EXAMPLES ON TRANSLATIONS AND ROTATIONS
(Lecture Notes for Math 532, taught by Michael Filaseta)

1. Let AABC be given, and lef\/z denote the midpoint of siddC and let M

denote the midpoint of sidd B. Show that\/z M is parallel toBC and that the
length of M g M is one-half of the length oBC.

Solution. A picture would help here. From the theorefn= R: rr, R~ v iS @
translation. One checks th#{B) = C. Hence,f is a translation which moves
BtoC. Also, f(M¢) = M¢. wherelM(, is the result of rotatingl/c aboutM

by 7. This means thad/cMp and MpM/, have the same length and the three
pointsM¢, Mp, andM(, are collinear. We get thalt/c M/, = BC, and the result
follows. B

2. Let A, B, C, and D be the vertices of an arbitrary quadrilateral. Show that the
midpoints of the sides of the quadrilateral form a parallelogram.

Solution. Let M; be the midpoint ofAB, M, the midpoint of BC, M3 the mid-
- N, ]
point of C'D, and M, the midpoint ofDA. Then from example (1)}/; M, and

—_— . . —_—= . .
M, M5 each have the same directiond® and half its length. The desired con-
clusion follows.

Comment: Instead, one can let = R a, Rr a, andg = Ry ar, Rrar,. Then
f is a translation taking3 to D andg is a translation taking> to B. One then
essentially repeats the argument in exampleliL).

3. In (2), consider instead midpoints ofPa—gon.

Solution. The problem is a bit vague, but one can conclude the following us-
ing the argument in (2). Lebdty, My, ..., M,, denote the midpoints along the
edges moving counterclockwise beginning with some edge. Then the segments
MMy, M3My, ..., Ms, 1 Ms, can be translated (without rotating them) to form
ann—gon. Similarly, the segment&/s,, M1, My Ms, ..., My, oM, 1 can be
translated to form an—gon.

4. Let AABC be given. Draw an equilateral triangle exterior4od BC' with one
edgeAB, an equilateral triangle exterior th ABC with one edgeBC, and an
equilateral triangle exterior th ABC with one edgedC. Show that the centers of
these 3 equilateral triangles form the vertices of an equilateral triangle.

Solution. The argument is essentially the same as in the next problem. This is
worth going over separately, but we do not do so hilke.



5. Generalize (4) as follows. L&XABC and real numbers, 3, and~y be given. Let
A’, B', andC’ be points exterior tadAABC such thav BA'C = o, ZAB'C = 3,
andZAC'B = . Also, suppose that the lengths of the sid&4’ andA’C are the
same, the lengths of the sidés3’ and B’C are the same, and the lengths of the
sidesAC’ andC'’ B are the same. Show thatdf+ § + v = 27, then the interior
angles ofAA'B'C’ arela, 13, andi~.

Solution. Let f = R, 4 Rg ' R c’. Thenf is atranslation since+ 8+~ = 2.
Sincef(B) = B, we get thatf is the identity translation. Hencg(C’) = C". Let
C" = Rg p/(C"). ThenZC'B’'C"” = (3 and the lengths aB’C” and B’C” are the
same. Also,

C'"=f(C") = Ro,aRp g Ry,c'(C') = Ro,a R, 5/ (C') = Ra, 4 (C").

This means tharC’A’C"” = « and the lengths oft’C” and A’C” are the same.
One easily gets that the trianglésA’B’C’ and AA’B’C"” are congruent from
which it follows thatZC’A’B’ = «/2 and ZC'B’A’ = (/2. It follows that
LA'C'B' =7 — (a/2) — (8/2) = v/2, giving the desired resulll

Observe that the following is a consequence of the problem. Suppos& 2

is given andD, E, andF' are points exterior tdA ABC suchthahDBC, AAEC,
and AABF are similar so thav D, /E, and/F are the three angles associated
with these similar triangles. Let’, B’, andC’ be the centers of the circumscribed
circles forADBC, AAEC, andAABF, respectively. Thel\A’B’C” is similar

to ADBC (and, hence, the other two exterior triangles as well).

6. Letn be an odd positive integer, and Bt . . ., P, ben (not necessarily distinct)
points. LetA = A, be an arbitrary point. Fof € {1,...,n}, define4; as the
point you get by rotatingd; _; aboutP; by 7. Forj € {n+1,...,2n}, define4,
as the point you get by rotating; _; aboutP;_,, by w. Prove thatd,,, = A.

Solution. Write n = 2k + 1 wherek is some nonnegative integer. Lgtdenote

the composition of the firgt rotations abouf, . . . , P, each byr. Then we want

to show thatf(f(A)) = A. Note that every two rotations by are equivalent to a
translation and the composition of translations is a translation. Hence, we can view
[ asT(q ) Rr p, for some(a,b) (Wherea = b = 0 if £ = 0). By a homework
problem, we can rewrite this as

(Rr.(a2,6/2) (R 0,0) R j2,p,)) Ry2, -

Taking the product of the matrices as indicated by the parentheses above, we get
from the theorem thaf is equivalent to a rotation about some pointiyt is clear
then thatf(f(A)) = A, completing the argumenil

Comment: The situation whem is even is thatd is translated since the composi-
tions of the rotations is a translation. It is possible that the translation is the identity
translation in which casd,,, = A.



7. Letn be an odd positive integer. Suppose that we are givemthrédpoints of
the sides of am—gon. Show how one can construct argon with these given
midpoints along its edges.

Solution. Let My, . .., M,, be the midpoints. Consider the compositjpaf the ro-
tations abouf\/y, . .., M,, each byr. By the solution to (6), we get thdtis equiv-
alent to a rotation about some point, say A,7ayWe can constructl as follows.
Take any pointB and applyf to it. Note that this is done by successively taking
the rotations about/; by = with straightedge and compass foe 1,2, ...,n. We
get some poinf’ = f(B). SinceB is obtained fronC' by a rotation abouti by 7,
we deduce thatt must be the midpoint oBC. Sincef is equivalent to a rotation
aboutA, we have thaff(A) = A. SetA;, = A and rotate it aboud/; to obtain
a new point. Call the new poim; and rotate it aboud/; to obtain another point
A,. Continue rotatingd,; about)M,; to obtain4,., for j € {1,2,...,n — 1}.
Sincef(A) = A, we getthatd,, = A, and the pointsi,, ..., A, are the vertices
of ann—gon as desiredll

Comments: (i) There are many suah—gons since the order of thd; one chooses
to do the above construction will affect the outcome.

(i) There is another approach to the problem which may be worth discussing. For
example, suppose = 5 (though any oddh works here). Call the given midpoints
M;,...,Ms. Let Ay,..., Ay be the points we are trying to construct witl;

along edged;_, A; for j € {1,...,5} whered; = Ay. Then the verticesly, A,

Ay, and A3 are the vertices of a quadrilateral and three of its midpairts M-,

and M3 are known. Using the information from example (2), it is not difficult to
construct the midpoind/’ of AyAs. Now, we know the midpoints of the sides of
triangle A Ag A3 A4. Using the information from example (1), we can construct the
verticesAy, Az, andA4. One can modify this argument to obtain the other vertices
or use the approach in the solution above.

8. Let Py, P, P3, and P, be 4 (not necessarily distinct) points. L&tbe an arbitrary
point. Beginning with4, = A, for j € {1,2, 3,4}, define4; as the point you get
by rotatingA;_, aboutP; by 7. SetQ; = P, Q2 = Py, Q3 = P1, andQy = P.
Beginning withBy, = A, for j € {1,2,3,4}, defineB; as the point you get by
rotating 3;_; about®; by 7. Prove thatd, = B,. (See Figure 1.)

Solution. A rotation aboutP; by 7 followed by a rotation abouf, by 7 is a
translation, sayl'z. Similarly, a rotation abouf; by = followed by a rotation
aboutP, by = is a translation, sa§¥’s. The problem amounts to establishing that
TsTr = TrTs. This is easy to establish (but note that in general the product of
two matrices does not commutd.

9. LetA, B, C, andD be the vertices of a convex quadrilateral labelled counterclock-
wise. Consider 4 squares exterior to the quadrilateral, one square with ad 8gdge



A4 =B4

Figure 1

one square with an edgeC, one square with an edgeD, and one square with an
edgeDA. Let M, be the center of the square with edd®, let M, be the center
of the square with edgBC, let M3 be the center of the square with edg®, and
let M, be the center of the square with edBel. Show that the length of/; M5

is the same as the length bf; M, and thatM; M3 and M, M, are perpendicular.

Solution. Let

9= Rejon, Rejonyy b= Rejon; Rrjon,, and f=gh.

Thenf(A) = A, and we get thaf is the identity translation. Also, there are points

P, and P, such thaty is a rotation abouf?; by = andh is a rotation abouf’, by

m. Itis easy to see (draw a picture) that since a rotation aBobly = followed by

a rotation abouf?, by 7 is the identity, we must hav®, = P,. Next, we observe

that P; is the only point such thag(P;) = P;. It follows that AMs Py M, is a

isosceles right triangle labelled counterclockwise (siRgeso located is mapped

to itself by g). Similarly, AM, P, Mj is a isosceles right triangle labelled counter-

clockwise. SinceP; = P, we get thatA P, M> M, is obtained fromA Py M M3

by a rotation abouP; by 7/2. This implies that the length a¥/; M3 is the same

as the length of\/; M. Let Q1 be the point of intersection aff; M3 and M, M,
> >

and(@)- the point of intersection a#/, M, and M P, (convince yourself these ex-

|St) ThenlMlQQQl = ZplQQMQ andéQngQl = ZleQQQ, and it follows

that LZM1Q1Q2 = £LMsP1Q2 = w/2. Thus, the linesM; M5 and M>M, are

perpendiculari

Comment: It can be shown that if the original quadrilateral is a parallelogram, then
My, My, M3, andM, form the vertices of a square.



10. LetAABC be a given triangle with the anglesABC, Z/BCA, andZCAB all
acute. LetAP be an altitude drawn fromi so thatP is on BC. Similarly, let
BQ be the altitude drawn fron® andC'R the altitude drawn fronC'. Show that
APQR is atriangle with minimum perimeter that can be inscribedi#BC (that
is show that ifAUV W is a triangle with7 on BC, V on AC, andWW on AB, then
its perimeter is at least that & PQR).

Solution. First, we will show that PRB = ZQRA, /ZRPB = /QPC, and
/PQC = ZRQA. We establish one of these and the other two can be done in the
same way. LeD be the intersection of the altitudes. SIK®RA = LDQA =

/2, the points4, @, D, andR all lie on a circle. Hence,

/DRQ = /DAQ = g — /ACP.

Since/DRB = ZDPB = 7/2, the pointsB, P, D, andR all lie on a circle.
Hence,

/DRP = /DBP = g — /BCQ = g — /ACP = /DRQ.

Since LARC = ZBRC, we get that/ PRB = ZQRA. As mentioned, in a
similar fashion, one obtains RPB = ZQPC and/PQC = ZRQA.

If you haven't already started drawing pictures, get out those crayons. To match
some of the discussion here, you should label your points along the triangle as
B, andC' in a counterclockwise direction. We begin with triangded BC' and
reflect it about sideBC' to get a new tringleA A, BC. The 2 triangles are distinct,
congruent, and share the ed§€'. Next, we reflectA A; BC' about sided;C to
get a new tringleA A, B;C. Then we reflech A, B, C about sideA; B; to get a
new tringleA A, B;C;. Next, we reflectA A, B;C, about sideB,C; to get a new
tringle AA; B, C;. Finally, we reflectA A;B;C, about sided,C; to get a hew
tringle AA; BoC4. If your crayoning technique is mastered, this is what should
happen. Letv = Z/BAC andg3 = ZABC. Every point along segmentB is first
rotated abouB3 by 27 — 23, then aboutd; by 27 — 2«, then about3; by 23, and
finally aboutA4, by 2a.. We can conclude that the segmet has been translated
to A5 B,. This means thatl B is parallel tom. If we draw iInAPQR and its
reflections, the information from the first paragraph implies that the péints,

@, (the first reflection of)), R, (the next reflection oR - there was already aR;
from the first reflection) P, (the next reflection ofP), Q3 (the next reflection of
Q), and R, (the last reflection of?) are all collinear. Also, the segmeRIR, has
length twice the perimeter cdh PQR. If one similar reflectsAUV W, one finds
thatT¥ is translated to som@’,. Here, W, andRR,4 have the same length (since
R andW went through the same translation), and the lengti/d1/, is < twice
the perimeter oAUV W . The desired conclusion followll
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