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In the manuscript “The number of linear extensions of the subset ordering”
([1]), the authors use the facts that

logl:[ (:) ) —on (—; log(2mn) — % +(n+1)log2+ 0(1))

and

1og1:[ <7:>' = on (—;log(%m) - g +(n+1)log2+ 0(1)> .

However, they do not offer a proof, simply commenting that “standard com-
putation” leads one from Stirling’s approximation inexorably to these bounds.
Here we provide the missing argument, which the present author found rather
difficult to reproduce.

We wish to estimate the quantities [T, (7)! and T, (V) (T) We use following
version of Stirling’s Approximation:

n n
=2 (7) 1+ 0n™b),
n |~ (1+0(n™")
and its logarithm,
1
logn! = 5 log(27n) + nlogn —n + O(n™1).

Note that

n

) n n n
a1 () 1))



= 2"+ 0(1) — Z % log (277(2))
= 2" + O(n?). '

Therefore,

togIT, (")) — log I, (1)!
2’ﬂ

N n n
1) -5 () ()

7 - Z (Z) (logn! — log 7! — log(n — 1)) .

Since (") log(n —r)! = (. )log(n —r)!, this can be written

10g1:[ (7:)(2) - Z <’:) (logn! — 2log 7).
Z()( log(27n) + nlogn —n+ O(n™?)

—log(2mr) — 2rlogr +2r+ O(r™ "))

=" (; log(2mn) +nlogn —n + O(nl))

=1+o0(1). (1)

Now,

+Z<) —log(27r) — 2rlog 7 + 2r + O(r™ 1))

=2" (2 log(2nn) + nlogn —n + 0(1)>

n/2+n'6

+ Z (:L) (—log(2mr) — 2rlogr + 2r + O(r‘l)) ,

r=n/2—n-6

since the sum of all terms outside the range r € I = [n/2 — n% n/2 + n9

amounts to O(2"nlogn - e‘"m/zn) = 0(2") (by a standard Chernoff bound).
When r € I, we have

n 2r
logr = log — + log —
2 n
= logg +log(1+O0(n™1))
= logg +0(nh)

= logg +o(1).



Therefore,

> (Z) (~log(2mr)—2rlogr + 2r + O(™))

rel

o(2") —i—Z( ) —log(mn) — 2rlogr + 2r)

rel

— 27(o(1) — log(mn)) — 2 i (7:) (rlogr —7)

= 2"(o(1) — log(mn) +n) — 2 Z (:>rlog T.
r=1

Now,

n/2+n'6

i(:)rlogr=o(2”)+ > <Z>rlogr

r=1 r=n/2—n6

3 (o) G5

—n-6

7L6

)+ ;6 (n/2+s> (2 ) (log(2> +log (1+2n8>>

—n-

n

— o(2") +1og (g) > ()

= 0(2") + 2"71n10g (g)

2 () G (3o (3)

When |s| < n®, the quantity n - s3/n? is O(n™2), so the final term in this sum
can be absorbed into the o(2"), leaving

§ (oo
P35 ()G (2-%)

= 0(2”) + 2" nlog (5)
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+ o2 Z (T)T (8rn — 4% — 3n2)
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r=1 r
. - n2 2~ (n 2 3
=0(2")+2 7110%(*)*3‘2 n+n?r=1<r (2rin —r7)
Finally,
n n
; (r>r2 = ; (r> (r(r—1)4+r)
=2""2n(n—1)+2"" 'n,
and
n n n n
32 (1) =2 ()t =2 a0+
=2"p(n—1)(n—2) +3-2" 2n(n — 1) + 2" 'n,

by the first, second, and third derivatives of the Binomial Theorem, so that

Z (n) (2rin —r3) = 2" 'n?(n — 1) + 2"n?
r
r=1
—2"3nn—-1)(n—-2)-3-2"?n(n—-1)-2""!n
— 2n—3(3n3 + n?).
Putting the pieces back together,

n

Z (Z)rlogr =0(2") + 2" 'nlog (g) —3.2""%p

r=1

2
+ (2" Pn(n—1)(n—2)+3-2"?n(n — 1) + 2" 'n)

— 0(2") + 2" nlog (g) —3.27 2 4 972 (3 4 1)
— 0(2") + 2" nlog (g) yon2,
so that

Z <7) (—log(2mr) — 2rlogr + 2r + % +0(r™?%)

rel



= 2"(0(1) — log(mn) + n) — 2"nlog (g) _ g1

1

—on (0(1) —log(mn) +n — nlog (g) - 2)

and

log H (’:) ) —on (; log(2mn) + nlogn —n + o(1)>

+on (0(1) —log(mn) +n — nlog (g) - ) ,

1 1
=" (—2 log(2mn) — 3 +(n+1)log2+ 0(1)) .
By (1), we also have

1og1:[ <7:>' —on (; log(2mn) — g +(n+1)log2+ 0(1)> .
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