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Abstract

We study the numerical approximation of the Saturation Equation which arises in the for-
mulation of two phase fluid flow through porous media, idealized as either a convex bounded
polyhedral domain or a domain with smooth boundary. This equation is degenerate and the so-
lutions are not guaranteed to be sufficiently smooth for direct numerical approximation. Through
regularization, a family of approximate non-degenerate problems is considered along with their
numerical approximations. Error estimates are established for appropriately transformed contin-
uous Galerkin approximations, followed by corresponding error estimates for a fully discretized
Galerkin method for this class of problems.
© 2003 Elsevier Ltd. All rights reserved.
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1. Introduction

In modelling immiscible two phase flow through porous media (see e.g. [1,9,15]), a
class of saturation equations of the form

£S+V-(f(S)u)—V~(k(S)VS)=Q(S) on Q x (0,T] (1.1)
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on a bounded domain Q (Q C RY d <3), is derived which satisfies the boundary
condition

(f(SHu—k(S)VS)-n=g on 3Q x [0, To] (1.2)
and has initial condition
S(x,0)=5%) on Q (1.3)

with 0 < 8%x) < 1, for all x € Q. For simplicity we let |Q| = 1.

In these equations S is the saturation of the invading fluid (see [1,9,15]) and it
follows from the general theory [4] that 0 < § < 1. The diffusion coefficient £ = k(S)
is the conductivity of the media, which is assumed here to depend only on the saturation
S. The fractional flow function f* governs the transport term V-( f(S)u) where u is the
total velocity of the two phase flow. We assume in this analysis that u is sufficiently
smooth and is provided, but in practice, it is obtained by solving another (possibly
coupled) elliptic partial differential equation which models the total pressure of the two
phases. The term Q=(Q(S) represents the source/sink terms and g denotes the boundary
flux. We assume throughout that the domain Q is sufficiently “nice” in order that the
standard analysis for elliptic problems [2] be valid; in particular we require elliptic
regularity and second-order error estimates to hold (see the appendix for details). This
is the case, for example, when Q is either a convex polyhedral domain satisfying a
maximal interior angle condition [12] or has a smooth boundary [2].

For a given fractional flow f, we require that there be a constant C*, such that

CIf(B) — f(@) < (K(b) ~ K(@)(b — a). (14)

Lemma 2.1 below shows that this requirement is reasonable.
We also suppose the diffusion coefficient & satisfies the growth condition

cils|™, 0<s <oy,
k(s) = § 2 op <8< o, (1.5)
cll =52, o <s <1,

where 0 < o) < % <oy < 1 are given and assume 0 < uy, i, < 2. Define
= max (i, ),

24w

T (1.6)

Y
and set
K(cj):/'k(r)dr.

0

Because of possible roughness of the solution to the degenerate problem (1.1)—(1.3),
one often regularizes the conductivity to obtain a non-degenerate formulation

0
5 S8+ V(S (Spw) = V- (kp(Sp)VSp) = O(Sp) - on 2 x (0, To), (1.7)
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d
S(Sp)u-n— = Ky(Sp) =g on 0Q x [0, Ty], (1.8)
Sp(x,0)=S%x) on Q, (1.9)

where Kg(¢) = fog kg(t)dr, and kg — k in an appropriate sense as the regularization
parameter 3 converges to zero. We define Cy(ff) by

Co(B) = [IKp — K| (1.10)

Ifo<p< % and k(0) =k(1)=0, an example of an acceptable perturbation kg of k is
defined by

kg(&) =k(&) for k(&) >0, kp(&) lies between 6 and %5 otherwise, (1.11)

where

0 := (f) = min(k(f), k(1 — B)). (1.12)
For this particular perturbation (see [10,11]) there holds

Co(B) < c(Po(p)). (1.13)

In an earlier paper [11], error estimates were established for any perturbation of & and
some of those results which we require are summarized in Section 2. Egs. (1.7)—~(1.9)
constitute the problem that we approximate numerically by a transformed Galerkin
Finite Element procedure.

In Section 3 we first approximate the solution by a continuous time Galerkin approx-
imation, i.e. the space variable is discretized. This variational method yields a solution
S, convergent to Sp in a controlled manner as 47 — 0T. Our previous knowledge of
the rate of approximation of S by the solution S of the regularized equation provides
then an estimate of the error ||S — S| in the desired function spaces.

In Section 4 we proceed to discretize in time and provide several error estimates for
a fully discretized (backward in time) solution. We extend here the results of [16,18].
Rose in [16] treats the one dimensional case of this problem and assumes a single and
more regulated degeneracy for k. In that case the operator 7 can be expressed expli-
citly and the problem can be transformed into a purely parabolic problem. Smylie in
[18] treats the multidimensional case for the parabolic equation. The paper of Nochetto
and Verdi [14] also establishes error estimates for the same type of problem, using
numerical integration, again for the case of one degeneracy: k(s)=s", m > 1. An ex-
ample for our setting would be any k& for which k(s) = s*'(1 —s5)*2, for 0 < py, up < 2.
Compare Corollary 3 of [14] to our Corollary 4.1.

As previously mentioned, the total velocity, total pressure formulation of two phase
flow in porous medium in several dimensions presents additional analytical and numer-
ical difficulties for the saturation equation. The treatment of the transport term in [11],
reproduced here as Lemma 2.1, is very helpful in our estimates. Our arguments in the
proofs of Lemma 3.1 and Theorem 3.1 are somewhat different from [16], although we
follow the same general line as in that paper.

In Section 4, by manipulating the inequalities in a different manner, we are able to
improve the convergence rate in the time step as given in [16]. We also give a proof
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for the existence of a solution of the fully discretized scheme, for the case that the
total velocity u is not a function of the time variable 7.

We next describe additional notation which will be used throughout the remain-
der of this paper. We define (f,g) = (f,9)o = fQ fgdx when this has a mean-
ing (extended when appropriate to the distributional sense), and in particular we set
fo:=1/|Q|(f,1)q. We drop the subscript Q when there is no ambiguity. The notation
|/ 1lzr := || f]lLrc) is used for the standard Lebesgue norm of a measurable function,
when this quantity is finite. Similarly, we denote by || f||lzrey = ||/ ]lzr(0.7,09¢0)) the
mixed Lebesgue norm for f, while || f||zrmey := || f||zr(0.7,19(0)) designates the mixed
Sobolev—Lebesgue norm of a function. We use C, ¢, to denote constants which may
change from line to line, but which are independent of the parameters f, 4 and At,
unless explicitly specified.

Finally, we would like to thank the referee for valuable suggestions and pointing out
appropriate references which improved the error estimates for numerical approximations
by a logarithmic factor.

2. Regularization results

We summarize here some results from [10,11], which are required in the error anal-
ysis that follows.

Lemma 2.1. If £ € C'([0,1]) with f'(0)= f'(1)=0, then there is a positive constant
C* so that for all 0 < a < b <1 we have

C*If(b) = f(a)]? < (K(b) — K(a))(b — a). (2.1)
This lemma will typically be applied in the integral form
C /) = f(0)|[Z20) < (K(u) = K(v),u = v), (22)
Conversely, if (2.1) is satisfied, then
|f(O < CVR(E) (2.3)
Lemma 3.1 in [11] implies that there is a positive constant C** so that
C™ Jlu = vl 12 < (K@) = K(v),u —v) (2.4)

is valid for all u,v € L***. Moreover, the inequalities above remain true if k is replaced
by the regularized kz (or K is replaced by Kz) with constants independent of . Finally,
we observe that when K is Lipschitz, we have:

(K(u) = K(v))p < [|K(u) = K|}
< [kl oo (K (u) — K(v),u — v). (2.5)

The next theorem gives the error estimates for §—Sp, when the initial problem (1.1)-
(1.3) is replaced by the regularized nondegenerate problem (1.7)—(1.9). We assume for
the remaining of this paper, to simplify the analysis, that 0 =0 and ¢ = 0.
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Theorem 2.1 (Fadimba and Sharpley [11, Theorem 4.1]). Assume that the coefficients
f and k satisfy conditions (1.4) and (1.5). Let Sg be the solution to regularized equa-
tions (1.7)~(1.9), and S the solution to (1.1)—(1.3), then

To
sup [[Sp = S|[¢)- + 1 / (Kg(Sp) — Kp(S),Sp — S)(v) dt < Co(B), (2.6)
0<1<Ty 0
IKp(Sp) — Kp(S)|I7212) < Co(B) 2.7)
and
1S5 = SI7% 2y < Co(B), (28)

where Co(p) is defined by (1.10).

Another useful result is the following which establishes estimates for the solution to
the regularized equation.

Lemma 2.2. Assume the hypotheses of Theorem 2.1 hold. If Sg is the solution to
(1.7)~(1.9), then there exist constants C,Cy,C, (independent of ) such that

oS,
Hatﬁ <G+ CZHSO”WZ'(Q)’ (2.9)
L=°(0,To,L' (2))
2
131 + | VARSIV, o) < € To 101 (2.10)
2 2
| VA e, + VKRS iy < €+ VKRS] (211)

This lemma provides the elements for the proof of the following result (see [11,
Theorem 4.4]).

Theorem 2.2. Assume the hypotheses of Theorem 2.1 holds and define

m(f) = ngglk/;(s). (2.12)
If y=Q + w)/(1 + w), then there is a constant C, independent of f, such that
1(Sp)ellrary < € m(p)~"EH) (2.13)
and hence
N
bV f(Spu < Cm(p)~ 1w, (2.14)
o L)

We note that the respective estimates (2.11) and (2.10), using the proof of
[11, Theorem 4.4], immediately imply the inequalities

1Sp)ell ey < Cm(B)~"2 (2.15)

|AKp(Sp)l|2z) < Cm(B)~"2. (2.16)
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If we choose the specific regularization where kg is defined by
kpg(s) := max(k(s), p") (2.17)
and set
3(B) = prntm,
then Theorem 4.6 of [11] gives the following estimates.
Theorem 2.3. Assume the hypotheses of Theorem 2.1 hold. Then
sup (K(Sp) — K(S).Sp — ) +nl|V(K(Sp) = K(S) 22y < COB),  (2.18)

0<t<Ty
IS5 — SIIFE 200y < C O, (2.19)
1K(Sp) — K 0.1 < € IB). (2.20)

3. The continuous Galerkin method
3.1. The finite element space

We give a brief description of the approximation subspaces which provide the finite
element solutions for the Galerkin problems. For general background references of
the methods used in this section, see [2,12,19]. We let {M}}o<s<1 denote a family of
finite dimensional spaces, with M), C H'(Q) and assume that M), has the approximation

property:

qnf (1S = 2llera) < CH|f |y for all /€ W2P(Q). 3.1)
We will also need the inverse estimate assumption on M, (see, for example, [2,
Section 4.5]):

il < ChIxllz2 for all € M), (3.2)
which by duality implies

lliz: = G ) < Mll lzllary < ™z e
and consequently

l7llz2@) < Ch™ | xllzry- for all y € M. (3.3)

An important case is that for Q, a convex bounded polygonal domain in R? with a
triangulation 7, = {#"} where the parameter 4 (0 < 7 < 1) is defined as follows: for
a triangle " € 7, define hy and py by

hy = diam(4") (34)
and

py = sup{diam(C): C is a circle inscribed in #"}, (3.5)
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then

h:=max{hy: A €T ,}. (3.6)
The space of piecewise linear elements for this triangulation is defined by

My, = {¢p € C%Q): ¢/ is linear for all # €T ,}. 3.7)

We assume, in addition, that 7 is a regular family, i.e. there exists a constant d; > 0
such that
Pr s 4y, (3.8)
hx
in which case [2,5,8,12] there exists p = p(Q2) > 2 so that M, satisfies the direct
approximation estimate (3.1) for all 1 < p < p (see (A.13) of the appendix for the
dependence of p on Q). If we assume .7 is a quasi-uniform triangulation, i.e. (3.8) is
satisfied and there exists d> > 0 such that

hy =doh  for all # €T, 3.9)
then M), defined by (3.7) also satisfies the inverse estimate (3.2) (cf. [2,13]).

3.2. The discretized problem

Although analytically the saturation lies in the interval [0, 1], small numerical oscil-
lations may occur and so we extend the domain of the functions /" and ks as follows:

k() if e,
kp(&) = { k(—8) if ¢ <0, (3.10)
f(é)z{o reso (3.11)
fa) if ezl

We continue to define the primitive Kz by
¢
Kp(&) :/ kg(r)dz (3.12)
0

and observe that it is a strictly increasing C' function on R, since kg(&) > 0 as long
as f > 0. Hence K has a C ! inverse function Hpg:

Hy(&) =K, '(&) VEER. (3.13)
We consider the ordinary differential equation (actually a coupled ODE system):
0
(61‘ Hp(Vh), x) = (fH(V))w, Vi) + (VVi, Vi) = 0 (3.14)

required to hold for all y € M}, and ¢ € (0, Ty]. This system has the initial condition:
PyHp(Vi(0)) = PyS°, (3.15)

where S° is as in (1.3), and P, is the L? projection on M;. We solve for V}, in M)
where V}, is the Galerkin approximation to Kg(Sg). We then set S, =Hpg(V},), so that S,
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approximates Sg. The operator Py, o Hy is a continuous, nonlinear, coercive map from
M, into itself [16] and is thus bijective. Therefore by (3.15), V;(0) exists in M.

Suppose that {e;}]" is a basis for M), with m = m(h) = dim(M,), so that for all
LEMy, y(x)=>", zei(x). Then (3.14) is equivalent to the system of m coupled
ODE:

d
q; Ll Hp(Va)).ei) = (f (Hp(Vi))u, Ver)
+(VVy,Ve)=0 (1 <i<m). (3.16)
This can be rewritten in a vector form as a Cauchy problem:

d
3 DrHs(Va) = F(PyHy(V)), (3.17)

PyHz(V3(0)) = P,S°.

With our assumption on f, kg and u, the function F is Lipschitz, so we are guaran-
teed the existence and uniqueness of the solution S, = PyHg(Vy) to (3.17). We have
previously observed that P,Hp is bijective, so we have that V} = (PhHﬂ)_1§h exists
in M.

For convenience we define S, := Hy(V),) and rewrite (3.14) as

((Sw)e> 1) = (S (S, V) + (VKE(S), Vi) =0 Vi € M. (3.18)

By approximating Kz(Sp) by Vj € M,, the approximation of Sy by S, = Hg(V}) is
shown in Theorem 3.1 below to have higher rate of convergence than approximating
Sp directly by an element of Mj,.

3.3. The main results

As stated above we give our main estimates for the error ||S —S;|| in two theorems.
We need the following discrete version of inequality (2.11) with Sy replaced by Sj:

Lemma 3.1. If V), is the solution to (3.14) and (3.15), and if we set S, = Hg(Vy),
then

To
((Si)i» Kp(Si)) At + 0| VKp(S oo (12) < CLI I e i) + 0l 22y} (3.19)
0

where C = C(Ty,u) = exp(C{1 + ||u||}-c ;o\ }), and n a positive constant.

Proof. In (3.18), let y = Vj, = Kp(Sy),. Then
((Sn)e Kp(Sp)e) — (f (Sw)w, VKg(Si):) + (VKp(Sp), V(Kp(Sh)i)) =0

or equivalently

1d
(S Kp(Si)) + 5 IVKp(SilI 72 = (f (Si)u, VEp(Sh)e)s (3.20)
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where we use the fact that 4 and 0/0t commute. Applying the product rule on the
right-hand side of (3.20), and substituting, we obtain

1d
(S0 Kp(Si)0) + 5 o VKO

= % (f (S, VK5(S)) — (f(Sh)ew, VKs(Sh)) — (f(Sn)us, VKg(Sy)). (3.21)
By (2.3)
1/ (Seullz = 1SSz < elluff |/Fp(SiS)l7:
= c|ullZ ((Sk)is Kp(Si)0)- (3.22)
Thus (3.21) implies

Id

((Sh)tsK/s’(Sh)t) + 2 dr

[ VKs(Sh)||7
d , 1 2
<3 (f (S, VKg(Sp)) + o[l £ (Sp)ul + aHVK/f(Sh)HLz

1 1
+ 3 17wz + S IVERSOIE: (3.23)
where ¢ is an arbitrary positive constant. This yields, by (3.22),

1d
((Sn)e> Kp(Sn)e) + EEHVK/;(S;,)HiZ
< %(f(Sh)u, VKp(Sp)) + arc||ul|zo ooy ((Sh)e Kp(S)e)

1 1 1
(4 3) VRS + Sl (.24)

Now, for o sufficiently small, we can hide the second term of the right-hand side of
(3.24) in the left-hand side of (3.23). Also || f(Sp)w||z2 < ¢||w|;2, given the smooth-
ness assumptions on f. So (3.24) becomes

1 1d
S (S0 Kp(S)) + 5 3 I VKRS

d
< 5 (S, VEp(S)) + C)IVER(SIIZ: + Cllue 22 (3.25)

Finally using the Gronwall Lemma, we get

To
((Sn)i» Kp(Sn)) dt + 0| VK(S)[7 o 12
0

<é<u>{ sup |<f<sh>u,VKﬂ<sh>>(r>|+Cutiz(Lz>} (3.26)

0<1<T)
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with C(u) = exp(C(u)). But
sup [(£ (S VEs(S)O| <C|| £ (Siullpoez2y+5 0l VEKp(S) e 12y (327)

0<t<Ty

Combining these last two inequalities, we obtain the lemma by taking n = %a. |

Remark 3.1. From Lemma 3.1 it follows that

| VARSI ., < CO i+ e} (3.28)
and
IVKp(Si)l 2002y < CO){[[ull e g2y + [[uel[7212) (3.29)

where the constants are independent of f and 4.

With this lemma, we are now in position to formulate and prove the main theorem
of this section. The theorem states that }}, converges to Kg(Sp), and that S, converges
to S, the solution to (1.1)—(1.3). We note that the rate of convergence of Vj, to Ks(Sp)
is higher than that of Sj, to Sg, since the elements incorporate attributes of the diffusion
coeflicient.

Theorem 3.1. Suppose p and vy are given by (1.6), and m(f3), Co(p) are as defined in
(2.12) and (1.10), respectively. Furthermore, assume that 0 < pu < p(Q) — 2, where
p(Q) is defined by the relation (A.13). Let S be the solution to the degenerate equation
(1.1)—(1.3) with Q=0 and q=0, and with coefficients f and k which satisfy conditions
(1.4) and (1.5). If M), satisfies approximation (3.1) and inverse (3.2) properties, and
Vi solves (3.14), then the approximate solution Sy := Kg(Vy) satisfies the inequality
To
18 = Shllioeqaryyt | (Ko(Sp) — Kp(Sh). Sp = i)

< chm(B)~1ED 4 Co(B) (3.30)
with constant ¢ independent of f§ and h.

Remark 3.2. The condition, 0 < u < p(£), on the degeneracy of the conductivity, is
relatively mild. For example, if the maximal interior angle @(Q2) of @ is no larger than
27/3, then by its definition in (A.13) p —2 =2 and there is no additional restriction
on . If @ increases to 7m/8, then the maximum value of u allowed is reduced to %

Proof of Theorem 3.1. The proof will be split into two main steps by writing
S —8p=(S—Sp)+ Pu(Sp — Sn) + U — Pp)(Sp — Sh)-
The two steps will estimate, respectively, the second and third terms, while inequality
(2.6) of Theorem 2.1 is used to estimate the first term by Cy(f3).
In order to obtain the desired results by applying 7(Sp — S;) as a test function in

the weak formulation of the regularized problem (1.7)—(1.9), we first observe that for
all >0

(Sp — Sn)a=0. (3.31)
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Indeed, Eqgs. (1.7)—(1.9) imply

((Sp)i 1) = (S (Sphu, Vi) + (VKp(Sp), Vi) = 0 (3.32)
for all y € M. By subtracting (3.18) from this equation, we obtain

((Sp = Sn)e> 1) = ((f(Sp) = £ (Si))u, V)
+ (V(K5(Sp) — Kp(Sh)), V) =0. (3.33)

If we set y =1€ M, in this equation, then d/d#(Sp — Si)e =0, in which case, (Sp —
S)a = (8% — S,(0))o. for all £ > 0. But the initial condition (3.15) for the Galerkin
solution implies

(8 = Su(0))a = ($” — Si(0), 1) = (Pu(S° — $,(0)),1) =0,

which verifies that mean values are preserved.
Step 1: We derive the estimate:
To
|1 Pr(Sp — Sh)Hioo(Hh—l) +n ; (Kp(Sp) — Kp(Sn), Sp — Sp)(1) dt

< Ch¥m(p)~V/0+m0 (3.34)

with the definition of the norm || - || B! given in the appendix. We use as test function

¢=T(Sp—Sp)eH 1(Q) in the weak formulation of the regularized saturation equation
for Sg and use ¢ = T;,(Sp — Si) € M, for the Galerkin formulation (3.18) with solution
Sy, where we recall that 7, is defined as Ej o T. Subtracting these two equations and
rearranging, we obtain the reference equation for Step 1:

((Sp = St Tw(Sp — Sn)) + (V(Kp(Sp) — Kp(S1)), VT (Sp — S1))
== (V- (f(Sp) = f(Sw)u, Ti(Sp — Si))

—((Sp) + V- f(Spu, (T — Ty)(Sp — Sp))- (3.35)
We have used here the fact that the additional term

(( — En)Kp(Sk), S — Si)
vanishes since Kp(S;) = V; € My and so (I — Ep)V; =0.
For the first term on the left-hand side of the reference equation (3.35), we use the
identity
Tuf =TiPrf VfeH"), (3.36)

which follows directly from the definitions of 7 and the projections, in order to write
1d

— T _ - - =

((Sp = S Tw(Sp — Si)) = 5 o

For the second term on the left-hand side of reference Eq. (3.35), we use the properties
of the operator T" and the fact that Sy — S, has vanishing mean in order to see that it
reduces as

(V(Kp(Sp) = Kp(Sn)), VT (Sg = Sn)) = (Kp(Sp) — Kp(Sh), Sp — Si)- (3.38)

1P4(Sp — Si)ll7 - (3.37)
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To handle the first term on the right-hand side of Eq. (3.35), we use Cauchy—
Schwartz, the arithmetic—geometric mean inequality, relation (2.2), and the properties
of T (see (3.36) and (A.27)), respectively, to obtain

|(V - (F(Sp) = f(Sn))w, Tu(Sp — Sn))
< 1/ Sp) = S Sl ulloc [VTH(Sp — Su)ll.2

C*
< 7 176 = FSOIL + @IV TSy = Sllz:

1
< 7 (Kp(Sp) = Kp(Si),Sp = Sn) + c()[Pu(Sp = Si)ll -1 (3.39)

which is of the desired form for employing the standard method of burying terms and
using Gronwall’s lemma. We must first prepare the remaining terms. For the second
term on the right-hand side of reference equation (3.35), we set for convenience the
variable W := (Sg); +V - f(Sp)u, use the fact that T'— T}, is a symmetric operator and
follow in a similar manner to the estimates used in (3.39): here Holder’s equality with
conjugate indices y and 2 + p replaces the Cauchy—Schwartz inequality, and inequality
(2.4) replaces (2.2), which results in

|(W(T — Ti)[Sp — SuDI < [ISg — Sull 20 I(T = Tr)(W)| v

*k
C 2+u

< 4 ”Sﬁ - ShHsz + CH(T - Th)(W)HZ/

1
< 5 (Kp(Sp) — Kp(Sn). Sp — Sh)

+CII(T = Tl (3.40)

In this last expression, the rightmost term may be estimated by using the fact that 7, =
E,T, and then applying the finite element error estimates for the elliptic approximation,
as outlined in (A.21) of the appendix, in order to obtain

(T = Tl = | = EDNTOV)|1:
< R TOW )2
< P |\W ||, (3.41)

where the last inequality follows from the mapping properties of the operator 7' (see
(A.14) below) in the range 1 <y =2+ u < p(Q). This restriction on y is equivalent
to a restriction on p which depends on the parameter ®(Q) appearing in the definition
of p(£2) given in (A.13).
If we substitute identities (3.37) and (3.38) into the reference equation (3.35) for
Step 1, and follow by using inequalities (3.39), (3.40), and (3.41), we obtain
1d 1
5 a; 1Pn(Sp = Sl + 5 (Kp(Sp) — Ky(Sh), Sp — Si)
= c(w)||Ps(Sp = S+ + e | W|, (3.42)
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where W= (Sp);+V-f(Sp)u. Applying Gronwall’s inequality, and using our fact (2.14),
we have established the desired estimate (3.34) for Step 1 with norm for H~! in place
of that of thl. But the inverse property of M) implies (A.28) (in the appendix) and
therefore we have

ClIPu(Sp = Si)llarry < 11Pa(Sp = Si)ll -1 < [1Pa(Sp = Su)llerry- (3.43)

and the proof of Step 1 is complete.
Step 2: We show that

I = Pi)(Sp = Sl o (arry-) < Ch'. (3.44)
Define parameter 0 < ¢ < 1 by
P D) (3.45)

where we may assume that 4 is small enough so that & < min{oy,1 — oy}, where o
and oy were prescribed in (1.5). We introduce as in [16,18] a new dependent variable
S;;, defined as follows:

max(Sg, €) if Sy <o,
55 = / b (3.46)
min(Sg, 1 —¢) if Sp > oy.
Obviously, with S§ defined in this way, we have
ISg — Spl < e (3.47)
and
kp(Sp) = Ce". (3.48)

We define S; similarly and obtain the same estimates (3.47) and (3.48) where Sz and
SE are replaced by S, and S}, respectively. Using (3.48) we see

IVKs(Sp)22 = kp(SpVSplliz = Ce* ||V Sgll .2, (349)
which implies
||VS;}HL:>O(L2) < 87#|‘VK/)’(S/§)||LO<)(L2) (350)

But in the weak sense VK/f(S/‘i) = X{e<s;<1—¢} VKp(Sp), so our earlier estimate (2.11)
implies that

IVKp(Sp|zoe2y < [IVKp(Sp)llpoe 2y < € (3.51)
and thus combining with (3.50) we obtain

||VS7;HLOO(L2) < CFJ?H. (352)
Similarly, if we use (3.29) this same proof shows that

||VS;,HLOO(L2) < CS_’M. (353)
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Next recall the approximation property of the L?-projection, [2,12] which states for
j=—1,0,1 that

I~ P)llis < Chllpllrs Ve HITH(). (3.54)
It then follows directly that
I = Pi)Spll e azy < U= Pu)(Sp = Spllzeeqrzy + [T = Pi)Spll a2y
< C8+ChHS;fHLoo(HI) < C(8+/’l8_’u), (355)

where we have made use of inequality (3.47) and the mapping properties of P, the
approximation property (3.54) applied with j = 0, and estimate (3.52). But from its
definition, & = 4/ and so substituting into (3.55) above, we get

I — Pi)Spllieqizy < CHYOH0, (3.56)
Similarly [|( — Py)Sh| 1o (z2) < Ch'("*1) and so we obtain

I = Pi)(Sp — Si)l1oeizy < CRVOH0), (3.57)
Upon another application of the error estimate (3.54) with j = —1, we see that

| = Py)(Sp — Si)llzsr—1) < ChRVHH) and inequality (3.44) stated in Step 2 is
verified.

Finally, by combining the inequalities established in Steps 1 and 2, together with the
estimate for S—Sp provided by Theorem 2.1, the proof of Theorem 3.1 is complete. [J

We illustrate some immediate consequences of Theorem 3.1 and its proof by a
particular choice of the perturbation
kg(s) =max(k(s),cof") 0<s<1.
In this case, it is straightforward to estimate that C(f) < Cof*™ and m(B) = co™.
Finally, let f = (&) be given by
44 2u
Tian i i

for a fixed positive constant f.

B = Poh* with A= (3.58)

Corollary 3.1. Suppose 0 < pu < p(Q) — 2, with p(Q) defined as in (A.13). Let y be
given by (1.6) and S be the solution to Egs. (1.1)—(1.3) with Q=0 and qg=0, whose
coefficients f and k satisfy conditions (1.4) and (1.5). If M}, satisfies approximation
(3.1) and inverse (3.2) properties, then the approximate solution Sy := Kg(V},), where
Vi, solves (3.14) with B as in (3.58), satisfies the estimates

IS — Sl 2o (ar1yy < Ch*m2, (3.59)
IKp(Sh) — Kp(Sp)|l 1222y < CHT2, (3.60)
IS — Sl 2nz2eny < CH, (3.61)

1S — Shl| oo (zz) < CHHEH2TL (3.62)
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Proof. Estimates (3.59)—(3.61) are by now clear. Inequality (3.59) follows directly
from (3.30) with the designated assignment of f. Inequality (3.61) follows from (3.30)
of Theorem 3.1 together with inequality (2.4). Inequality (3.60) follows similarly, but
uses the simple pointwise inequality |Kz(b) — Kp(a)|* < ||k||oo(Kp(b) — Kp(a))(b — a)
which is uniform in f. Finally, to establish estimate (3.62) we notice that in the course
of the proof of Theorem 3.1 (see (3.3), (3.34) and (3.57), respectively) that we have

||Ph(Sﬁ - Sh)H%oo(LZ) S ChiZHPh(Sﬁ - Sh)”iw((}{l)*)

< Cth—Zm(ﬂ)—l/(l"'ﬂ) (363)

I = Pa)(Sp — Si)l|zoe 2y < CHYOHH, (3.64)

The proof is completed by combining this with estimate (2.19) from Lemma 2.3. [
3.4. Additional error estimates

The following theorem was stated in [16] without proof in the one-dimensional case
where K has one degeneracy. In this subsection we give a multivariate proof, if K has
two degeneracies, for the special case where the regularization kg is defined by

kg(s) := max(k(s), ), (3.65)

which, as we have seen, implies C(B) < ¢f>**, and m(B) = p*. In order to establish
this theorem and to provide the Galerkin error estimates in the next section, we as-
sume for the remainder of this paper that Kz(Sg) is sufficiently regular. In particular,
we assume

[Kp(Sp)llw2r < G| AKR(Sp) | + 1. (3.66)
This inequality holds, for example, under a diffusive flux assumption
0K p(S
K8 _ o on 0. (3.67)
on

Indeed, if this condition holds, then since 1 <y <2, it follows that y < p(2) and
so the elliptic regularity (see A.12) holds for the Neumann problem over domains Q
which satisfy our standing assumptions. Hence,

IKp(Sp) — Kp(Sp)allwes < CUIAK(Sp) |z + [[Kp(Sp)lr)- (3.68)
In what follows we use C and c¢ for constants which are independent of the para-

meters f§ and 4, but may depend on the Darcy velocity u.

Theorem 3.2. Suppose the hypotheses of Corollary 3.1 hold and p, . are given as in
(3.58). Furthermore, suppose that either condition (3.66) or condition (3.67) holds,
then

IS — Shl| oo (z2uy < ChHETH) minLi) (3.69)

IK(S) — Kp(Si)l| 2y < ChHZ minm), (3.70)
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Proof. By Theorem 2.3, it suffices to establish the estimate

sup _(Ky(Sy) = Kp(Si): Sy = i) + [ V(Ky(Sp) - Kp(Si)|72(2) < CHMR010,

0<r<
Set W), = Ex(Kp(Sp)), and let y = W;, — Kg(Sy) € M. Then (3.33) becomes
((Sp)e = (Sn)es Wi = Kp(Si)) = (S (Sp) = S (Sw))u, V(Wi — Kp(S1)))
+ (V(Kp(Sp) — Kp(Sn)), V(W — Kg(S))) =0, (3.71)
which can be rewritten as
< (Sp 81 Ky(Sp) — Kn(S0) + [V (KstSy) —~ Kn(Si) I
=((f(Sp) = f(Sp)u, V(W) — Kp(Sp)))
+((Sp = Sn)e Kp(Sp) = W)
+ (Sp — Sn> (Kp(Sp) — Kp(Sn))i)
+ (V(Kp(Sp) — Kp(Sn)), V(Kp(Sp) — W) (3.72)
The first term on the right-hand side of (3.72) can be rewritten as
((f(Sp) =SSN VO — Kp(Si))) = ((Sp) — F(Si ) V(Fy — Kp(Sp))
+((f(Sp) = f(Si)u, V(Kp(Sp) — Kp(S))). (3.73)
So we can bound this term by
1C/(Sp) — S Sl | V(s — K(Sp))llzz + ClICS(Sp) — £ (Si))ullz:
+ 3 IV(Kp(Sp) = Kp(Si)IZe- (3.74)

We can then hide the last term of (3.74) in the left-hand side of (3.72). The first term
of (3.74) is bounded as follows:

1/ (Sp) = S (SNl [ V(Wi — Kp(Sp))| 2
< CILFSp) = F SO I = En)Kp(Sp)l
< ClISp = Sull2 I — En)Kp(Sp)ll 1 (3.75)

where we have used the fact that f is Lipschitz. Applying the elliptic approximation
estimate for H'! to this inequality, followed by estimate (3.66), we then get

I((f(Sp) = f(S), V(W) — Kp(Sp)))|
< Chl|Sp — Sull 2| Kp(Sp)| a2
< Ch|[Sp — Sull 2 ([|AK(Sp)|| 2 + 1). (3.76)
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The second term on the right-hand side of (3.72) is bounded similarly:
((Sp = Sn)es Wi — Kp(Sp))| < [I(Sp = Sw)ellz2 (1 — En)Kp(Sp) 2
< O[Sy = Sl (ARSIl + 1, (B.77)
while the third term is estimated by
(Sp — S, (Kp(Sp) — Kp(Su))o)| < [1Sp — Sallzul[(Kp(Sp) — Kp(Si))elr. (3.78)
Finally, the last term on the right-hand side of (3.72) is bounded as follows:
|(V(Kp(Sp) — Kp(Sn)), V(I — Ep)Kp(Sp))|
< GV Kp(Sp) = Kp(Si)lzz + CIT = ENKy(Sp)l
< G IVKp(Sp) — Kp(Si)ll72 + ChP (| AKp(Sp)ll.2 + ). (3.79)

We can hide the first term on the right-hand side of (3.79) in the left-hand side of
(3.72). Now combining inequalities (3.72), (3.76)—(3.79) together, we obtain

d 1
T (Sp — S, Kp(Sp) — Kp(Sp)) + EHV(KE(SH) — Ky(Si)lI7:
< C{hSp = Sulloz + H(1(Sp = Si)illoz + F I AKp(S) 22 + 1)
+ C{I1Sp — Shll 2+ [[(Kp(Sp) — Kp(Si))eller + (| £(Sp) — £ (Swllz2}. (3.80)
Now integrate over the interval [0, 7y] and use Holder’s inequality to get

max (Sp — S, Kp(Sp) — Kp(S))(®) + 31V (Kp(Sp) — Kp(SiD)l 222

0<I<Ty
< C{AIISp = Sillzouqizon + B2 1I(Sg = Si)illzzy + B Yh= 2
+C{I1Sp — Sull 2enczm)[(Kp(Sp) — Kp(Si))ill )
HICFSp) — £ Sl 22y}
+ (87 = 54(0), Ky(S*) — Kp(Si(0))), (3.81)

where we used the fact from (2.16) that [|AKg(Sp)| 22y < em(B)~"2. The last term
of (3.81) is O(h*), by (3.59). Therefore, using (2.11), (3.61), (3.28), (2.15), (2.16)
and (3.58), respectively, we get

sup  (Kp(Sp) — Kp(Si)Sp — Si) + S V(Kp(Sp) = Kp(Si)l7202

0<t<Ty
< C{h)v-‘-]h—‘u/l/z _‘_hzh—‘u/l + h;b _‘_hzh—‘u/l + h/l}
< Ch. (3.82)

The proof is completed by using (2.4)—(2.5) and (2.19)—~(2.20) together with the
triangle inequality. [J
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4. Discrete Galerkin method

In the previous section we have derived error estimates for a continuous Galerkin
method (the time variable remaining continuous) applied to the regularized problem
(1.7)~(1.9). In this section we discretize in time (backward scheme) and give cor-
responding error estimates. Again, here we follow Rose’s analysis in [16], but are
generalizing to the multidimensional case with two degeneracies, and making modifi-
cations of the analysis to establish a higher rate of convergence in the time step.

The finite difference scheme used here is implicit with V' = F V,:’“, where F is a
nonlinear function. Thus one must show that this function is invertible for A¢ chosen
sufficiently small. We show this is the case when u constant in time. Therefore at
each step V' — V,’f“ is well defined which leads to a sequence of nonlinear algebraic
equations. Finally we derive the error estimates for S — S}, where S} = Hg(V}') and
Hy is defined by (4.13).

4.1. The discretized problem and existence of a solution

We consider the backward-difference time discretization

Hy(Viy — Hp(V}!)
At

,x) CHEA L) (VLT =0 (D)

for all ye My, n=0,1,...,N — 1 with
PyHV) = P,S°. (4.2)

The operator PjHy is bijective and the results of [16] guarantee a solution V,?. We
show that for the time step sufficiently small, the mapping V] — Vhthl given by (4.1)
is well defined. We get from (4.1) that

Vi =Fyt! (43)

for some function F: M, — M. To show V] — V;:“Ll is well defined it is enough to
show the function F appearing in (4.3) is bijective. We show this in two ways, the
first indicating why the nonlinear equations can be solved for small time step, and the
second giving a quantitative estimate for A¢ to guarantee invertibility.

4.1.1. Indirect argument for invertibility
Let (e;)]' be a basis for M), where m = m(h) = dim(M;). Set y =e¢; in (4.1). Then

(Hg(V}),e) = (Hg(V; ), er)
— A{(fHp(V ), Vey) — (VT Ven)} (4.4)
for 0 <i < N — 1. This can be rewritten in the vector form

PyHp(V]) = PyHp(V ) + AtF (PR Hg(V)), (4.5)
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where Z(PyHp(V;'™")) is the vector in M, with components (—f(Hp(V;™)) +
VV,:’*l,Vei). If we choose maxAt sufficiently small then we see by (4.5) that the
mapping PhH/;(V];’“) — PpHp(V}') is bijective, and, since P,Hp is bijective, we
deduce that V"' — V7 is bijective for small At.

4.1.2. Direct argument for invertibility

Here we provide a sufficient condition on At to show that the nonlinear function F
is bijective and that the nonlinear equations are invertible. We assume for this analysis
that u is constant in time, or at least its variation in time is negligible.

Let V' (resp. V}") be the iterated solution at time nAt (resp. mAt). Then by (4.1)
we have

PyHp(V]') — PRHg(V}"
( )~ Pl ),x) (S EHUPE) = FH ), V)

B (PhHﬁ(V,:'“) — PyH(V" )
o At

,X> + (VI =V, V). (4.6)
Set =Vt — "+ and use the relation V) = FV;"*! to get

<PhH/;(FV,f“ ) — PuHg(FV;"")
At

n+1 m+1
> Vh - Vh )

+ (FHpV) = fHpV D), V(7 = vty

B (PhH/;(V:“) — PyHp(VM)
- At

n+1 m+1
’ Vh - Vh )

HIVIE =V D) (4.7)
We can bound the second term of the left-hand side of (4.7) as follows:
(S Hp(V™ ) = fHP D)), V(7 = vy
<N EHV) = fHEV D7 + 5V = V]| (4.8)
Now using Lemma 2.1 applied to K (in place of K) we get

(CFHGP") = FEH DT = v )

< H“H%w(m@)
= o2cr

+ iVt = v

(H[;(V}:Hrl) 7H/;(V}:n+l), V}:Hrl o V}:nJrl)

o ||u||%°C(L°°)
- 2C*

3V =D (4.9)

(PRHp(Vly — PuHp(Vmh), vl — pmth
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So identity (4.7) leads to
(PuHp(FVy™) — PRH(FV ), vt — vt

||“||%oo(u>°)
2C*

= (PhH/;(V;,Hl) - PhH[f(V}:’l+1)s V:Jrl - V}:’Hrl)

+ At (PyHp(V ) — PyHp(V ), vt — vty
1
+ ALV =V (4.10)

and so,

(PhH/j(FI/]:Hrl) o PhHﬁ(FV'];?H*l )’ V;l‘l+l o V}:n+l )

o oo g
> <1—At S | PRHV) — PuH(V . v

1
+§AtHV(V,f“ —Vmh)|4. (4.11)
Now we use the fact that P,Hy is coercive [16] to get from (4.11)

(PyHR(FV]™) — PRHg(FV ), vt — ety

> [ 1= Az HUH%OQ(LW) ||Vn+l o Vm+l||2
= 2C* h h 12

1 n m
+§At\|V(Vh“ — V3. (4.12)

Thus, if the standard type of existence condition on the time step

1-Az”"”§ﬂ >0 (4.13)
2C* ‘

for nonlinear equations is satisfied, then P,HgF is bijective; since it is clearly con-
tinuous [3,16] and P,Hpg is bijective [16], then F is also bijective. Thus by taking
At to satisfy (4.13), we can perform the backward solve to produce the solutions
V}?, Vhl, ..., V}} to the sequence of nonlinear algebraic equations which approximate the
solution to the nonlinear differential equations (3.14) and (3.15).

4.2. Error analysis

We are interested in estimating the error S(z,)—Hp(V}') of the discrete time Galerkin
approximation to the differential equations. We set S := Hp(V}'), in which case the
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Egs. (4.1) and (4.2), respectively, become

S}’:H — Sﬂ _ gyt K¥Vias -0
) = S V) + (VK8 V) =
for all y € M, (4.14)
PyS) = PyS°, (4.15)

where S? is the initial saturation given as in (1.3). We then have the following fully
discretized version of Theorem 3.1.

Theorem 4.1. Suppose p,y are defined by (1.6) and m(p) is as defined in (2.12). Let
Sp be the solution to the regularized equation (1.7)—(1.9) with Q=0 and q=0, and
with coefficients [ and k which satisfy conditions (1.4) and (1.5). Let S} = Hg(V}),
where V] e M, n=0,1,...,N — 1 solves (4.1) and (4.2). Then

N—1
n n|2 n+1 n+1 n+1 n+1
Jmax S5 = S8 + nzoj A(Kp(SpHh) — Kg(SpHh), 85— spth)
< C{RF'm(B) =V 4 ALOFD2Y (4.16)

where Sp = Sp(tn).
Proof. Subtract (4.14) from (3.32) to get

Sn+1 —Sn Sn+l _ s
( : At £ — & At h L — ((f(Sngl) - f(S;’ll))un+l,vX)

+(V(KpSET) = Kp(Sp ™)), Vi)

aSnJrl Sn+1 _s
+< bS8 By —0 (4.17)

Ot At

for all y € Mj,. If we set

n+1 n
4+ n __ ¢ — ¢
a ¢ - At s

then (4.17) can be rewritten as
(@5(Sp = S)"s 1) — (S = £ )™, V)

n+1 n+l _ qn
oSyt sy s 0 »
Ay or) T (VKRS — Kp(Sy7)). Vi) =0. 0 (4.18)
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Next we set y = T;,(SZ+1 — 87"y in (4.18) to get
(0" Pu(Sp = Su)", Tu(S ™" = S3+1)
+ (VKRS — Kp(S), TSy = sih))

= (S} =SSO VTS = $ith)
n+1
_ <a’; — 0" Sp, Tu(S; ™ — S;;“)) , (4.19)

where T, is defined by (A.24).
The identity

1 At
AL (P T P 7\\5+¢"||2h—1 = (Ty(@"¢"), ¢""), (4.20)

which is the discretized analogue of the fact (70¢/0t, p)=1/2d/dt(T¢, ¢), is established
using the definition of Ej, and 7 for H(;SH}ZLrl = (Ty¢, ¢), and properties of 7;, = E,T.
h

If we apply this identity to ¢ = P(Sg — Si) € M), then we obtain the estimate

1 n n n n
g UPHCSE = SyOIG - = 1Pa(Sh = SDI, -}

1 n n n n n n
< &7 (S = S = Pu(S = S, TS = S37). (4.21)
Upon substituting this estimate into identity (4.19) we obtain

PSSy DG = o 1P = Sl

e | L|
2At 2At
+ (VRS = Ky(Sp O VTS = 5)

<SS = £ WL VTS = $i)

aSn+l Sn+17 n
—( aﬁt — X ",Th(sg“—s,;’“)). (4.22)

But, we get by definition of Ej, (see (A.18)), and because T;,(SE+1 — STty e My,
(V(KE(SZH) — Kp(Sith), VT;,(S;}“ )
=(VE(Kp(S;™) — Kp(Sp ™)) VTS = Spth). (4.23)

Next using the definition of 7j, (see (A.22) and (A.24)), and the fact that (Sg+1 -
S,’Z“)Q =0 (set y =1 in (4.14) and use (3.15)), we have

(V(Kp(S5) = Kp(Sy ™). VTS5 = 57*)

= (En(Kp(S5™) — Kp(SpH)), (S5 = 855h))
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_ (Kﬁ(SYH—l) o Kﬁ(slﬂ—l) S;-H _ S;IH-l)
+((Er — DKg(SEH, S5 = St (4.24)
since V' = Kp(Sit!) € M,. We combine estimates (4.22) and (4.24) to yield

n n 1 n n
TAZ‘HPh(SﬁJrl _ Sthl)Hle)* — m ||Ph(S/; — Sh)H(2H1)*

HKp(SE) — Kp(SiHh), St = spth
< ((f(S[’fl+l) o f(S}rlHrl))unJrl’VTh(Sngl o S}r11+l))
(T = EDKp(S;, S5 = 55|
oS Sn-H — S
_ <5tﬂ ~ TS s ) (4.25)

The first term on the right-hand side of (4.25) can be bounded as follows:
(S = £, v TSy — S;:+1 )

1 * n
CNASE = FSEDIE + 54

<3 VTR — Sl

2C*

1 * n+1 n+1y(12
< E c Hf(S[} )7 f(Sh )”L2 + 54 2C*

where C* is as in (2.2). By Lemma 2.1 the first term on the right-hand side of (4.26)
can be hidden in the left-hand side of (4.25).
The second term on the right-hand side of (4.25) is bounded as follows:

(1~ By 85 = 571 < €0~ Enku(S; ™I

1PACSE ™ = DI, (4.26)

C** " Y
ISyt — st (4.27)

by the arithmetic—geometric mean inequahty. We can again hide the second term on
the right-hand side of (4.27) in the left-hand side of (4.25). Using the error estimate
for the elliptic projection and the inequality (3.66), we have for the first term

I = ENKy(SE2 < CH || ARSI (4.28)

It remains to deal with the last term on the right-hand side of (4.25). For this,
we have

aSn+1 Sn+1 kYA 1
B B B

=— S the1 — 1) dr, 4.29

o N7 “/I,, /ftt(f)( 41 —1)dr ( )

where we use the Taylor expansion of Sg about #, and 1, := [t,,%,41]. By (1.7) it
follows that

Spr = (=V - f(Sp)u+ AKp(Sg))i- (4.30)
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Using (4.29) and (4.30) in the last term of (4.25) we get
+1 +1 n
aSZ _ S;;l B Sﬁ Th(Sn-H _ Sn-H)
ot At TP h

1
_ (At /1 (=Y - £(Spu)(7)

+(AKRSE)(0)tws1 — 1) dT, Ti(SEH — SZ“)) : (4.31)

The divergence theorem together with (1.8) and (4.31) give
n+1 n+1 n
aSﬁ _ SB — Sﬂ T (Sn-H _ Sn-H)
ot Ar B h

N (Alt /In(f(Sﬁ)”)t(T)(tn—H — 1) dr, VT (S — SZH))

— (Alt /1 (VKs(Sp))i(tns1 — f)dr,VTh(S;“ — s;;“)> ) (4.32)

We estimate each of the terms of the right-hand side of (4.32) separately.
The first term is bounded as follows:

<A1t A(f(S/;)u)t(T)(tn+1 — 1) de, VI (S)*! — SZ“))

1
< a7 [ IOl — o e VTS = 83 (433)
I
By the Cauchy—Schwartz inequality we have

1
7 [ ISl — ol

1/2

1 Il
< A7 ISl 22@).0,) (/ (tas1 — 1) dT)
t

= (A" 2[(FSpu)e || 22y, (4.34)

So (4.33) becomes
1 n+1 n+1
(At/,(f(sﬁ)“)’(f)(’"“ — 1) dt, VT Py(S)™ — ) ))

< (A)2(FSpw 2200

VPSS = Sl
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< (AD20(F SN Pz + 3 IV TIPS = SEHIE

= (AN S 2,y + SIPHSF = SEDIE -, (4.35)

where we used identity (A.27) for the last equality.
The second term on the right-hand side of (4.32) can be rewritten as follows:

1
<At /I(VKﬁ(Sﬁ))t(th - I)dr,vTh(Sgﬂ _ S},l,ﬂ))
1
— (At /I(VEhK/;(S/;))t(th —1) dT,VTh(S;}H B SZH))

1
= (At /1 (ExKp(Sp))i(tn1 — 1) dz, S5 — S;;“) ) (4.36)

Here we made use of the definition of E; (see (A.18)) and the definition of 7}, (see
(A.22)—(A.24)). Using again the Cauchy—Schwartz inequality and (4.36) we get

1
‘(At A(VKﬁ(Sﬂ))f(’nH — 1) dr, VT, (S5 — S]:Hl))

1
< E/ IELKp(Sp)ill2 (tar — D) da|[ S5 = SpH 0. (4.37)
In
Also
/ [ER(Kp(Sp))(D)|[ (a1 — T) dT
[rr

thi1 12
< HEhK[}(S[})t||L2(L2(Q),[,,) (/ (tn+1 — 1—)2 df)
tn

< HEhKﬁ(S/;)t||L2(L2(Q),[n)(At)3/2_ s
So (4.37) becomes
1

< (ADP|EKy(Sp) 2o,

which then gives

‘ <Alt /1 (VER(Sp)(tn1 = ) dr, VTS5 — S;J“)> '

S =S @), (4.39)

< C(At);!/z ”EhKﬁ(Sﬁ )i ||22(L2(Q)’[”)

C**

R

2+
”S/);Jrl - S}}ZH HLZ(A;Q)
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< C(At)y/z ||EhKI3(SI3)t||22(L2(Q),1”)

C**

* 8
Now using estimates (4.21), (4.26), (4.27), (4.28), (4.35) and (4.40), after hiding the
appropriate terms, we get

1 n+1 n+1y(12 1 n ny||2
A7 [1Pu(SE™ — S, )HH[‘ - E”Ph(sﬂ - Sh)||Hh—1

7 2
IS5 = i I (4.40)

1
+ Z(Kﬁ(Sz+l) _ Kﬁ(SZJrl)’S;JrI o S}rllJrl)

<c{Ims - SR+ ARSI
At 2 A /2 b4
+ 7”(f(S/i)u)t||L2(L2(Q),[n) + (A7) ||EhK/f(S/f)fHLZ(LZ(Q),]H) . (4.41)

Next, multiplying (4.41) by Az, summing from n =0 to n=m — 1, with 0 <m <N,
and using the fact that Ph(Sg —89) =0, we obtain
m—1

1 1
SIPHCS = SiDI -+ 3 D ArKp(SE) = Ky(S; . 557 = S3h)
0

m—1

m—1
= {ZArnPh(Sz“ =SNG 1 AIAKKSI
0 0

m—1

+ Afzz H(f(Sﬁ)u)tH%Z(LZ(Q),[,,)
0

m—1
+ (AT EK S 0, m} . (4.42)
0

Next using the discrete Gronwall Lemma (see [6,10]) and the fact 1 <y < 2, we get
N—1
IPA(S = S + 1D AdKp(SF) — Ky(Si). S5 = 8371
0

max
0<n<N
N—1
<C {hZVZAtHAK,;(S,’;“ [
0

+(At)(7’+2)/2(||(f(Sﬁ)u)l”IZ‘Z(LZ) + ||EhK/3(Sﬁ)t||}iz(L2))} . (443)

Since
> ARSIy = 1K SO )

0<n<N
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as Ar — 0, we have

S ARSI, < Cm(p)~ 1+, (4.44)

0<n<N

where m(f) is defined by (2.12), and we have used inequalities (3.66) and (2.14)
together with Eq. (1.7).

For the second term of the right-hand side of (4.43), we observe by (2.11) and
(2.3), and [18] that || f(Sp)|l12z2) and ||[ExKp(Sp);||12(z2) are bounded independently of
p, and h. Thus (4.43) becomes

N-1

n ny||2 n+1 n+1 n+1 n+1
OgagN||Ph(sp—Sh)HH;l+nXOjAr(K,;(Sﬁ ) — Kp(Sp ), St =i

< C{Rm(B)~ Y+ L (AHU+2y (4.45)

An immediate consequence of (4.45) is the following.
N—1
D IR = Kp(SptOl7:A < C{Rm(B) ™40 4 (A2} (4.46)
0

and

N—1

ST Adsp - Sp R < CERm(BY T 4 (An2), (4.47)
0

To obtain the desired estimate for Sy — Sy, we will use (4.45) together with an
estimate for (I — Py )(Sg —8}). This estimate however requires the following Lemma.

Lemma 4.1. For Ky and S} as in Theorem 4.1, there is a positive constant C so that

n
Jmax | VEs(S])].2 < C. (4.48)

Proof. In (4.14) set y = Ky(S;™") — Kg(Sy) € M, to get

St sy
<}’Ath,Kﬁ(SZ“) — Kp(Sy )) — (S8 V(KRS = Kg(Si)))
+(VKg(S; ™), V(Kg(Sp ™) — Kp(S7))) = 0. (4.49)

This yields (Cauchy—Schwartz)

sl _gn 1 1
(hAth,Kﬁ(S;;H)_ K[;(S,’,“)> +3 IVKs(SI 12 — 3 IVKs(Si)I72

< (SO VKRS = Kp(Si)))- (4.50)
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The right-hand side of (4.50) can be rewritten as follows:
(f (S L V(KRS = Kp(S))))
= (S (S O VE(SEh) = (S (S, VKR(S;)
+ (S = f (S "L VER(ST))
< (S DL VKR(S) = (F(Siu”, VKy(S}))

o LS = £S5l + CAM TR (S
<
2A¢
The last term on the right-hand side of (4.51) is bounded by

+ 1A STH@ — w7, (4.51)

LCAt|u|lF 1 £ (SpT[F - (4.52)

Now hide the second term of the right-hand side of (4.51) in the left-hand side of
(4.50) by inequality (2.2), by making C sufficiently small. Combine (4.50) and (4.51),
sum over 0 < n < m, and use the discrete Gronwall Lemma, to complete the proof of
the lemma. [J

In order to complete the proof of Theorem 4.1, we use the inequality
maxo<,<n || VKp(Sp)||z2 < C established by Lemma 3.1, and follow the analysis done
in (3.44)—~(3.57), in order to get

_ n+1 _ on+l . < y
smax (= P = Si D gy < Ch (4.53)

The proof of the theorem is completed by assuming the inverse estimates (3.2), and
using estimates (3.43), (4.45), and (4.53). [

If, as in Section 3, we take fi = Boh* with 4 = (4 4 2u)/(2 + 4u + p?), and if we
consider the specific perturbation defined by (2.17), then the conclusion of Theorem 4.1
becomes

N—-1
o X IS5 = S G + D AMKST = Ky(SiT. S5 = 5
<n< -
< C{hF% 4 (AnTHD2Y, (4.54)

Finally we have the following

Corollary 4.1. Under the hypotheses of Theorem 4.1 we have

Jmax [S(t) = S [Gye < C{RTm(B)™H + C(B) + (AT} (4.55)
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and
N—1
S ALt — SpEE < CURIM(BYH 1 C(B) + (AR, (4.56)
0
where C(f) is defined by (1.10), and m(f) defined by (2.12).

Estimate (4.56) does not require the inverse estimate assumption (3.2), but we do
need this assumption for estimate (4.55). Estimate (4.56) is a direct consequence of
Theorem 2.1 and estimate (4.47). Estimate (4.55) is a direct consequence of
Theorems 2.1 and 4.1.

Appendix A. Poisson solutions—regularity and approximation

In [11], properties of the Poisson Solution Operator 7 were given which were needed
in our development and are summarized here for convenience. In addition, we define
the Mean-Value Preserving Elliptic Projection onto approximating subspaces, the cor-
responding discrete version of the operator 7', and give some of their properties which
are required for our analysis.

A.1. The Poisson solution operator

The elliptic boundary value problem

—Aw=f in Q
a#’:o on 0Q, (A1)
on
wq = 0
has a unique solution @ =: Sf with w € H' when f€H~' and fq vanishes (see

[2, Sections 5.2 and 5.3]). Therefore for any f € H~' the boundary value problem
—Au=f—fo inQ,

M _0 on o0 (A2)
on
ug = fo

has a unique solution u€ H' given by u := S(f — fo) + fo, and we define the
Mean-Value Preserving Elliptic Solution operator 7:(H')* — H' by T(f)=u. A
more convenient equivalent norm for H! is defined by (A.9) below and is closely
related to 7. The weak formulation of (A.2) is given by

(Vu,Vo)=(f,¢) — (fa,$)
=(f,®) — foda
=(fs¢) —(Tf)ada (A.3)
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for all ¢ € H' and so

V(T V)= ([, 9) — fado (A.4)
In particular, if we take ¢ = T'f, then we obtain

INTSII7 = (/s Tf) = (fo) = (/s Tf) = (Tf Vo (A.5)
The operator T is linear, symmetric and positive definite [11,18]

(Tf.9)=(f.Tg) forall f,ge(H")" (A.6)
and from (A.5) it follows that

(Tf )= VTS| + (T Yo = IIVTS Iz + (fo)*. (A7)
With these properties in mind we can define on (H')* the norm:

1171 gy = (TS 02 (A.8)
which is the dual norm for H', when H' is equipped with the equivalent norm

[l 1 = IVl + (o))", (A.9)

With these definitions we get the relationship
@/ )= NTF G = 1T 1 (A.10)

where ~ means equivalent within fixed constants independent of f. The proof of
the equivalence is a simple application of Poincaré’s inequality (see e.g [7]) in one
direction and Holder inequality in the other.

Proposition A.1. Suppose f belongs to (H')*, then
(Tf, O =1 Ny (A.11)

in the sense of the norm (A.9).

The results of [12, Chapter 4] further extend the properties of the operator 7 to more
general Sobolev spaces over convex polygonal domains in R2. In particular, elliptic
a priori estimates of the form

lullwriay < calllAullr + uer. (A12)

are established (see, inequality (4,1,2) of [12] and its proof using Theorem 4.3.2.4 and
Remark 4.3.2.5), under the assumption that 1 < p < p(Q2), where

—1
p(L2) = (1 - 2@?9)) (A.13)

and ©(Q) is defined as the maximal interior angle of the polygon Q. Hence in this
range of p it follows that

IS w20y < co{llf = faller + 1T lle} < e[| f]Le- (A.14)

The last inequality on the right-hand side of inequality (A.14) (i.e. the boundedness
of T on L?) follows by the Sobolev embedding theorem (since d < 2), the fact that
the result holds in the case p =2, and Holder’s inequality.
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From [11], we also have the following result:

Proposition A.2. For smooth f, the operators T and 0/0t commute

0 . (of
Lrpy=t (m) . (A15)
Furthermore, if f € H'(Q) and
o om0, (A.16)
on
then
T(Af) = A(TY). (A.17)

A.2. The mean-value preserving projection

Let {M;};~0 be a family of finite dimensional spaces (see, for example,
[2, Chapter 4]) such that M, C H'(Q). Let f € H', then
Vi Vo) =V V) VieM,,
(A.18)
(fn)a=fe

has unique solution in M. We define the mean-value preserving operator E;, : H'(Q) —
My, by En(f) := fin where f is the unique solution to (A.18). By the definition of
the projection Ej and orthogonality it follows that

0<[V(f = BNz + IVESIZ: = IV £
and so for f € H'(Q), there holds
IVEL Sz < IV [l (A.19)

VEwS Nl < (1S Nl (A.20)

In fact, by using a duality argument (see [2, Section 7.5]), the projection E; can be
shown to be bounded on W'7(Q) for all 1 < p < oo, and therefore a corresponding
Cea estimate holds for the elliptic projection. This and another lifting argument then
provides a mean-preserving second order elliptic error estimate for Ej, of the form

1f = Enfller < ch?||f w2y (A21)
if 1< p' < p(Q), where p is defined as in (A.13) and p’ is the conjugate index
to p.
A.3. The discrete analogue of the solution operator
We consider the discretized elliptic problem of finding for each w;, € M), a solution
feH'(Q)* such that
{ (Vwn, Vi) =(f — fa. 1) YreM,,

A22
(wn)e = (e (A2
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By the definition of the solution operator 7' to (A.2) there holds
(VTf, V) =(f = fa.x) VieM,
(A.23)
(TF)e= (e
and so
Ty:=EyoT :H'(Q) — M, (A.24)

is the solution operator to the discrete problem (A.22), that is w, =E,(Tf). It follows
directly [11,18] that the operator 7} is linear, symmetric in the sense

(Tif,9)=(f,Trg) forall f,ge(H")" (A.25)
and is non-negative since
(Tt /)= IVTif |72 + (fo) = 0. (A26)

Although y — (Tyy, x)"/? is only a semi-norm on (H')*, it is a norm when restricted
to M,

12l = (Taxe )" = AV Tz + ()" (A27)

In fact, Rose [17, Lemma 4.4] established the following:

Lemma A.1. If ||y is defined by (A.11), then there is a positive constant C
so that

Cllllemy- < ||X||H,;l < ltllgys Vr € M. (A.28)

By combining the elliptic error estimates (A.21) with the elliptic regularity of T
(A.12) the following lemma follows immediately.

Lemma A.2. If the discrete solution operator Ty, is defined by (A.24), then

(T = T)(Nee < || f e (A.29)
if max(p, p') < p(Q), where p(Q) is defined as in (A.13).
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