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Fundamental Theorem of Calculus (FTC)

Let f : [a, b] → R be a continuous function.
Let F : [a, b] → R be a function.
• If F is an antiderivative of f on [a, b] (i.e. F ′(x) = f(x) for each x ∈ [a, b]), then

∫ b

a

f(x) dx ≡
∫ b

a

F ′(x) dx = F (b)− F (a) .

• If F (x) =
∫ x

a
f(t) dt for each x ∈ [a, b], then F is an antiderivative of f on [a, b], i.e.

F ′(x) ≡ Dx

[
∫ x

a

f(t) dt

]

= f(x) .

Basic Differentiation Rules

If the functions y = f(x) and y = g(x) are differentiable at x and a and b are constants, then:
1. Dx [af(x) + bg(x)] = af ′(x) + bg′(x)
2. Dx [f(x) · g(x)] = f ′(x) · g(x) + f(x) · g′(x)

3. Dx

[

f(x)
g(x)

]

= f ′(x) · g(x) − f(x) · g′(x)

[g(x)]2
provided g(x) 6= 0

4. Dx [f(x)]
r

= r [f(x)]
r−1

f ′(x) provided r ∈ Q

If f is differentiable at x and g is differentiable at f(x), then:
5. Dx [g(f(x))] = g′(f(x)) f ′(x)

Generalized Exponential and Logarithmic Functions with base a where a > 0 but a 6= 1

derivatives
FTC
=⇒ integrals

Dx ln |u| u6=0
=

1

u

du

dx

∫

du

u

u6=0
= ln |u| + C

Dx eu = eu
du

dx

∫

eu du = eu + C

Dx loga |u|
u6=0
=

1

u

1

lna

du

dx

Dxa
u = au ln a

du

dx

∫

au du =
au

ln a
+ C

1



TRIG and CALCULUS

derivatives
FTC
=⇒ integrals

Dx sinu = cosu
du

dx

∫

cosu du = sinu + C

Dx tanu = sec2 u
du

dx

∫

sec2 u du = tanu + C

Dx sec u = secu tanu
du

dx

∫

sec u tanu du = sec u + C

Dx cosu = − sinu
du

dx

∫

sinu du = − cosu + C

Dx cot u = − csc2 u
du

dx

∫

csc2 u du = − cotu + C

Dx csc u = − cscu cotu
du

dx

∫

csc u cotu du = − csc u + C

more integrals

∫

tanu du = − ln |cosu| + C = ln |secu| + C

∫

cotu du = ln |sinu| + C = − ln |cscu| + C

∫

secu du = ln |secu + tanu| + C = − ln |secu − tanu| + C

∫

cscu du = − ln |cscu + cotu| + C = ln |cscu − cot u| + C

derivatives
FTC
=⇒ integrals (a > 0)

Dx sin
−1 u =

1√
1− u2

du

dx

∫

1√
a2 − u2

du = sin−1 u

a
+ C

Dx tan
−1 u =

1

1 + u2

du

dx

∫

1

a2 + u2
du =

1

a
tan−1 u

a
+ C

Dx sec
−1 u =

1

|u|
√
u2 − 1

du

dx

∫

1

u
√
u2 − a2

du =
1

a
sec−1 |u|

a
+ C

Dx cos
−1 u =

−1√
1− u2

du

dx

Dx cot
−1 u =

−1

1 + u2

du

dx

Dx csc
−1 u =

−1

|u|
√
u2 − 1

du

dx
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Natural Logarithm Fn. y = lnx and Natural Exponential Fn. y = expx

lnx
x>0≡

∫ x

1

dt

t
nat. exp. fn. ≡ inverse of the nat. log. fn.

ln : (0,∞) → (−∞,∞) exp: (−∞,∞) → (0,∞)

y = lnx ⇐⇒ x = exp y

∃ a unique e ∈ R so that ln e = 1 ex
x∈R≡ exp(x)

x, y > 0 & r ∈ Q x, y ∈ R & r ∈ Q

elnx = x ln(ex) = x

ln 1 = 0 e0 = 1

ln(xy) = lnx + ln y ex ey = ex+y

ln(
x

y
) = lnx − ln y

ex

ey
= ex−y

ln(xr) = r(lnx) (ex)r = exr

Generalized Exponential y = ax and Logarithmic y = loga x Functions

with base a where a > 0 but a 6= 1 and b > 0 but b 6= 1

loge ≡ ln

f(x) = ax ≡ ex ln a : (−∞,∞) → (0,∞)

g(x) = loga x ≡ the inverse of the fn. f(x) = ax : (0,∞) → (−∞,∞)

y = loga x ⇐⇒ x = ay

(loga b)(logb c) = loga c =⇒ loga x =
lnx

lna

x, y > 0 & r ∈ R x, y ∈ R & r ∈ R & 0 < b 6= 1

aloga x = x loga(a
x) = x

loga 1 = 0 a0 = 1

loga(xy) = loga x + loga y ax ay = ax+y

loga(
x

y
) = loga x − loga y

ax

ay
= ax−y

loga(x
r) = r(loga x) (ax)r = axr

(ab)x = axbx and (
a

b
)x =

ax

bx
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Basic Trig

cos θ =
adj

hyp
sin θ =

opp

hyp
tan θ =

opp

adj

tanx =
sinx

cosx
cotx =

cosx

sinx
sec x =

1

cosx
cscx =

1

sinx

Basic Inverse Trig Functions

y = sin θ ⇔ θ = sin−1 y where − 1 ≤ y ≤ 1 and
−π

2
≤ θ ≤ π

2

y = cos θ ⇔ θ = cos−1 y where − 1 ≤ y ≤ 1 and 0 ≤ θ ≤ π

y = tan θ ⇔ θ = tan−1 y where y ∈ R and
−π

2
< θ <

π

2

y = cot θ ⇔ θ = cot−1 y where y ∈ R and 0 < θ < π

y = sec θ ⇔ θ = sec−1 y where |y| ≥ 1 and 0 ≤ θ ≤ π , θ 6= π

2

y = csc θ ⇔ θ = csc−1 y where |y| ≥ 1 and
−π

2
≤ θ ≤ π

2
, θ 6= 0

Math 142

Integration by Parts:
∫

u dv = uv −
∫

v du

Trig Identities

cos(2x) = cos2 x− sin2 x sin(2x) = 2 sinx cosx

cos2 x =
1 + cos(2x)

2
sin2 x =

1− cos(2x)

2
cos(s+ t) = cos s cos t− sin s sin t sin(s+ t) = sin s cos t+ cos s sin t

cos(s− t) = cos s cos t+ sin s sin t sin(s− t) = sin s cos t− cos s sin t

Trig Substitution

if integrand involves then make the substitution restriction on θ

a2 − u2 u = a sin θ ! θ = sin−1 u

a

−π

2
≤ θ ≤ π

2

a2 + u2 u = a tan θ ! θ = tan−1 u

a

−π

2
< θ <

π

2

u2 − a2 u = a sec θ ! θ = sec−1 u

a
0 ≤ θ ≤ π , θ 6= π

2
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