance from N to

Mc is (N — Mc)?. It therefore suffices to show that (N — M4)? = (N — M¢)?. Since BD and CA
are perpendicular, (D — B)(A — C') = 0. We use that

D-B=(A+B+C+D)—(B+C)—(A+ B)
— AN — 2My — 2M¢ = 2((N = My) + (N — Mg)).

and A—C=(A+B)—(B+C)=2Mg—2M4 =2((N — Ma) — (N — Mg))
Since (D — B)(A — C) = 0, we deduce
0= ((N = M)+ (N —Mg))((N = Ms) = (N —=Me)) = (N = Ma)® — (N = Mc)*.
Hence, (N — M,)? = (N — Mg)2
3) (@ (-2,0)
(b) 1
(©) (12,6)
(4) Observe that a> = (B — A)%, b* = (C' — B)?, and ¢* = (C' — A)?% Since a® + b? = ¢?, we obtain
(B— AP+ (C—B)?=(C— A)?

so that
B? —2AB+ A2+ C? —2BC + B> = C? — 2AC + A2,

Rearranging, we obtain 2B% — 2AB — 2BC + 2AC = 0. Dividing by 2, we obtain 0 = B> — AB —
BC + AC = (A — B)(C — B). Therefore, BA and BC' are perpendicular and, hence, ZABC'is a
right angle.

(5) One answer is: AT B’'B and AS A’ A are perspective from point R.

(6) Let D be the midpoint of BC. Then D = (B + C)/2. Since the distance from A to B is equal to
the distance from A to C, we obtain (A — B)? = (A — C)?. Thus,

0=(A-B?—(A-C)2= (24— B—C)(C - A)

:Q(A—B;C)(C—A):%A—D)(C—A)

(where the second equality follows by considering the factorization of the difference of two squares).
— ——
It follows that DA and AC' are prependicular. In other words, the line passing through A and the
—_ <
midpoint of BC'is perpendicular to line BC.



(7) Proof: Since AA’, BB', and C'C" are parallel, there are real numbers k; and k5 such that
A'— A=k (B — B) =k(C'-0C).

We get that
A - k’lB - A/ - le/.

We first explain why k; # 1. Assume k; = 1. Then A — B = A’ — B’ so that AB and A'B' are
parallel. This contradicts that P exists. Therefore, k; # 1. Hence,

1 —ky B 1 . —ky .
<1—I<:1)A+(1—k:1)3_(1—k1)A+<1—k¢1)B'

By Theorem 1 (from the last page of this exam) with ¢t = —k; /(1 — k;), we see that the expression

—
on the left above is a point on line AB and that the expression on the right above is a point on line
—
A'B’. Therefore, we get that

(1) (1-k)P=A—kbB.
Similarly, from k1 B — koC' = k1 B’ — kyC’, we deduce that
2) (k1 — k2)Q = k1 B — ksC.

Using that
A - k‘gc - A/ - kQCl

and that 1<4_>C and 71’_(7’ are parallel (so R is a point at “infinity”’), we obtain
3) ko = 1.
From (1) and (2), we obtain
4) (1 —k))P+ (k1 — ko)Q = A — koC.
Using (3), we can rewrite (4) in the form

(1-k)x(P-Q)=A-C.

Recall that k£ # 1. Therefore, the line AC' is parallel to the line PQ).



