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FRACTIONAL INTEGRATION IN ORLICZ SPACES
ROBERT SHARPLEY

ABSTRACT. Fractional integration and convolution results are given for
Orlicz spaces using an inequality earlier developed for A (X) spaces which
generalize Lorentz L(p,q) spaces. The extension problem for convolution
operators encountered previously by other authors is almost entirely avoided.

1. Introduction. O’Neil has shown that fractional integration and hence
convolution theorems hold both for Lorentz L( p, q) spaces [8] and by different
methods for Orlicz spaces [9]. An inequality utilizing the weak interpolation
for operators was given in [7] from which fractional integration theorems
followed for the spaces A, (X ) which generalize the L(p, q) spaces. This same
inequality is used here to prove the corresponding theorem for Orlicz spaces.
The main result of this paper avoids “endpoint estimates”, but we hope to
return to this point at a later time.

A function 4 on [0, o) is called a Young’s function [9] if it is nondecreasing,
convex, left continuous, satisfies 4(0) = 0, but is not identically zero. The
Orlicz space L, is the Banach space of all locally integrable functions for
which the Luxemburg norm

(L1) Iflly = int{k| [ 4(£C0)1 /) dutx) < 1}

is finite [3]. For simplicity, we shall restrict ourselves to the line R with
Lebesgue measure. If we set 4(x) = x?/p, then we obtain the I spaces.

If A is a Young’s function, then we define its inverse by A~!(y)
= inf{x|4(x) > y}, where inf ¢ = 0. A~ is a nondecreasing, right contin-
uous function satisfying the conditions that 47! (x)/x is nondecreasing and

(12) A4 (x) < x < A7 (AX)).

If for every § > 1 there is a constant ¢ so that 4(6x) < cA(x), then 4 is said
to satisfy the (8,,A,) condition.

If f is a locally integrable function on R, then the distribution function for
| f] is defined by w0 = m(s|| f(s)|> f), where m is Lebesgue measure. Two
functions f and g are called equimeasurable if Bl = Bigl- It is not hard to see
then that L, is rearrangement invariant, i.e. equimeasurable functions fand g
have the same norm in L,. The decreasing rearrangement of a locally
integrable function f is the right continuous inverse of | and is denoted by

Received by the editors April 14, 1975.
AMS (MOS) subject classifications (1970). Primary 26A33, 42A96; Secondary 46E30, 46E35.
Key words and phrases. Fractional integration, convolution, Orlicz spaces, decreasing rearrange-

ment.
© American Mathematical Society 1976

99

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



100 ROBERT SHARPLEY

f**. The averaged rearrangement of f is defined by f**(t) = fy f*(s)ds/t, and
it follows that f*(r) < f**(o).

The fundamental function ¢,(r) of the space L, is the norm of the
characteristic function of the interval (0,7). A straightforward computation
shows that @, (1) = 1/47'(1/¢) and so g, is a concave nondecreasing function
on (0, oo) satisfying ¢, (0) = 0. We define ¢4 (1) = t/9,(¢). The indices [2], [5]
of an Orlicz space are defined by

v, =lim6@), ¥4 = lim 6()

where

() = log(sup %%t)))/log L.

s>0 Py

It can be shown that 0 < y, < ¥4 < 1. When A(x) = x?/p, then y, = ¥,
= 1/p. The reciprocals of these are the familiar exponents developed in [6]. By
Lemma (5.9) of [2],y, > 0 is an equivalent condition on 4 to the (8,,4,)
condition. It is not difficult to see that y, < 1 is equivalent to A’, the
complementary Young’s function determined by the fundamental function
@, (1), satisfying the (8,, A,) condition.

2. Convolution and special operators. A bilinear operator T is called a
convolution operator [9] if the following three conditions hold: (i) ||7(f, g)l}
< Nfhliglh, @) [T(fg)lke < 11 llglles (iiD) NT(f:8)le < lIflke llglh where
|l and || ||, denote the norms in L' and L, respectively. It is understood that
T is defined for a pair (f,g) only when the existence is forced by relations (i)
through (iii).

Special operators were defined in [2] in order to study the Hilbert transform.
We shall need several of the properties of these operators for what follows.
Define P and P’ by

P(R)W) = [, g@ s/, Pe)®) = [ gs)ds/s

Likewise, define the operator S by
S(g) = 94 P(g) + P'(g94).

PROPOSITION (2.1) (SEE [2]). Suppose that B and C are Young’s functions. A
necessary and sufficient condition that P is a bounded operator on Lg is that
¥g < 1. Dually, y > 0 is necessary and sufficient for P’ to be bounded on L.

We shall only use the sufficiency of this result which is not too hard to see.
For example, in order to show P is bounded on Lg, we represent P(g) by
J3 E(g)(s)ds where E,g(s) = g(st) and then we notice that |P|lg
< Jo |Ey,llds. But

IEyllg = sup{gp(rs)/gg(r)} < const s, allo < s < 1,
r>0

for some B < 1, since yg < 1. Hence ||P|z < oo.
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FRACTIONAL INTEGRATION IN ORLICZ SPACES 101

The Lorentz space M(A) [4] corresponding to L, is the Banach space of
locally integrable functions f such that

1/ llpray = S'-tlp{f"(’)% (0}

is finite. In [10] this space was denoted M(L,). If A(x) = x?/p, then M(A) is
just “weak L. We only require the following property of this space, namely

(22) Iflagcay < 1f1L4-

We now state the main inequality for convolution operators mentioned in
the introduction.

PROPOSITION (2.3) (SEE [7]). If f € M(A) and g satisfies the condition that
S(g*)() is finite for some 1, then T can be uniquely extended to be defined for
the pair (f,g) and

2.9 T(f’g)* < 2”f”M(,4)S(g*)-

REMARK (2.5). The reader should notice that the quantity ||flly A)S(g*) is
very similiar to the expression

F g0 + [ fHe)g*(s)ds

used in [8], [1], [2). In fact, if f**(¢) and f*(¢) are replaced in the second
expression by [|flly(4)/®4(?), then we obtain the first expression. In a sense,
1/g,(¢) can be thought of as the largest function of norm one in M(4), so long
as 74 < 1. It should also be noted here that Proposition (2.3) seems to avoid
the extension problem that has plagued writers in the past [1], [12].

3. Main result. In order to arrive at the correct estimates involving Young’s
functions, we need the following lemma which is a modification of the
“Generalized Young’s Inequality” (Lemma (2.4) of [9]). Below we use ¢ to
denote an absolute constant, not necessarily the same in all the formulas in
which it occurs.

LEMMA (3.1). Suppose A, B, and C are Young’s functions such that C satisfies
the (8,,4,) condition, then the following are equivalent

(32) - c(s)s < cpq(s)pp(s),
(3.3) AY (B (1) < ctC7(0),
(3.4) C(B~(B(y))A~'(1/1)) < cB(y) when B(y) < 1/t

PrOOF. By the definitions it is obvious that (3.2) and (3.3) are equivalent.
We show that condition (3.3) implies (3.4). Since B(y) < 1/t and 47! (x)/x is
nondecreasing, we have

C(B™N(B(»)a™'(1/1)) < C(B~'(B(y))A (B(»))/B(y))
< C(cC™Y(B(y))) < const B(y).
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102 ROBERT SHARPLEY

The last two inequalities are valid since (3.3) holds and C satisfies the (3,,4,)
condition. That (3.4) implies (3.3) is seen by setting t = 1/B(y).
By the definition of ¢,.(¢) and relation (1.2) we have

COROLLARY (3.5).  If the assumptions of Lemma (3.1) hold along with relation
(3.2), then we have

(3.6) Cypq (1) < cB(y) when B(y) < /1.

LemMa (3.7). If ligllg < ¢, then B(g*(t)/c) < 1/t
PrOOF. By property (2.2) and the fact ||g|lz < ¢, we get

g*()/c < g™ (/e < VYgp(t) = B~ (1/1).

Applying B to both sides of this inequality, we obtain
B(g*(1)/c) < B(B~'(1/1)) < V1.

THEOREM (3.8). Suppose A, B, and C are Young’s functions for which yg <1
and y- > 0 and

(3.9) 59c(s) < cqq(s)pp(s),

then each convolution operator has a unique extension to M(A) X Lg such that
T(f,g) belongs to L whenever f € M(A) and g € Lpg; moreover,

1T 2)lle < ellfllaginlglls-

PrOOF. We assume without loss of generality that ||g||z; = 1. By Proposition

(2.1)

(3.10) 1P(g®)llg < cillg*llg = cllglls =
and
(3.11) ”P/(g**PA’)”c < 02”8*%'”0

Applying Lemma (3.7) to P(g*) and (3.10), we get that B(P(g*)(1)/c;) < 1/t
where ¢; = ¢; + & Using Corollary (3.5) with y = P(g*)(r)/c; and integrat-
ing we get

[ C(P(e*)Dou (D) /cr)dt < [ BP(g*) () /cy)dt < 1
by the definition of the norm (1.1). Hence we have

(3.12) 1P(g*)gsllc < < llglls-

Similarly, by Lemma (3.7) we have that B(g*(¢)/(1 + €)) < 1/t so Corollary
(3.5) with y = g*(¢)/(1 + &) after integration yields

[ Cle* e/ + ) < [ Bg*())/(1 + &))dr < 1
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FRACTIONAL INTEGRATION IN ORLICZ SPACES 103

and so there holds

(3.13) lg* s llc < llgls-

Combining inequalities (3.11) and (3.13), we obtain

1P (g* 04 )lc < callgllp-
But this together with (3.12) gives

1S(g*)llc < cllglls-

Hence S(g*) is finite almost everywhere and we can use Proposition (2.3) to
get that T(f,g) is defined for each f € M(A4). By (2.4) we obtain

IT(£@)llc < 201flygea) 1S(8*lc < ellfllysellglls-

THEOREM (3.14). Suppose A, B, and C are Young’s functions but condition
(3.9) does not hold, then there exist functions f € M(A) and g € Lg such that

frg & M(C).

PrOOF. We denote by A(A4) the Banach space of all locally integrable
functions such that

Wfllacay = f~ 7*(6) dea(s)
is finite. It is not hard to see [9], [10] that for each f € A(4)
14 < I lIaays
so A(4) is continuously embedded in L,. We show in fact that
A(4) = A(B) © M(C).
Since relation (3.9) does not hold, there is a sequence {s,} such that

Sn (pC(sn) 2 Cn P4 (S,,)‘PB(Sn)
where ¢, = 2% Define f and g by

@) = $ Vo4 (Sn)X[=5,/2,50/2) (1)

and

g() = ; (o l/ 4/¢B(Sn)X[_s,,/2,s,,/2](f)-

In this case we have ||f]| AG) = llgll A(g) = 1. since f and g decrease symmetri-
cally. But
fre)0) 23S GV )
g = 4 4 Cn (s,)pg (s, ) Xmsn/ 25/ 210D

At
License or copyright restrictions may apply to redistribution; see http://www.ams. rgljgbrna -terms-of-use



104 ROBERT SHARPLEY

$0
V2,

1f* gllgcy 2 SuP(w;—)q’c(Sm))
> sup c'/2 0.

REMARK (3.15). By private correspondence M. Milman has sent the author
a proof of Theorem (3.14) involving the Orlicz spaces themselves rather than
the spaces A and M. The proof follows closely O’Neil’s result in this direction
for product operators [9].

Combining Theorems (3.8) and (3.14), we obtain

MaAIN RESULT. Suppose A, B, and C are Young’s functions such that B’, the
complementary Young’s function for B, and C satisfy the (8,,4,) condition.
A necessary and sufficient condition that each convolution operator have a
unique extension mapping M(4) X Lg into L is that

Pc(s)s < cpy(s)gp(s)
for some constant c.

4. Examples and further results. In this section we mention a related
theorem and compare the results of this paper to those of O’Neil’s. A
discussion of the case y. = 0 is also included.

By the same methods employed in [9], duality and associate spaces, the
following theorem is easily obtained.

THEOREM (4.1). If A, B, and C are Young’s functions such that v, < 1,
¥g < 1, and condition (3.9) holds, then Ly * Lg C A(C). In fact, it is not hard
to generalize this argument to rearrangement invariant Banach function spaces.

It is well known (p. 119 of [11]) that the conditions ¥ < 1 and y. > 0 in
the Main Result are necessary if all the Young’s functions are powers.

We can show that if L. = L* and B is any Young’s function such that
Yp > 0, then selecting 4 equal B’, condition (3.9) holds, but M(4) * Lg
¢ L. However, the condition y. > 0 in Theorem (3.8) is not necessary in
general. In [14] it is shown that fractional integration on [0,27) holds for
A(x) = x”, B(x) = x”, and C(x) = e /A where 1/p + 1/p’ = 1. The ex-
trapolation argument given there holds for any convolution operator.

In [9, Theorem 4.7] it was shown that a fractional integration theorem holds
for C(x) defined by

4.1) Cl(x) =f0xi_l’—3§mdz

when C exists and B’ satisfies the (8,,4,) condition. By the definition one can
show that if y. > 0 and C satisfies (3.9), then C exists and @¢(s) < c@a(s).
This shows that Theorem (3.8) is weaker than O’Neil’s.

A natural question which arises is: given 4 and B, how can one construct a
C satisfying (3.9)? Define C* by the relation
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FRACTIONAL INTEGRATION IN ORLICZ SPACES 105

Pcr(x) = xilzli QM‘

If s is not identically zero on any interval, then C* exists and is equivalent
(up to constants) to a Young’s function. M. Milman has pointed out to the
author that a necessary and sufficient condition that C* exist is that
A'(x) < B(cx) for small values of x (or symmetrically B* < A(cx)). This is
easily seen by taking inverses on both sides of the indicated inequality. If C is
any Young’s function which satisfies (3.9), then

(4.2) Pc(s) < cpes(s).

In particular, C satisfies (3.9) so it must satisfy (4.2). Using the operators P and
P’ one can show that if Yo+ < 1, then y -« > 0is necessary and sufficient for
C and C* to be equivalent Young’s functions. Zygmund’s example shows that
fractional integration theorems may hold even if C does not exist. Professor
O’Neil has pointed out to the author that Zygmund’s example may be
modified to give an example on the interval [0,27) of a fractional integration
theorem for € but not for C*. Let ¢, (f) = gp(f) = max (t,t*), then @cx(7)
= 1 and ¢z(r) = 1/(1 + In (1/2)) for 0 <t < 1. By the earlier arguments in
this section we have M(4) + Ly € Lessinceyy = 3 > O0and Les = L, but
by Zygmund’s theorem with p = 2 and C(x) = e 2/A there must hold

T: M(A)XLB—)LC C LC

since C dominates C for large values. On the other hand, letting g, (r) = r and
@g(?) = 1, it is easy to see that C does not exist and Les = L®; but by the
definition of convolution operator T: L' X I® — I°. Since M(4) = L, in
this case, we see that a theorem may hold for C* when C does not exist.
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