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In this paper we study the Cauchy problem of doubly singular parabolic equations
u, = div(|Vu|” Vu™) + *|x|’u? with non-negative initial data. Here —1 < o < 0,
m > max{0,1 — o — (0 +2)/N} satisfying 0 < o +m <1, p > 1, and s > 0. We
prove that if 6 > max{—(o +2), (1+s)[N(1 — o —m)— (c+2)]}, then p. =
(c+m)+(c+m—1)s+[(0c+2)(1+s)+ 0]/N > 1 is the critical exponent; i.e,
if 1 < p < p, then every non-trivial solution blows up in finite time. But for p > p,
a positive global solution exists. © 2001 Academic Press
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1. INTRODUCTION

In this paper we study critical exponent of quasilinear parabolic equations
u, = div(|Vu|” Vu™) + £*|x|°u?,  x e R", t>0,
u(x,0) = uy(x) >, #0, x e RV, (1.1)

where —1 < 0 <0, m > max{0,1 — o — (0 + 2)/N} satistying 0 < o+
m <1, p>1,and s > 0. uy(x) is a continuous function in RN. The
existence, uniqueness, and comparison principle for the solution to (1.1)
had been proved in [11] (for the definition of solution see [11]). Since
0 <o+ m <1, (1.1) is a doubly singular problem and does not have finite
speed of propagation. Therefore, u(x,t) > 0 for all x € RN and ¢ > 0.
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Because the main interests of this paper are to study the large-time behav-
ior of solution, we assume that the solution u of (1.1) has very mild regu-
larity. In this context, “u(x, t) blows up in finite time” means that w(¢) =
Jou(x, t)dx — +oo as t — T~ for some finite time T > 0, where Q is a
bounded domain in RY.

Our main result reads as follows:

THEOREM 1. Assume that s >0, p > 1, =1 < ¢ <0, m > max{0,1 —
o — (0 +2)/N} satisfing 0 < o+ m < 1. If 6 > max{—(o + 2),
14+ N1 -0 —-—m)— (o +2)]}, then p. = (0 +m)+ (o +m —1)s+
[(+2)(1+s)+ 0]/N > 1 is the critical exponent; i.e, if 1 < p < p, then
every non-trivial solution of (1.1) blows up in finite time, whereas if p > p,
then (1.1) has a small non-trivial global solution.

The study of blow-up for nonlinear parabolic equations probably
originates from Fujita [8], where he studied the Cauchy problem of the
semilinear heat equation,

u, = Au+u?, x e RN, t>0,

u(x,0) = uy(x) = 0, xeRN, (1.2)
where p > 1, and obtained the following results:

(a) If 1 < p <1+42/N, then every nontrivial solution u(x, t) blows
up in finite time.

(b) If p>1+2/N and uy(x) < e (0 < 8 <« 1), then (1.2) admits
a global solution.

In the critical case p = 14 2/N, it was shown by Hayakawa [10] for
dimensions N=1, 2 and by Kobayashi et al. [12] for all N > 1 that (1.2)
possesses no global solution u(x, t) satisfying |u(-, t)|| < oo for ¢ > 0.
Weissler [24] proved that if p = 1+ 2/N, then (1.2) possesses no global
solution u(x, t) satisfying [u(-, t)||, < oo for ¢ > 0 and some q € [1, +00).
The value p, =14 2/N is called the critical exponent of (1.2). It plays an
important role in studying the behavior of the solution to (1.2).

In the past couple of years there have been a number of extensions of
Fujita’s results in several directions. These include similar results for other
geometries (cones and exterior domains) [4, 5, 13, 15, 16], quasilinear
parabolic equations, and systems [1, 2, 5, 7, 9, 14, 18-20, 22, 23]. In
particular, the authors of [2] considered degenerate equations on domains
with non—-compact boundary. There are also results for nonlinear wave
equations and nonlinear Schrodinger equations. We refer the reader to
the survey papers by Deng and Levine [5] and Levine [13] for a detailed
account of this aspect.
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When m = 1, (1.1) becomes p-Laplacian equations, and the critical
exponents were given by the authors of [19, 21, 22]. When o = 0, (1.1)
becomes the porous media equations, and the critical exponents were
studied by the authors of [13, 17, 18, 22].

This paper is organized as follows. In Section 2 we discuss the qualitative
behaviors and give some estimates of solutions to the homogeneous
problem

u, = div(|Vu|” vu™), x e RN, t>0,
u(x,0) =uy(x) >,#£0, xeRN. (1.3)
In Section 3, for convenience, we first discuss the special case of (1.1):
s=0, ie,
u, = div(|Vu|” Vu™) + |x|°uf,  xe RV, t>0,
u(x,0) = uy(x) >, #£0, x e RN, (1.4)
and prove that if 1 < p < p, 2 o+m+ (0 4+ 2+ 0)/N then every

non-trivial solution of (1.4) blows up in finite time. In Section 4 we prove
Theorem 1.

Remark. We end this section with a simple but very useful reduction.
When we consider the blow-up case, by the comparison principle we need
only consider that u,(x) is radially symmetric and non-increasing, i.e,
uy(x) = uy(r) with r = |x|, and u,(r) is non-increasing in r. Therefore, the
solution of (1.1) is also radially symmetric and non-increasing in » = |x|.

2. ESTIMATES OF SOLUTIONS TO (1.3)

In this section we discuss (1.3) for the radially symmetric case; the main
results are three propositions.

PROPOSITION 1. Assume that —1 < 0 <0and m >1— o — (0 +2)/N
satisfy 0 < o +m < 1.

(i) If o+ m < 1, then, for any ¢ > 0, the equation (1.3) has a global
self-similar solution,

u(x,t)y =ct™*(1+ hr’)™4,
where « = N/[N(c+m—-1)+0+2],B=1/[N(c+m—-1)+o0+2],v=

(c+2)/(cd+1),qg=(c+1)/(1 —0—m),r = |x|t7”, and h = h(c) =
1 gl/(14a) ((1=0=m)/(a+1) =1 (c+1),
qv



DOUBLY SINGULAR PARABOLIC EQUATIONS 173

(ii)) If o+ m =1, then, for any ¢ > 0, the equation (1.3) has a global
self-similar solution,

u(x, t) = ct™*exp{—hr"},

where a = N/(0+2), B=1/(c+2),v=(0+2)/(c+ 1), r = |x|t7”, and
h satisfies (hv)°+! = B/m.

This proposition can be verified directly.

PROPOSITION 2. Assume that —1 < o < 0, m > max{0,1 — o — (0 +
2)/N}, such that 0 < o +m < 1 and uy(x) is a non-trivial and non-negative

continuous function. If uy(x) is a radially symmetric and non-increasing
function, then the solution u(x, t) of (1.3) satisfies

u, > —%u for all x € RV, t>0, (2.1)

where « = N/[N(o +m—1)+ o +2].

Proof. Denote k = (o +m)/(c +1), let f
when o +m < 1, and let f = u when o +m
rewritten as

(mk (D) /(ko+k=1)y,
1. Then (1.3) can be

fi=ddiv(|VF* |7 vfr),  xeRY, t>0,
f(x,0)=fy(x) =, #£0,  xeRY,

where d = 1 when 0 +m < 1 and d = mk=(“*D) when o + m = 1. Let
g = f; then g satisfies the following equation:

/¥ = ddiv(\Vg|”Vg), xeRN, >0,
g(x,0) = f*(x)>,#0, xeR".
Denote u = (14 o — 1/k)/(0 + 1) if o +m < 1, and let

v_{ig” if0<o+m<1,
Ing ifo+m=1.
Case 1. 0 < o+ m < 1. In this case, d = 1 and g satisfies
g, = kg div(|Vv|” Vv) + g /¥|Vg|7t? > kg div(|Vv|” V),
v, = g—l/k(rr-‘rl)gt — kg—l/k((r+1)g1—1/k le(|Vg|(r Vg)
= kpvdiv(|Vo|” Vo) + [Vo]7H2 (22)
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Denote w = div(|Vv|? Vv), d/dr = and let z = —v; then z > 0,2 > 0,
and

z,=—kpzdiv(|Vz|7Vz) —|Vz|7H

_ —k/.LZI:(O'-Fl)(Z/)UZ”"‘E(Z,)g+l:| _(z/)0'+2 =kp,zw—(z/)‘7+2,
|:(U+1)(Z)UZ//+N (Z)U-H]

—w, = (0 +1)(2) 2 +(o+ D)o (Z) 7 22+ (2)7z, (23)

(N=1)(o+1)
r
=ku(Zw+zw')—(c+2)(2) 72",
=kp(wz’ +2w'z' +w'z)— (e +2)[(2) 2" + (o +1)(Z')7(z")*].

By a series of calculation we have

—w, = ku(o + 1)[2(2’)”Aw +2(2)" M + (o + 1)(2) wz"

N -1 N -1
+0'(Z/)(r IZZHw/—i— - (z’)”“w—i— (Z/)xrzw/i|
(ot 1)(o+ 2)[<z')2”“z’” (14 20)() (Y
-1
X (z’)2<f+1z”]. (2.4)

It follows from (2.3) that
~w' = o(o + 1)) (") + (o +1)(2)72"
— N__l(z/)UH + W( )77
Denote ¢ = ku(o+1) = k(1+ o —1/k); substltutmg the above expression
into (2.4) we get
—w, = sa(r, t)Aw + b(r, Hw' — sw* — (o + 2)

x Nr; 1(2/)20-+2 _ ((T + 1)(2/)20(2//)21|

=

I

(r HAw + b(r, Hw' — sw® + (o +2)

X (0’ + 1)11)(2 )U " — N ( )2U+2 + (0- + 1) ( )20’+1 //i|

)

(r, H)Aw + b(r, Hw' — sw® — (0 +2)

% w2 2(N )( /)(T+1 N(A’; )( /)20’+2j|’

=&
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where a(r, t), b(r, t) are functions produced by z(r, ¢) and z'(r, t). Taking
into account the Cauchy inequality

N-1

N—1, N(N-1)
ro+1 2 N20+2
2N @yt <« My MEZ D e,
we have
—w; <k(o+1—1/k)a(r, t)Aw+ b(r, '
o+2
1—k(o+1) = T2 w2,
+1= ko + 1) - T2 |
ie.,

w, > k(—o — 1+ 1/k)a(r, t)Aw — b(r, t)w'
o+2 )
T2 k= o+ ) o,

Noticing k = (o +m)/(o + 1), we have

w, > k[1/k — (o + D]a(r, t)Aw — b(r, H)w'
N o-+2+N(a-+m—1)w2‘
N
Let y(r,t) = —a/t. Tt is obvious that y, = k[1/k — (o + 1)]a(r, t)Ay —
b(r, t)y + y*/a. Since y(r,0) = —o0, it follows by the comparison principle
that w > —a/t (see [3, 11]); i.e, div(|Vv|” Vv) > —a/t. By (2.2) we have
g, > —kag/t. Since g = f*, it follows that f, = —af/t; i.e.

o
u, > ——u.
t

Case 2. o+ m = 1. Since this is easy to prove, we omit the details
here. Q.E.D.

Remark. For the porous media equation, the authors of [3] proved (2.1)
for first time, to our knowledge.

PROPOSITION 3.  Under the assumptions of Propositions 1 and 2, there exist
positive constants 8, b such that:

(i) When o+ m < 1, then
u(x, t) > 8(t—e) *(1+br’)y= 4 Vx| >1, t>¢e>0, (2.5)

where r = |x|(t — €)7P, «, B, v, and q are as in Proposition 1, and b is a
positive constant.
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(ii) When o+ m =1, then
u(x, t) > 6(t — &) *exp{—br’} Vx| > 1, t>¢e>0, (2.6)

where r = |x|(t — &)™, a, B, and v are as in Proposition 1, and b is a positive
constant.

Proof. In view of Propositions 1 and 2, and using a method similar to
that of [21], one can prove Proposition 3. Here we give only the sketch of
the proof for the case o +m < 1.

Step 1. By use of the methods of Chap. 6 of [6] we can prove the
following comparison lemma:

LEMMA 1. Let 0 < 7 < 4oo and S = {x € RV, |x| > 1} x [7, +00).
Assume that v, w are non-negative functions satisfying

v, = div(|Vv|? Vv™), w, = div(|Vw|? Vw™) in S,
v(x, t) < w(x, t), |x| =1, T<t< 400,

v(x, 1) < w(x, 1), |x| > 1.
Then
v(x, t) < w(x,t) in S.

Step 2. From Proposition 1 we have that problem (1.3) has the similarity
solutions

U,u(x’ 1) = pPU(px, t), p=(c+2)/(1—-0—m),
where p > 0 is a parameter, and
U, t) =Uj(x, t) =t (1 + hr*)9, r=|x|t7P.

In view of Proposition 2 and the expression of U, (x, ¢) we can prove that
for suitably small u > 0, the following holds:

U,1,t—¢&) <u(l, 1) for t > ¢,

Uyx, t—e)=0=<u(x, t) for |x| > 1, t=e.

By Lemma 1 we see that (2.5) holds. Q.E.D.
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3. THE SPECIAL CASE s =0,1 < p < p.

In this section we study problem (1.4) and prove a blow-up result.

THEOREM 2. Let o, m, p, 0 be as in Theorem 1. If1 < p < p, = o +m+
(0424 0)/N, then every non-trivial solution of (1.4) blows up in finite time.

Let ¢(x) be a smooth, radially symmetric, and non-increasing function
which satisfies 0 < ¢(x) < 1, ¢(x) = 1 for |x| <1, and ¢(x) = 0 for
|x| > 2. It follows that for / > 1, ¢;(x) = ¢(x/!) is a smooth, radially sym-
metric, and non-increasing function which satisfies 0 < ¢;(x) < 1, ¢;(x) =
1 for |x| <[ and ¢;(x) = 0 for |x| > 2/. It is easy to see that |V¢,| < C/I,
A, < C/I%. Let

w, () = /Q ug, dx,

where ) = RV\B,, with B, being the unit ball with center at the origin.
We divide the argument into two cases.

Case 1. m<1.Letgq=(m+o)/(oc+1)and v = u9; then the equation
(1.4) can be written as

m . P
(W), = s div(|Vv|” Vo) + | x| vP/4.
Therefore,
dw; m .
—_—= div(|Vv|? Vv)o, dx /xgvp/q dx
% = g [ (Vo1 o)y dx + [ 21”40,
m

21
1 N-1
Jorron [ I ar [ g, d

By direct computation we have
2 1o+l p71..N—1 A ’ r1,.N—1 ot A N—1| 1/ -
[ Wit < ([ e ) ([T e

21 1 1
[ Wit dr = — [ Vo Vg de < — [ v|ag)dx,
1 w, Jo Wy JQ

[ vlasdar < ([ |x|”vp/q<z>,dx)q”’

>

_ (p—q)/p
Py 5|09 1/(P—q)
< ([ L1adl? ;x| #0309 dx)

)(p—q)/p _ Cll[N(p_q)—oq—zp]/p’

([ {1ad|r ey ||~y /=0 ax
Q

21 o
<[ rN_]qS} dr) = Czl_(N_l)".
1

In view of m < 1, we have ¢ < 1, and hence p/q > 1.
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Case 2. m > 1. In this case one has

dw, _ . oo m 0,p
i _/lev(|Vu| Vu )q.’)ldx+/0|x| uf e, dx

u™
=/ |Vu|"—q§lds—/ |Vu|"Vum-Vq’>ldx+/ |x|%u” b, dx
0 an Q Q

v

. [“ IVu|” V™ - Vb, dx + /“ Ix|PuP ¢, dx

v

2
—mwal |u’|"+1um*1|¢;|rN*1dr+/Q|x|0u”¢,dx.

By direct computation and using Holder’s inequality one has

21 21 o+l
[ e rar < ([ ar)

21 -
X (/ |¢}|u_(’"_])/”rN_] dr) ,
1

21
/ |¢;|u—(m—l)/(rrN—l dr =/ |V¢)l|u—(m—1)/(r dx
1 QO

< (/Q |x|0up¢ldx)*(mfl)/po(/ﬂ{|x|9(m—1)

_ o (m—1+4po)/po
x |V¢,|p‘7¢;”*1}1/(’" I+p )dx)

>

A 1 1
| 1wl dr = —— [ uladidx < — [ ulad]dx,
1 Wy JQ wy JQ
1/p
/Qu|Aq'>l|dx§ (/Q |x|9up¢ldx)

_ _ (p—1)/p
< ([ el a0 dx) T

}l/(m—1+pa') dx)(m*HPU)/PU

(/{11!

=C J6m=D+N(m—1+po)—pol/po

(f {1 1agidr o} 07 dx)

Inviewof m > 1,0 < m+ o < 1, it follows that 0 < —(m — 1)/o < 1.
For the above two cases we always have

dw (o+m)/p
d_tl > —C3 (/Q |x|0up¢l dx) l—0(m+0)/p—2—U+N—N(0'+m)/p

P o i -n-2p-0)p.

+ [ Ix|?urg, dx;
Q
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ie.,

d—ut)l > {—C3l—9(”+m)/p—2—(r+N—N(rr+m)/p + (/ Ix|"uP &, dx>(l’0m)/p}
o

(o+m)/p
x (/Q x[*uP b, dx) . (3.1)
By Holder’s inequality we have
/Q|x|9u1’¢,dx > (/Q uq,'>,dx)p</Q |x|~0/(P=D g, dx) v l).
Hence
cw! 19-N(p=1 it <N(p-1),
/Q x|%uP$,dx = { cwl(Inl)=-D  if = N(p—1), (3.2)

cwlp if 6> N(p-—1).
We now prove Theorem 2.

(i) First we consider the case 8§ < N(p — 1). It follows from (3.1)
and (3.2) that

dw,

dt

> {_C31*9(U+iﬂ)/p72fo'+NfN(0'+m)/p

+ C4wlp—(U+M)l[9—N(p—1)](F—(<7+Vn))/p}

)(U+m)/17

X (/Q Ix|°uP b, dx (3.3)

(@) p<p,=0+m+(o0+2+ 60)/N. Under this assumption, one
has

{0-N(p-DH{p—(o+m)}/p>N—-2—0—{N(o+m)+6(m+a)}/p,
and consequently
[0-Np=DHp=(o+m)}/p jIN=2=0~AN(otm)+0(m+o)}/p _, 4 o
as | — +oo. 34

Using the fact that w; is an increasing function of /, we find from (3.3) and
(3.4) that there exist 6 > 0, [ > 1 such that

d
% = 8/ x|*uP ¢y dx = Sw ()1 NPD v 1> 0.
o

Thus w;, and consequently u, blows up in finite time, since p > 1.
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®) p=p.,=c+m+(c+2+ 6)/N. In this case, {6 — N(p —
DH{p—(oc+m)}/p=N-2—0c—{N(c+m)+6(m+o)}/p <0.If we
can prove that

/Q ud;dx

is a unbounded function of ¢ for some [, then it can be shown that, as
in the above case, w;, and hence u, blows up in finite time. Otherwise,
u(-,t) e LY(Q) for all £ > 0 and there exists an M > 0 such that

lu(Dlli) =M for all ¢ > 0. 3.5

We will prove (3.5) is impossible. Suppose the contrary; it is clear
from (3.1) that, for the large [, if [, |x|°u?dx < +oco then dw,/dt >
1 Jo 1x|%uP &, dx, and if [, |x|°uP dx = +oo then wj(t) > 1. Therefore,

1
wi (1) = k(1) 2 min{l, E[ |x|%u” ¢, dx}, I>1,
Q

wm—wﬂnzghﬁMr

Let w(t) = [, u(x, t)dx and take [ — +oo in the above inequality. We
obtain

mo—mmzﬁkﬁwn (3.6)

where k(1) = min{1, § [5v |x|%u? dx}. When o +m < 1, using (2.5) and by
direct computation we have
f [x|°uP dx = 87 (1 — &)~ y1°(L + bly|")~#dy
Q yl=(t—&)~#
>c(t—¢)7!, t> 1.

When o + m = 1, using (2.6) and by direct computation we have

Jyltur dx z o=yt [l exp{=blyi}dy

y=(t—¢
> c(t—g)7!, > 1.
In view of (3.6) it yields

Jim () = o
ie.,
lim | w(x, t)dx = +oo.
t—400J

This shows that (3.5) is impossible. And hence u(x,t) blows up in
finite time.
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(i) Next we consider the case § > N(p —1). Since m > 1 — o —
(o0 +2)/N, it follows that N —2 — o — {N(oc +m) + 0(m+ o)}/p < 0.
Combining (3.2) and (3.1) we find that, for the case 6 = N(p — 1),

dw,

y - <_C3ZN20{N(0’+m)+0(m+0')}/p + Cwlp*(‘”m)(ln l)mm,f)(’ll))
;=

)(lﬂrm)/l7

0.,p d
([ 1xl"urdyde)
and for the case 8 > N(p — 1)

dwl - (_C3lN—Z—U—{N(0'+m)+0(m+U)}/p + Cwlp—(0'+m)>

7 -
X </Q |x|9upd>,dx>

Similar to the arguments of (i) one can prove that w;, and consequently u,
blows up in finite time.

(o+m)/p

Remark 2.3. The reason for using 0 = RV\B, rather than R itself is
that if 6 > 0, then [, |x|~%/(»~1 dx may not converge.

4. PROOF OF THEOREM 1

i) Ifp<p.=c+m+(c+m—1)+[(c+2)(1+5)+ 6]/N, using
the methods similar to those of the last section and the papers [19, 21], it
can be proved that every non-trivial solution of (1.1) blows up in finite time.
We omit the details.

(i) Ip>p.=c+m+(c+m—1)s+[(c+2)(1+s)+0]/N, we
shall prove that (1.1) has global positive solutions for the small initial data.
By the comparison principle, it is enough to prove this conclusion for the
problem (since s > 0)

u, = div(|Vu|” Vu™) + (1 + £)*|x|u?, x eRY, t>0,
u(x, 0) = uy(x) > 0, x e RV, 4.1)

where the constants m, o, s, 6, p are as in problem (1.1). We shall deal with
the global solutions of (4.1) by using the similarity solutions which take the
form

u(x, t) = (14 1) “w(r) with r = |x|(1+£)7",
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where a = {1+ s+ 0+2}/{p—1— 10‘:_2'”0} B={1—-0c—-—m)(1+s)+

p—1}/{(p—-1- 10‘12’" 0)(o + 2)}, and w satisfies the following ODE:

m(o+1)|w/|" 17" w 1+m(m 1)wm 2|w |¢7+2
N-1 / / 1
+m——|w'|7w'w" ! + aw+ Brw +rfw? =0, r>0,
r
w(0)=1>0, |w|"wW(0)=— lil})l+{r9“wp+1’m(r)/[(N—1)m]}. (4.2)

We call w(r) a solution of (4.2) in (0, R(n)) for some R(n) > 0if w(r) >0
in (0, R(7n)), w e C*(0, R(n)), and w satisfies the initial condition of (4.2).
Under our assumptions it follows that p > 14+ (1 — o —m)8/(c +2), « > 0,
B > 0. We observe that a function i@i(x, t) = (14 t)~*v(|x|(1 + ¢)7#) is an
upper solution of the equation (4.1) if and only if v(r) satisfies the following
inequality:

m(o-+1)|v|"v” m— 1+m(m_1)vm—2|v/|o+2

N —
+m |v|" W v+ Brv’ 4 rfvP <0, r>0. (43)

r

(1) We first discuss the case # > 0. In this case, we try to find an
upper solution of (4.1), i.e., the solution of (4.3).
When o +m < 1, let v(r) = (1 + br¥)~9, where k= (o +2)/(o + 1),
q=(oc+1)/(1 -0 —m), and ¢ and b are positive constants to be deter-
mined later. By direct computation we have

v = —sqbkrk_1(1 + brk)_q_l,
V' = eq(q+ DK (14 br*) 172 — eqbk(k — 1)r* (1 + br*) =471,
v(r) satisfies (4.3) if and only if
e(1+ br*)~1[a — mNe" ™ (bqk) '] + eqbkr* (1 + br*)~77!
x [me” =Y (bgk)"™ — B] + (1 + br*)~7 < 0. (4.4)

Under our assumptions it follows that 8 + g(1 — p)k = 6+ (1 — p) (o +2)/
(1 — o —m) < 0. There exists a > 0, such that

1+ br*y1=P) <q  forall r >0, since 6 > 0. (4.5)
Choose b = b(¢&) such that
B = me” L (bgk) !,
ie.,

b= (qk)—l (Bm—lel—a'—m)l/(‘f‘*‘l)‘
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For this choice of b, (4.4) is equivalent to
a— NB +r’eP~1(1 4 br¥)10-r) <, (4.6)
By (4.5) we see that (4.6) is true if the following inequality holds:
a— NB+as’ 1 <0. 4.7

Inviewof p> p,=0+m+(c+m—1)s+[(oc+2)(1+s)+ 6]/N, it
follows that « < NB. Hence, there exists g, > 0 such that (4.7) holds for
all 0 < & < g). These arguments show that v(r) = &(1 + br¥)~9 satisfies
(4.3) for all 0 < & < g;. Using the comparison principle we get that the
solution u(x, t) of (4.1) exists globally provided that u(x,0) < v(|x|) =
&(1 + b|x|[¥)~9. And hence, so does the solution of (1.1).

When o + m = 1, let v(r) = sexp{—brk}, where k=(o +2)/(o + 1),
and ¢ and b are positive constants to be determined later. By direct com-
putation we know that v(r) satisfies (4.3) if and only if

gla — mN(bk)‘TH]e_brk
+ ebk[m(bk)"*" — Blrke ™" 4 ePrle PP <, (4.8)
Since 0 > 0, there exists a > 0 such that
rexp{—(p—1)br*} <a  forall r > 0.
Choose b such that 8 = m(bk)°*!. Then (4.8) holds provided that
a— NB +aePt <.

Similar to the case o +m < 1, we have that the solution u(x, t) of (4.1)
exists globally provided that & <« 1 and u(x, 0) < v(|x|) = sexp{—b|x|}.
And hence, so does the solution of (1.1).

(2) Next we consider the case 6 < 0. If m = 1, this problem was
discussed by [19] for o = 0, and by [21] for o < 0. In the following we
always assume that m # 1. Our main purpose is to prove that (4.2) has
ground state for the small n > 0. By the standard arguments one can prove
that for any given 1 > 0, there exists a unique solution w of (4.2), which is
twice continuously differentiable in where w'(r) # 0.

Denote R(n) = max{R|w(r) > 0V r € [0,R)}. So 0 < R(n) < +o0,
and w(R(n)) = 0 when R(n) < oo.

We divide the proof into several lemmas.

LEMMA 2. The solution w(r) of (4.2) satisfies w'(r) < 0in (0, R(n)). In
addition, if R(n) = +oo then w(r) — 0 as r — +oo.
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Proof.  We first prove that w'(r) < 0 for 0 < r < R(n) when 6 +1 < 0.
Since |w'|7w/'(0) = —lim,_, o {r**twP™="(r)/[(N — 1)m]} < 0, one has
w'(r) < 0 for r <« 1. If there exists ry : 0 < ry < R(n) such that w'(r) <0
in (0, ry) and w'(ry) = 0, then (Jw'|”w' ) w™ (ry) = 0. But by the equation
(4.2) we see that

[l |7w Y w" () = = (aw(ry) + r"w? (1)) < 0,

a contradiction. When 6 4+ 1 > 0, it follows that w'(0) = 0. Using the
equation (4.2) one has

mN(|w'|"w')|,—g = —(aw*"(0) + li%l+ rfwPt=m(r)) < 0.

Hence |w'|w'(r) < 0, and consequently w'(r) < 0, for all r « 1. Similar
to the case of # +1 < 0 it follows that w'(r) < 0 for all 0 < r < R(7).
If R(n) = +oo, since w'(r) < 0 and w(r) > 0 in (0, +0c0), one has
lim,_, ,, w(r) = L. If L > 0, an integration of (4.2) gives

PN (m|w'|Tw w4 rBw) = — /r{a — NB + sPwP~(s)}sN w(s) ds,
0

I T oy 0 py—1
fim W e, A
r—+00 r N N
where
Lr if 0 =0,
A= { 0 if 0 <0,
400 if 6> 0.
It follows that lim._ ,  w'(r) = —oo, a contradiction. Thus w(r) — 0 as
r — +00. Q.E.D.

LEMMA 3. Let w(r) be the solution of (4.2). Then for any given small
n > 0 there exists Ry(n) > 0 which satisfies lim,_, . Ry(n) = +oc and such
that

w(r) > 0, m|w/|‘7u/(r)w'”_1 + Brw(r) >0, re(l,Ry(n)). (4.9

Proof. Let z=m— w; then Z/(r) = —w'(r) > 0,0 < z(r) < m, and z(r)
satisfies

m(o+1)(2)72"(n—2)"" =m(m—1)(n—z)" ()"
N-1

() (1= 2)" =a(n =)= Br +r'(n=2)", 1>,
20)=0, (2)77(0)= lim " (n—2)" " ()/((N=Dm]}. (410)
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Since p > p,, one has NB > «. An integration of (4.10) gives

mrN—l(Z/)(H—l(n _ Z)m—l + ,BVNZ

= / [(NB — a)s" 'z + ans" ! + N1 (n — 2)P] ds
0

an N _ &N
§Nr + (B N)r z(r)+N+0

nPrNte. (4.11)

Since m # 1 and —1 < o < 0, we know that if o +m = 1 then o < 0
and 1 < m < 2. Denote Ry(n) = min{R|z(R) = n — 0}, where a =
%min{l—m o, pt+1tifo+m<landm>1,a=(p+1)2if oc+m <1
and m < 1, and a = 2m1n{pfji”1 3 p+1}if o +m = 1. Then Ry(n) > 0
and z(r) < —n* < nforall 0 < r < Ry(n).

We first consider the case o+ m < 1. From (4.11) it follows that for
0 <7 =Ry(m)

N-1/ no+lo _m—=1 _ %M N _a N 1 p, N+
mrt(Z)7 (= )" < St (B g+ T

1
— p0+N.
=Bt '

Denote b =awhenm > 1,and b=1whenm < 1. Using n* <n—z<n9
one has that

1
N-1,/_s/\o+1 1+(1-m)b p+(1-m)b __ — 6+1
(2 < {,81; r+m N 0 }

Since o + 1 < 1, it follows that

pH(1=m)b 6+1

B 1/(o+1)
Z/(r) - {—nH(l_m)br—l— }
m

m(N + 0) "

= Cll(n1+<1—m)br)l/(o+1) + (np-&-(l—m)brl-&-@)l/(a--;_l)]‘

Integrating this inequality from 0 to Ry(n) we have
_ o o+2)/(o+1
n <7 +C2{n(1+(1 m)b)/( H)(Ro("l))( +2)/(o+1)

- T o+6+2)/(0+1
+n(P+(1 m)b)/( +])(R0(77))( )/ (o+ )}‘

Inviewofa > land [p+ (1 —m)b]/(c+1) > [1+ (1 —m)b]/(c+1) > 1,
it follows that Ry(n) —> +oo0 as n —> 0%.
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Using w(Ry(m)) = n* and w(r) > n® for all 0 < r < Ry(n), an
integration of (4.2) gives, for 0 < r < Ry(n),

mr1\7_1|w/|”w/w'"_1 + Ber(r)

= /r(N,B —a)sVtw(s)ds — /r sNHlwP (s) ds
0 0

v

(NB — a)w(Ry(m)) [Or sNlds —nP /Or sNH-1 s

_ a N _g_ 1 p—a..b
_"”r(B N N+g" r)'

Since 6 < 0, NB > «, and p > a, it follows that
mrN Hw' 7w w™ 1 + Br¥w(r) > 0, v re (1, Ry(n)). (4.12)

Second, we consider the case o + m = 1. From (4.11) it follows that, for
0 <7< Ry(n),

N—1/ mno+lg,  ym—1 _ % N, p.N+6
mr = () (n — 2) <Nr (n z)+N+0nr .

Using 0 +1=2—m and 1 < m < 2 we have that
z’(r) < C{(”) _ Z)rl/(er) + TI(p+(lfm)a)/(0+l)r(l+0)/(0+l)}' (4.13)

Denote y = [p + (1 —m)a]/(o + 1). Integrating (4.13) from 0 to Ry(n) we
have

o+1 (042)/(o+1) o+1 (042+0)/(o+1)
—-n'<C{n“—=(R Y— — (R
s {n 2 Rom) 0 g o)
LI ey ] (4.14)
o+2/)o

Substituting (4.13) into (4.14) and using the inductive method we have that

+00

1
n—n'=n'} A" +C(a+1)(Ry(n)) 20/ ety
n=1"""

+00 1

L Do (4.15)

where A=CZ(Ry(n)) /) In view of a>1 and y=[p+(1—m)al/
(o+1)>1, it follows from (4.15) that Ry(n) —> 400 as n—> 0. Similar
to the case o+m <1, we have that (4.12) holds. The proof of Lemma 2 is

completed. Q.E.D.
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Now we prove that, for the case 6<0, (4.2) has ground state for

small 1. Choose no:ng_l < NB—a such that (4.9) holds for all 0 <n <n,.
Since p> p., which implies NB>«, using 6 <0, Ry(n)>1,w(s)<n and
integrating (4.2) from Ry(n) to r(Ry(n) <r<R(n)) we have

mrN71|w/|a-w/wm71+’Ber(r)
= (mr™ ' |7w' w4+ Briw(r)) |- gy ()
r
F(NB=a) [ SN u(s)[NB—a—s"w? " (5)]ds
Ry(m)
r

> sNw(s)[NB—a—n?""]ds>0. (4.16)
Ry(m)

In view of w(r) >0 and w'(r) <0 for 0 <r< R(n), it follows that R(n)=+o0
by (4.16). Therefore (4.2) has a ground state.
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