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Let p and A be Banach function norms with the Fatou property. Then the
generalized Minkowski integral inequality p(A(fz)) < MA(p(fY)) holds for all measurable
functions f(x,y) and some fixed constant M if and only if there exists 1 < p < oo such

that \ is p—concave and p is p—convex.

INTRODUCTION
Let (X, u) and (Y,v) be o-finite measure spaces. Let 0 < r < s < oo and let
f(x,y) be a u x v—measurable function. Then the classical integral inequality of Minkowski

states that

1 1
s ™

([ 1#@lrave)due)* < ([ (] 1) Fdue) ).

If we define for fixed x € X the function f, by f.(y) = f(z,y) and for fixed y € Y the
function f¥ by fY(z) = f(x,y), then the above inequality is the same as

1 fallells < LM -

The goal of this paper is to extend this inequality to function norms. For general infor-

mation and terminology concerning function norms and Banach function spaces we refer

IThis a corrected version of the published version, dated November 13, 2014. The proof of
Theorem 2.3 contained an error as pointed out to the author by Rovshan Bandaliyev.



to [10]. It is known that if p is a function norm that p(f,) need not be a measurable
function on X (see [5]). To avoid this pathology we shall assume that all our function
norms have the Fatou property, i.e., if 0 < fi T f, fv € L, and supy p(fx) < oo, then
f € L,and p(f)=sup, p(fr). A function norm p is said to have the weak Fatou property,
if 0 < fx T f, fr € L, and sup,, p(fx) < oo implies that f € L,. As was shown in [4]
the Fatou property is sufficient to ensure the measurability of p(f.), but the weak Fatou
property is not (see [5]). We note that the associate norm p’ of a function norm always
has the Fatou property. Let A be a function norm on Ly (Y, v) and p a function norm on
Lo(X, p), where Lo(Y,v), respectively Lo(X, p), denotes the space of (equivalence classes

of) all measurable functions on Y, respectively X. The main result of this paper is that

() p(A(fz)) < MA(p(f*))

holds for all measurable functions f(x,y) and some fixed constant M if and only if there
exists 1 < p < oo such that A is p—concave and p is p—convex. We note that equation (*)
generalizes Minkowski’s integral inequality to arbitrary function norms. In section 2 of
this paper the above mentioned result will be proved. The proof of this theorem depends
crucially on the fundamental result of Krivine about the local structure of a Banach lattice
([3], see [8] for an expository account of this theorem). In section 3 we shall relate the
main result to the theory of integral operators of finite double norm (the so called Hille-

Tamarkin integral operators) and integral operators of finite inverse double norm.

1. PRELIMINARIES
Let us recall the notion of p—convexity and p-concavity. Let p be a Banach
function norm and let L, = L,(X, 1) denote the corresponding Banach function space.

Then L, is called p-convex for 1 < p < oo if there exists a constant M such that for all

flv"'af'rLELpa

n

A1kl 7) < MO p(f)?)7 if 1 < p < 00
k=1

k=1

or p(sup|fr]) < M maxi<k<n p(fx) if p = oo. Similarly L, is called p—concave for 1 < p <
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oo if there exists a constant M such that for all fi,..., f, € L,,

O p(fe)P)r < Mp((3_IfslP)?) if 1 < p < o0

k=1 k=1
or maxi<k<n P(fr) < Mp(sup|fx|) if p = oo. The notions of p—convexity, respectively
p-concavity are closely related to the notions of upper p-estimate (strong ¢,-composition
property), respectively lower p-estimate (strong ¢,-decomposition property) as can be
found in e.g. [6, Theorem 1.f.7]. In particular the lower index s(L,) of L, is also equal to
the supremum of {p > 1: L, is p — convex} and the upper index o(L,) of L, equals the
infimum of {p > 1: L, is p — concave}. We now recall the result of J.L. Krivine (see [§]

for a discussion of this result as well as several relevant references).

THEOREM 1.1 (KRIVINE). Let E be an infinite dimensional Banach lattice.
Then for all integers n, all ¢ > 0, p = s(F) and p = o(F) there exist disjoint x1,...,x,

in E such that for all n—tuples {a;} of real numbers we have
{aitlp < 1Y aiill < (1+ €)ll{ai} -
i=1

The following proposition describes p—convex function norms with the weak

Fatou property. Its origin is in Pisier’s work and the theory of p-concavication (see [6]).

PROPOSITION 1.2. Let L, be a p—convexr Banach function space with the
weak Fatou property. Then there exists a collection G of non-negative measurable functions

on X such that p is equivalent to the function norm

— P Z
p1(f) ;gg(/lfl gdu) :

PROOF. Define 7(f) = (p(|f|%))p Then 7 has the weak Fatou property and
all the properties of a norm, except that 7(f + g) < M(7(f) + 7(g)), where M is the

convexity constant of p. Let

mi(f) = f {37 (fi)  1f1 = D _1fil}
=1 3 =1



Then it is easy to see that 71 is a function norm with the weak Fatou property, which is
equivalent to 7. Let G be the the positive part of the unit ball of L/ ,ie., G = {g>0:
71(g) < 1}. It follows from [10, Theorem 112.2] that 77 is equivalent to the second associate

norm 74, i.e., 71 is equivalent to sup{ [ | flgdp : g € G}. The conclusion now follows easily,
. 1
since p(f) = (7(|f17))7.

We note that the function norm p; has the Fatou property, so that the assump-
tion that p has the weak Fatou property is necessary in the above proposition. If one
assumes that the convexity constant M equals one and that p has the Fatou property,
then p = p;.

2. MINKOWSKTI’'S INEQUALITY FOR FUNCTION NORMS

We start with the special case that A= || - |[1 or p = | - ||co-

PROPOSITION 2.1. Let p and X be function norms with the Fatou property

and let f(x,y) be a measurable function. Then we have

p(llfzl1) < lp(f*)lh

and

NG oo < A o).
PROOF. Let 0 < g € I, with p/(g) < 1. Then we have
J ([ 1) g@aut = [ ([ 1760)lse)au@)dv)
< [ olravt) = o).
By taking the supremum over the collection of all such g we obtain
p(1£el) < 1ol

This proves the first inequality. The second inequality can be proved along similar lines or

by a duality argument.



COROLLARY 2.2 (MINKOWSKI'S INTEGRAL INEQUALITY). Let 0 <r <s <

oo and let f(x,y) be a p X v—measurable function. Then we have

( / ( / (@, y) [T dv(y)) F du(z))t < ( / ( / (@, y)*dpu(@)) Edv(y))*

PROOF. Let p = ¢ and take p = || - ||,. Then apply the above proposition to

|f(z,y)|" to get

( / ( / )T dv () E du(z))E = p(lI £l 1)
< o1l = ([ 176 )l du(e)  dv(y).

THEOREM 2.3. Let p and X\ be function norms with the Fatou property and
assume that there exists 1 < p < oo such that p is p—convexr and X\ is p—concave. Then

there exists a constant C such that for all measurable f(x,y) we have

p(A(fz)) < CA(p(fY))-

PROOF. If p = oo, then p is equivalent to || - ||oc and the theorem follows then
from Proposition 2.1. Assume therefore that 1 < p < oo. Then A is an order continuous
norm. We shall first prove the theorem under the additional hypothesis that also p is
weighted p-seminorm. In that case the product seminorms pA and Ap are order continuous
and it therefore suffices to prove the inequality for functions in the collection P = {f(z,y) :
flz,y) = S0, fi(®)gi(y), fi,gi > 0, fi, g; measurable, {f;} mutually disjoint}. Let f =
Soi i figi € P. Let M denote a convexity constant of p and a concavity constant of .
Assume first that the convexity constant of p = 1. Then by proposition 1.2 we have

p(f) = supyeq | fllp.g, where || - ||, 4 denotes the weighted p-seminorm of Proposition 1.2.
)



Let || - ||p,g be one of these seminorms. Then we have the following inequalities
I lpg < N FiM9i) p.g
i=1

= (Z 1£illD s A(g:)P)
i1

= (DI

< MA((D 110

=1

S

1
p,ggi)p) :

p09i(W)")7) = MA(IFllp.g),
for all f € P. Hence for all measurable functions f > 0 we have that

IAF) g < MACF

p,g) < MX(p(fY)).

Taking now on the left the supremum over all || - ||, , we conclude that p(A(fz)) <
MX(p(fY)) for all measurable f > 0 in case p has convexity constant equal to 1. For the
case of constant of convexity equal to M, we pass to an equivalent norm with convexity
constant equal to one and apply the above proof. We conclude that p(A(f.)) < CA(p(fY))
for all f > 0.

REMARK. Note that if o(Ly) < s(L,), then for any o(Ly) < p < s(L,) we

have that p is p—convex and A is p—concave.

As a first step in showing that the conditions of the above theorem are also

necessary, we prove the following proposition.

PROPOSITION 2.4. Let p and X\ be function norms with the Fatou property

and assume that there exists a constant C' such that for all measurable f(x,y) we have

p(A(fz)) < MA(p(fY)).

Then o(Ly) < s(L,).

PROOF. Let p = s(L,),q = (L) and let n be a positive integer. Then by

Krivine’s theorem (Theorem 1.1) there exist disjoint g1, ..., g, in L, and disjoint hi, ..., h,
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in Ly such that for all n—tuples {a;} of real numbers we have

Hai}lly < p(z aigi) < 2|{ai}llp

and
n

{aitly < A aihi) < 2[l{ai}lly.

i=1
Let f(z,y) = > 1, a;gi(x)h;(y). Then we have

Ap(fY)) = A(Z lailp(g:)hi(y))

< 2D lailhi) < 4ll{ai}lly

=1

and
p(A\(fz)) = P(Z |ailgi(x)A(hi))
> p(D " lalgi) > [I{ai}llp-

=1

From this it follows that |[{a;}||, < 4C||{a;}| 4 for all n—tuples {a;}, where C is independent

of n. This implies that ¢ < p, which concludes the proof of the proposition.

We now prove the converse of Theorem 2.3.

THEOREM 2.5. Let p and X\ be function norms with the Fatou property and

assume that there exists a constant C such that for all measurable f(x,y) we have

p(A(fz)) < MA(p(fY)).

Then there exists 1 < p < oo such that p is p—convex and A is p—concave.

PROOF. From the above proposition it follows that o(Ly) < s(L,). In case we

have that o(Ly) < s(L,), then the theorem will hold for any p such that o(Ly) < p < s(L,).

Hence assume that o(Ly) = s(L,) = p. By Krivine’s theorem (Theorem 1.1) there exist

disjoint Ay, ..., h, in Ly such that for all n—tuples {a;} of real numbers we have

Hailpy < A(Z aihi) < 2[{ai}lp-
1217



Let g1,...,9, be in L, and put f(z,y) = > i, gi(x)hi(y). Then we have

(1) = A3 plgi)hi) < 2l{p(g:)Hly

and

p(A(f2)) = p(I{gi}Ip)-

From p(A(fz)) < MA(p(fY)) it follows now that

P((i fgz"p)

i.e., pis p—convex. By a similar argument (or by duality) one can show that A is p—concave.

n

) <2 (3 p(g)”)7

=1

=
B =

The following corollary is due to A.V. Buhvalov ([1]), the special case p = A is
due to N.J. Nielsen ([7]).

COROLLARY 2.6(GENERALIZED KOLMOGOROV-NAGUMO’S THEOREM). Let
p and X\ be function norms with the Fatou property and assume that the double norm
p(A(fz)) is equivalent with the double norm X(p(fY)). Then there exists 1 < p < 0o such

that p and X\ are equivalent to an L,-norm.

PROOF. Applying the above theorem twice we get that there exist 1 < p,q <
oo such that p is p—convex and g—concave, and ) is g—convex and p—convex. Hence it
follows that p = ¢. If p < 0o the result now follows from [6, Lemma 1.b.13]. In case p = oo

an inspection of the proof of [6, Lemma 1.b.13] shows that p and A\ are equivalent to an

AM-norm.

3. INTEGRAL OPERATORS OF FINITE DOUBLE NORM
Recall that a linear operator 1" from L) into L, is called an integral operator if

there exists a p X v—measurable function T'(x,y) on X x Y such that

/ () f(0)]di(y) < oo

a.e. for all f € L) and such that

Tf(z) = / T(,y) f ()dv(y)
8



a.e. for all f € Ly. Such an integral operator is called an integral operator of finite double
norm, or Hille-Tamarkin operator, if p(A'(7})) < oo. Characterizations and compactness
properties of such operators are discussed in [9] (see also the references in [9]). An integral
operator is called an integral operator of finite inverse double norm if X (p(TY)) < oo.
Integral operators which are of finite double and finite inverse double norm are sometimes
called integral operators of complete finite double norm. It is well known that the spaces
of integral operators of finite double norm and of finite inverse double norm are Banach
function spaces with respect to the product norm p(\'(-)), respectively X (p(+)). Our main

results of the previous section imply the following theorem.

THEOREM 3.1. Let A and p be Banach function norms with the Fatou prop-
erty. Then the following holds.

(1) Ewery integral operator of finite inverse double norm is an integral operator of finite
double norm if and only if there exists 1 < p < 0o such that p is p—conver and X\ is
/_ 14, 1
p'—convex, where st =1
(2) Ewvery integral operator of finite double norm is an integral operator of finite inverse
double norm if and only if there exists 1 < p < oo such that p is p'—concave and A

18 p—concave, where % + z% =1.

PROOF. Every integral operator of finite inverse double norm is an integral
operator of finite double norm if and only if there exists a constant M such that p(A'(1})) <
MN(p(TY)). From Theorem 2.3 and Theorem 2.5. it follows that this inequality holds if
and only if there exists 1 < p < oo such that p is p—convex and )\ is p—concave. Now ) is
p—concave implies that A/ = X is p’~convex. This proves (1). The proof of (2) is similar

and therefore omitted.

Integral operators of complete finite double norm occur naturally in the study
of power summability of eigenvalues of integral operators. In [2] it was e.g. proved that
on an order continuous Banach function space the eigenvalues of an integral operator of
complete finite double norm are always 4th-power summable. More precise exponents of

summability were then given in terms of the lower and upper indices of the Banach function

9



space. The following corollary of Theorem 3.1 shows that in some cases integral operators

of finite (inverse) double norm are of complete finite double norm.

COROLLARY 3.2. Let X =Y and let p = X\ be a Banach function norm with
the Fatou property. Then the following holds.

(1) Ewvery integral operator of finite inverse double norm from L, into L, is an integral
operator of finite double norm if and only if there exists 2 < p < oo such that p is
p—convex.

(2) Ewvery integral operator of finite double norm from L, into L, is an integral operator
of finite inverse double norm if and only if there exists 1 < p < 2 such that p is
p—concave.

(3) The collection of integral operators of finite double norm from L, into L, coincides
with the collection of integral operators of inverse finite double norm from L, into

L, if and only if L, is lattice isomorphic to an Ly—space.

PROOF. By the above theorem every integral operator of finite inverse double
norm from L, into L, is an integral operator of finite double norm if and only if there
exists 1 < p < oo such that p is p—convex and p is p’—convex. Since at least one of p and p’
is greater than or equal to 2, part (1) follows. Part (2) follows similarly. To prove part (3)
note first that when L, is lattice isomorphic to an Lo—space then the collections of integral
operators of finite double norm, respectively finite inverse double norm both coincide with
the collection of Hilbert-Schmidt operators. Now by parts (1) and (2) The collection of
integral operators of finite double norm from L, into L, coincides with the collection of
integral operators of inverse finite double norm from L, into L, if and only if L, is both

2—convex and 2—concave and the result follows from this as in Corollary 2.6.
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