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Four Fifths = A Fifth

Posted on 3 December 2014 by Brian Hayes

Browsing in the library stacks the other day, I came upon this passage in a 1970 paper discussing the uses of

computers in mathematics:
Notice anything fishy about 1y, 4er and Parkin’s counter-example [26] to Euler’s conjecture in the

that equation? On the right side  theory of diophantine equations that no nth power equals the sum of

of the equal Sign we have an odd less than n nth powers—namely, that

number of odd numbers, and so 1445 = 275 4 8554 1105+ 1335

their sum must be odd; but the is highly satisfying, but does not contribute to the conceptual frame-

power of 144 on the left side is  work of mathematical activity. Atkin [2] discusses this point in
even.

I'm not clever enough to have caught that parity violation on first glance; I noticed it only later. On the other
hand, my experience as an editor has taught me never to trust an author’s arithmetic. I had a computer sitting in

front of me, open to an IPython notebook, so I typed in the numbers:

In [107]: 144%*5
Out[107]: 61917364224

In [108]: 27*%*5 4+ 85**5 + 110%*5 + 133**5

Out[1l08]: 62172297925

Had T just discovered that a 50-year-old counterexample to a 250-year-old conjecture is not in fact a
counterexample after all? Surely not. Someone must have erred in copying the equation from the original source.

So I decided to track down that source. The reference in the quoted passage directed me to a 1966 paper by L.
J. Lander and T. R. Parkin, which I quickly found online. However, the reference is mistaken; the cited paper

says nothing at all about fifth powers and has no equation resembling the one above.

A faulty equation and a wayward reference within a single paragraph: That’s not so good. But I've done worse
myself, and my purpose here is not to criticize an errant author (whom I'm not going to name). What interests me
is how one might go about correcting the error in the equation and finding the true counterexample to the Euler

conjecture. Here are some strategies I might have tried that morning:
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I was sitting in a university library. I had all the apparatus of scholarly research at my fingertips. I could
turn to MathSciNet, say, and identify the correct paper by Lander and Parkin.
o I was sitting at a computer with a wifi connection. I had all the resources of the Internet at my fingertips. I
could Google it, or consult some more specialized database such as the OEIS.

e I could just guess the answer. On the assumption that exactly one of the five terms has been altered, I would
expect to come up with the correct equation after just a few tries.

e I could start from scratch. I could write a program to repeat the computer search that Lander and Parkin
evidently used to discover the equation in the first place.

e I could bring the might of mathematics to bear on the problem. That is, I could try to “solve the equation.”

At this point you might want to stop reading, choose your own favorite method, and give it a try. The answer,
once you have it, is not all that illuminating, but I found the process of searching had its moments of interest.

If guessing is one of your strategies, you had better try it first. I already had the equation entered into the
IPython notebook, where I could easily alter a value and observe the result. (A spreadsheet would serve as well in
this role.) I started with the 27° term, reducing it to 26° , then 25° , and so on, but the effect was too small. Even
setting that term to zero or to (—27)° left an excess, so I moved on to the 85> term. Proceeding in this way, it
didn’t take long to pinpoint the error.

Googling also produced useful results, including pages on Wikipedia and MathWerldeHrat give the gorrect
equation and the correct reference. But finding those pages was not straightforwhaddandatide €xpRridtackihas left
me wondering how best to search for numerical or mathematical content on the w880y, _Counterexample to,r the

. . . . Euler’s conjecture on sums
metadata; in this case the names Lander, Parkin, and Euler are good choices, as weii s e WENS By pouwer” and

. . . . of like powers, Bulletin_ of
“conjecture.” You might also get lucky searching for character strings such as “144"5" and "27"5,, byt here the

outcome is hit or miss. There are many ways of encoding mathematics in digital preheeatialleX, MatdyiL, the
ASCII pidgin that evolved years ago on Usenet, notations based on programmgn® langilagetexwithdhissome

higher-level semantic processing, no single search string will find them all. Some WP SItE R Af R iingivorld)
one of which is the

) ) equation. )
A question T haven’t been able to answer through web search is whether the erroneous equation from that

turn equations into tiny GIF images, making search even more difficult.

1970 paper has propagated into the subsequent literature. I have found no evidence of it, but I have little
confidence in the ability of current search technology to answer the question reliably. Gathering quantitative data
—how many times does the equation appear on the web?—also seems to be out of reach.

The issue goes beyond Google and the other web search engines. MathSciNet claims to accept search strings
in TeX format, but I've never figured out how to make it work. As for the OEIS, the search function there is
specialized for finding integer sequences—as one might expect in an Online Encyclopedia of Integer Sequences.
Searching for an equation is an “off label” use of the archive. Still, I was sure I'd find it. I tried searching for
61917364224 (which is 144°), and got 47 hits. (It’s a popular number because it’s a product of many small factors,
220310 "and is also a Fibonacci number.) However, none of those 47 sequences has anything to do with the Euler
sum-of-powers conjecture or the Lander-Parkin counterexample. Yet the equation I was looking for does indeed
appear in the OEIS, namely in sequence A134341.

The next approach—redoing the entire computation from scratch—turned out to be easier than I expected.
Lander and Parkin ran their search on a CDC 6600, which was the most powerful computer of its time, the world’s
first megaFLOPS machine, designed by Seymour Cray early in his career. I don’t know how long the computation
took on the 6600, but there’s not much to it on a modern laptop. Here’s some Python code:

1| import itertools as it

2
3| def four fifths(n):
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4 """Return smallest positive integers ((a,b,c,d),e) such that
5 a™5 + b5 + ¢™5 + d”5 = e”5; if no such tuple exists
6 with e < n, return the string 'Failed'."""
7 fifths = [x**5 for x in range(n)]
8 combos = it.combinations with replacement(range(1,n), 4)
9 while True:

10 try:

11 cc = combos.next ()
12 cc_sum = sum([fifths[i] for i in cc])
13 if cc_sum in fifths:

14 return(cc, fifths.index(cc sum))
15 except StopIteration:

16 return('Failed')

The first step here is to precalculate the fifth powers of all integers less than a given limit, n. Then we generate all
combinations of four integers in the range from 1 to n, starting with the 4-tuple (1, 1, 1, 1) and continuing to (n, n,
n, n). For each combination we look up the fifth powers of the integers and check to see whether their sum is also
present in the precomputed vector of fifth powers. Invoking this program as four fifths(150) returns the correct
answer in about 30 seconds. A little sad, isn’t it? This was once a research project fit for a supercomputer, and now
it’s reduced to the level of a homework assignment.

The final tool we might apply to this problem is the hammer of mathematics. I would put the question as
follows. We are looking for integer solutions to this equation:

AP+ +d> - =0,
In that quest, do we gain any significant leverage by knowing that:

27° +85° + 110° + 133> — 144° = 2549337012

Can we take the number 254933701 and apply some algebraic or analytic hocus pocus that will lead us directly to
the correct values of a, b, ¢, d, e? If we make no further assumptions or guesses, I believe the answer must be no.
After all, there are innumerable values for a, b, ¢, d, e that we can plug into our equation to get something other
than 0. Consider this example:

30° + 69° + 827 + 86 — 100° = 43.

That’s a very near miss—it comes within 5 parts per billion of being a true solution—and yet it tells us nothing
about the set of correct solutions except that this isn’t one of them.

An erroneous equation seems to be useful only if we know quite a lot about the nature of the errors. For
example, in the faulty equation from 1970, if someone tips you off that all the terms are correct except for 85°, you
can form the equation

85° —x° = 254933701
and solve for x. If x turns out to be an integer, you have your answer. And indeed this is the case:

x = /4182119424 = 84.

But is this procedure better than guesswork? Is it different from guesswork?
Just for the record, the correct Lander-Parkin equation is:

27° +84° + 110° + 133° = 144° = 61917364224,



After discovering their counterexample to the Euler conjecture, Lander and Parkin, together with John Selfridge,
made some conjectures of their own. Suppose an nth power can be partitioned into k smaller nth powers. They
conjectured that k is never less than n — 1. And they asked whether there always exists an example where
k = n — 1. You might try to settle the latter question for the case of n = 6. Can you find a set of five 6th powers
that add up to another 6th power? For this problem, Google won’t help you, because the answer is unknown. No
one has even identified a set of six 6th powers that sum to a 6th power. If you approach this task as a
computational challenge, it’s rather more than a homework assignment.

This entry was posted in computing, mathematics.

8 Responses to Four Fifths = A Fifth

Shecky R says:
3 December 2014 at 2:39 pm

Fascinating! ...(reminds me slightly of an instance I stumbled upon in the Kasner & Newman classic, “Mathematics and
the Imagination” where they gave erroneous limiting values for the radii of circles inscribing or circumscribing successive
polygons, aka the “polygon-inscribing constant” and the “polygon-circumscribing constant.” Their volume was originally
published in 1940, but my 1989 edition was still not corrected, though other math books do carry the correct values).

Reply

vzZn says:
3 December 2014 at 11:27 pm

hi, a big fan of your am scientist columns & books etc.

yep this finding of the counterexample is one of the great/ celebrated early findings of empirical mathematics via computer
experiments.

see also great moments in empirical math and latest collatz conjecture experiments

Reply

LK says:
4 December 2014 at 8:42 am

Very interesting! I also found amusing the definitive tone of the sentence “does not contribute to the conceptual framework
of mathematical activity”. Maybe the author is asking too much from a counterexample - closing down a false avenue is
actually quite an important contribution. Did the attitude towards computations change since then?

Reply

Brian Hayes says:
4 December 2014 at 1:28 pm

Is computation a respectable activity in mathematics these days? I guess opinions differ and tastes differ. There’s
certainly an enthusiastic community working in “experimental mathematics”; for example, see this essay by David
Bailey and Jon Borwein. But maybe a brute-force search for counterexamples is not the most elegant or subtle use of
our power tools.

My scan of the 1970 article cut off the author in mid-sentence. Here’s how the passage continues:

Atkin [2] discusses this point in connection with what he calls feasible computability; in his words “each
new generation of machines makes feasible a whole new range of computations; provided mathematicians
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pursue these rather than merely break old records for old sports, computation will have a significant part
to play in the development of mathematics.”

Reply

Gerry Myerson says:
4 December 2014 at 9:20 pm

I had another strategy for correcting the error. I reached behind me for my copy of Guy, Unsolved Problems in Number
Theory, 3rd ed., looked at the Table of Contents, saw Section D (Diophantine Equations), and within it problem D1 (Sums of
like powers. Euler’s conjecture.), which directed me to page 209. The correct equation is at the top of page 210, and the
reference is given at the end of the problem discussion, on page 217.

Full marks to you for spotting the parity violation!

Reply

Noel O'Boyle says:
5 December 2014 at 5:46 am

Nice. FYI, a simple speedup of the Python can be done by using a set for the lookup, e.g. sfifths = set(fifths), and “if cc_sum
in sfifths”.

Reply

Brian Hayes says:
5 December 2014 at 7:51 am

Yes! Thanks for the astute suggestion. Getting O(7) rather than O(n) access is clearly the right thing to do, and it
makes a difference in practice. Runtime drops from 36 seconds to 8 seconds.

Reply

Barry Cipra says:
9 December 2014 at 5:47 pm

Knowing you're off by 254933701 can help pinpoint which term might contain the error, because

( 254933701

1/4
5 ) = 84.5014792563

This comes from using an approximation
E=(T+e)’ —T° ~ 5T

where T is the “true” term and e is a small integer error, such as, in this case, ¢ = 1.
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