JACOBI DECOMPOSITION OF WEIGHTED
TRIEBEL-LIZORKIN AND BESOV SPACES

GEORGE KYRIAZIS, PENCHO PETRUSHEV, AND YUAN XU

ABSTRACT. The Littlewood-Paley theory is extended to weighted spaces of
distributions on [—1,1] with Jacobi weights w(t) = (1 — t)*(1 + t)?. Almost
exponentially localized polynomial elements (needlets) {¢¢}, {¢¢} are con-
structed and, in complete analogy with the classical case on R"™, it is shown
that weighted Triebel-Lizorkin and Besov spaces can be characterized by the
size of the needlet coefficients {(f, p¢)} in respective sequence spaces.

1. INTRODUCTION

The @-transform of Frazier and Jawerth [6, 7, 8] is a powerful tool for decom-
position of spaces of functions or distributions on R™. Our goal in this paper is
to develop similar tools for decomposition of weighted spaces of distributions on
[—1,1] with Jacobi weights

(1.1) w(z) = wa5(x) = (1 —2)*(1+2)°, a,f>-1/2.

We will build upon the elements constructed in [12] and termed needlets. The
targeted spaces are weighted Triebel-Lizorkin and Besov spaces on [—1, 1].

The main vehicle in constructing our building blocks will be the classical Jacobi
polynomials {P,Sa’ﬁ)}z":m which form an orthogonal basis for L?(w) := L?([-1, 1], w)
and are normalized by P,ga’ﬁ)(l) = ("F*) [17). In particular,

n

1
(1.2) / Péa,ﬁ) (z)Pr(na,ﬁ) (z)w(x)de = 5n,mh;a’ﬁ),
-1

where hﬁf"ﬁ ) ~ n~1 with constants of equivalence depending only on o and 3. Then
the normalized Jacobi polynomials P, (z) = plof )(x), defined by

(1.3) Po(x) := (Rl =12pleB) )y n=0,1,...

form an orthonormal basis for L?(w), where the inner product is defined by
1
(14) ()= [ f@gu(a)d.
-1

Consequently, for every f € L?(w)

(15) f = Zan(f)Pn with an(f) = <fa Pn>
n=0
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Then the kernel of the nth partial sum operator is
(1'6) Kn(xvy) :Zpu(m)PVQ/)
v=0

Our construction of needlets relies on the fundamental fact [12] that if the coeffi-
cients on the right in (1.6) are “smoothed out” by sampling a compactly supported
C* function, then the resulting kernel has nearly exponential localization around
the main diagonal y = z in [—1,1]2. To be more specific, let

(17) L) = Y a(2)P@P, )

j=0
with @ admissible in the sense of the following definition:

Definition 1.1. A function a € C*°[0,00) is said to be admissible of type
(a) if suppa C [0,2] and a(t) =1 on [0,1], and of type
(b) if suppa C [1/2,2].

As a companion to the weight w(z) we introduce the quantity

(1.8) Wn;z) = Waps(n;z) = (1 —x +n~2) 21 o 4 n~2)0+1/2,
We will also need the distance on [—1, 1] defined by

(1.9) d(x,y) := | arccos x — arccos y|.

Now one of the main results from [12] can be stated as follows: Let @ be admissible.
Then for any o > 0 there is a constant ¢, > 0 depending only on o, «, 3, and a
such that

(1.10)  |Lu(z,y)| < co z

VW(n; )/ W(n; y) (1 + nd(z, y))°

The kernels L, (z,y) are the main ingredient in constructing needlet systems
here. Our construction utilizes a semi-discrete Calderén type decomposition com-
bined with discretization using the Gaussian quadrature formula (see §3). Earlier
in [10] a similar scheme has been used for the construction of frames on the sphere.

Denoting by {¢¢ }ecx and {t)¢ }ec x the constructed analysis and synthesis needlet
systems, indexed by a multilevel set X = U724}, we show that every distribution
fon [-1,1] (f € D’) has the representation

F= (f pe)te.

fex

) T,y € [7171]

In this article we use the needlets to characterize two scales of weighted Triebel-
Lizorkin (F-space) and Besov spaces (B-spaces) on [—1,1] defined via Jacobi ex-
pansions. The idea of using orthogonal or spectral decompositions for introducing
Triebel-Lizorkin and Besov spaces is natural and well known, see [14, 18]. To be
more precise, let

Do(z,) = Po(@)Po(y) and ;(z,y) = > (557 )Pul@Puly). =1,
v=0

where @ is admissible of type (b) (see Definition 1.1) and @ > 0 on [3/5,5/3].
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The first scale of F-spaces F,)? with s € R, 0 < p < 00, 0 < ¢ < 00, is defined
(84) as the space of all distributions f on [—1,1] such that

1l o= | (i(asﬂ«m . f(~)|)q>1/q’

We define a second scale of F-spaces F;7 (§5) as the space of all f € D’ such that

Iz = (30 [zoweers iy« f(-)}q)l/q(
7=0

(For the definition of ®;* f, see (2.32).) The corresponding scales of weighted Besov
spaces B¢ (see [15, 18]) and B;? with s € R, 0 < p,q < oo, are defined (§6-7) via
the (quasi-)norms

< 00.
Lr(w)

Lr(w)

1£] B3l = (i (QSjH(I)j *fHLp(w))q)l/q
=0
and .
g 1= (3 (291505 fOlren] )
j=0

To some extent the second scales of F- and B-spaces are more natural than the first
scales since they scale (embed) correctly with respect to the smoothness parameter s
(see §5, §7 for details). Also, the second scale of B-spaces provides the smoothness
spaces of nonlinear n-term approximation from needlets (§8).

One of our main results (§4) shows that for all indices the weighted Triebel-
Lizorkin spaces F,;? can be characterized in terms of the size of the needlet coeffi-
cients, namely,

71y~ (ig”q > If, %Wd-)ﬁ)l/q

J=0 £ed;

Lo (w)

The needlet characterization of the Besov spaces B;? (§6) takes the form

o~ (L2 Wereewetg] ™)
Jj=0

§EX;

/]

Characterizations of similar nature are obtained for the second scales of weighted
Triebel-Lizorkin and Besov spaces ;7 and B, (see §5, §7). Using LP(w) multipliers
we show that the space Fi> = F0? can be identified as LP(w) for 1 < p < oc.

Atomic and molecular decomposition of weighted Triebel-Lizorkin and Besov
spaces can be developed using the approach of Frazier and Jawerth [6, 7]. This
enables one to make the connection between the weighted F-spaces and the weighted
Hardy spaces on [—1,1] (see [2, 9]). To prevent this paper from exceeding some
reasonable size we leave the atomic and molecular decompositions for elsewhere.

It is an open problem to extend the results from this article to dimensions d > 1.
The missing key element is the nearly exponential localization of kernels of type
(1.7) in the multivariate case.

The rest of the paper is organized as follows. In §2, some auxiliary facts are given,
including localized and reproducing polynomial kernels, Gaussian quadrature, the
maximal inequality, and basics of distributions on [—1,1]. In §3, we construct
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the needlets and show some of their properties. The first and second scales of
weighted Triebel-Lizorkin spaces are defined and characterized via neadlets in §4
and §5, respectively, while the first and second scales of Besov spaces are defined and
characterized via needlets in §6 and §7. In §8, Besov spaces are applied to weighted
nonlinear approximation from needlets; a Jackson theorem is proved. Section 9 is
an appendix, where the proofs of some statements are given.

Throughout the paper we use the following notation:

1 /
I£i= ([ 1f@Pu@d) " 0<p<oe, and [fli= s |f@)l.

z€[—1,1]

For a measurable set £ C [—1,1], we set u(E) := [, w(y) dy; 1g is the character-
istic function of F and 1 := |u(E)|~"/?1g is the L?(w) normalized characteristic
function of E. Also, II,, denotes the set of all univariate algebraic polynomials of
degree < n. Positive constants are denoted by ¢, ci1,c¢s,... and they may vary at
every occurrence. The notation A ~ B means ¢;A < B < ¢ A.

2. PRELIMINARIES

2.1. Localized kernels induced by Jacobi polynomials. To a large extent
our development in this paper relies on the nearly exponential localization (1.10)
of kernels L, (z,y) of the form (1.7) with admissible @, established in [12]. To avoid
some potential confusion, we note that the inner product in [12] is defined by
(f,9) == cap f_ll f(2)g(x)w(z)dz with Colpi= f_ll w(z)dr and as a result L, (z,y)
from (1.7) is a constant multiple of L*#(z,y) from [12]. A similar remark applies
to the constants h{™” from (1.2) and [12)].

The proof of estimate (1.10) (see [12]) is based on the almost exponential local-
ization of the univariate polynomial:

@1) L =Y a (2) () et o),

. n
j=0

Theorem 2.1. [1, 12] Assume that o > 8 > —1/2 and let @ be admissible. Then
for every k > 1 there exists a constant ¢, > 0 depending only on k, «, 3, and @
such that

n2o¢+2

a,p
(22) |Ln (COS 9)| < ¢k (1 + na)k-{-a—ﬂ’

0<0<m.

The dependence of ci, on @ is of the form ¢y = c(a, B, k) max; <, <y, [|a®)||z1.
This estimate was proved in [12] with @ admissible of type (b) and in [1] with @
admissible of type (a) (for a proof, see also [13]).

In [12, Proposition 1] it is shown that (1.10) yields the following upper bound
for the weighted LP integrals of |L, (x,y)|:

1 n p—1
. p <cl——— —1<z< .
(2.3) /_1|Ln(:r7y)\ w(y)dy_c(w(n;x)) , 1<z<1, 0<p<oo

The next theorem shows that in a sense the kernel L, (z,y) from (1.7) is Lip 1
in z (and y).
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Theorem 2.2. Let o, § > —1/2. Suppose a is admissible and o > 0 is an arbitrary

constant. If v,y,2z,& € [-1,1], d(z,€) < can™t and d(z,€) < can™! with n > 1,

¢y >0, then

n%d(z,§)

(24) |L (1‘7y) —L (€7y)| < Co : )
' ' VW) yW(ni 2)(1 + nd(y. 2))°

where ¢, > 0 depends only on o, «, (3, c., and a.

The proof of this theorem is given in the appendix.
Lower bound estimates for the integrals of |L,(x,y)| are nontrivial and will be
vital for our further development.

Proposition 2.3. Let a be admissible and |a(t)] > ¢ > 0 fort € [3/5,5/3]. Then

1
(2.5) / |Ln(z, 9)Pw(y)dy > enW(niz)™, —1<z<l.

~1
Proof. By the definition of L, (x,y) in (1.7) and the orthogonality of the Jacobi
polynomials, it follows that

1
[ e Potdy = ¢ Z alh/m) PP )]
-t =[n/2]
Since [a(t)] > ¢ > 0 for ¢t € [3/5,5/3] and Py(x) = (h\*)=1/2pl@P () ~
k2P (1), it suffices to prove that
[5n/3]
Z [P,gaﬂ) ()2 > eW(n;z)™t, >0,
k=[3n/5]
which is established in the following proposition. [
Proposition 2.4. Ifa,3 > —1 and € > 0, then
n+en]
(26)  An(2):= Y [POP@P > W), wel[-1,1], n>1/e,
k=n
where ¢ > 0 depending only on a, 3, and €.

This proposition is nontrivial and its proof is given in the appendix.

2.2. Reproducing kernels and best polynomial approximation. We let
E,(f)p denote the best approximation of f € LP(w) from II,, i.e.

2.7 Eu(f)y = inf |1f =l

To simplify our notation we introduce the following “convolution”: For functions
®:[-1,1> - Cand f:[-1,1] — C, we write

(2.8) B+ f(x) = / B(x, ) (y)w(y) dy.

1

Lemma 2.5. Suppose a is admissible of type (a) and let L,(x,y) be the kernel
defined in (1.7).
(1) Ln(z,y) is a symmetric reproducing kernel for I1,,, i.e. L,xg = g for g € IL,,.
(i4) For any f € LP(w), 1 < p < 0o, we have Ly, x f € Iy,

(2.9) 1L * fllp < cllfllps and [|f = L * fllp < cEn(f)p-
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Proof. Part (i) is immediate since a(%) = 1 for 0 < v < n. The left-hand side
estimate in (2.9) follows from (2.3) when p = 1 and p = oo; the general case follows
by interpolation. The right-hand side estimate in (2.9) follows by the left-hand side
estimate and (i). O

Lemma 2.5 (i) and (2.3) are instrumental in proving Nikolski type inequalities.

Proposition 2.6. For 0 < ¢ <p< oo and g €11,
(2.10) lgllp < en(F2mn{OmaxdaBiNA/a=1/p)| ||,

furthermore, for any s € R,
(2.11) W) g ()l < ent/ 4P W(n; )P~ g (.

The proof of this proposition is given in the appendix.

2.3. Quadrature formula and subdivision of [—1, 1]. For the construction of
our building blocks (needlets) we will utilize an appropriate Gaussian quadrature
formula. Let &;, =:cosf,,v=1,2,..., 2J+1 be the zeros of the Jacobi polynomials

P2(;l ) ordered so that
0<b; < - <by+1 <.

It is well known that uniformly (see [5] and also (9.9)-(9.10) below)

(2.12) 0,11 —0,~277 and hence 6, ~v277.

Define now

(2.13) Xj={,v=12...2} j>0, andset X :=Uj2X;.

As is well known [17] the zeros of the Jacobi polynomial PQ(?;’? ) serve as knots of
the Gaussian quadrature

1
(2.14) [t~ 3 cte)
- §EX;

which is exact for all polynomials of degree at most 2712 — 1. Furthermore, the
coefficients c¢ are positive and have the asymptotic

(2.15) ce ~ Agi+1(€) ~ 277w (€) (1 — €2)M/2 ~ 27IW(273¢),

where Ayj+1(t) is the Christoffel function and the constants of equivalence depend
only on a, 3 (cf. e.g. [11]).

We next introduce the jth level weighted dyadic intervals. Set as above &;, =:
cos 8, and define

(216) I, =& +&0)/2 EGur +&0)/2, v=2,3,.. 2 -1,
and
(2‘17) IEj,l = [(5]}2 + 5]}1)/27 1]7 I£j12j+1 = [_17 (5j,2j+1 + 5]',27"*'1—1)/2]'

For § € X; we will briefly denote I :=I¢, , if £ =§; ..
It follows by (2.12) that there exist constants ¢q, ca > 0 such that

(2.18) Be(c1279) C I C Be(e277),
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where By (r) := {o € [-1,1] : d(z,y) < r} with d(-,-) being the distance from (1.9).
Also, it is straightforward to show that

(2.19) plle) = [ wie)do 2 W) e €k G20,
I¢
It will be useful to note that
(2.20) W(n;cos) ~ (sinf +n~1)2*T1 0<0<21/3,
(2.21) W(n;cos) ~ (sinf +n"1)?+ 7/3 <6 <.

The following simple inequality will be instrumental in various proofs
(2.22)  W(n;z) < eW(n;y)(1 + nd(z, y))?matefi gy e [<1,1], n>1.

For the proof see the appendix.

2.4. The maximal inequality. For every 0 < ¢t < oo and z € [—1, 1], we define

1/t
(2:23) M) =sw (15 [1f0lemar)
e \ (1) Jr

where the sup is over all intervals I C [—1,1] containing . It is not hard to see
that p is a doubling measure on [—1, 1] and hence the general theory of maximal
inequalities applies. In particular the Fefferman-Stein vector-valued maximal in-
equality holds (see [16]): If 0 < p < 00,0 < ¢ < o0 and 0 < ¢ < min{p, ¢} then for
any sequence of functions {f,}>2; on [-1,1],

(2.24) H (i M0l | <o (i 500"

We need to estimate (M;1y,)(x) for the intervals I¢ from (2.16)-(2.17) and other
intervals.

Lemma 2.7. Letn € [0,1] and 0 < e < w. Then for z € [-1,1]

A, )\ d(e) \-Catb/
(2.25) (Mt]an(s))(x) ~ (1 + T) (1 + m)
and hence

/ d(n, x)\~(Za+2)/t d(n, )\ 1/t
(2.26) ¢ (1+ =L ) < (Mg, o)(x) < c(l + =2 )

Here the constants depend only on «, 3, and t.

A similar lemma holds for n € [-1,0). We relegate the proof of this lemma to
the appendix.

2.5. Distributions on [—1,1]. Here we give some basic and well known facts
about distributions on [—1,1]. We will use as test functions the set D := C*°[—1,1]
of all infinitely differentiable complex valued functions on [—1, 1], where the topol-
ogy is induced by the semi-norms

(2:27) Ik == sup [p® (@), k=0,1,....
—1<t<1
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Note that the Jacobi polynomials {P,} belong to D. More importantly, the space
D of test functions ¢ can be completely characterized by the coefficients of their
Jacobi expansions: ay,(¢) := (¢, Py) := f_ll ¢(x)Pp(z)w(x)dz. Denote
(2.28) Ni(¢) = sup (n+1)*|an(9)].
Lemma 2.8. (a) ¢ € D if and only if an(¢) = O(n=%) for all k.

(b) For every ¢ € D we have ¢ = Y " a,(¢)P,, where the convergence is in
the topology of D.

(c¢) The topology in D can be equivalently defined by the norms Ni(-), k =
0,1,....

Proof. If ¢ € D, then due to the orthogonality of P, to II,_;, we have for
n=12,...

lan ()] = [(¢, Pr)| = [(¢ = Qu—1,Pn)| < Bn1(8)2 < cxn”¥|[¢™) o,

where Q,_1 € II,_; is the polynomial of best L?(w) approximation to ¢. Here
we used a simple Jackson estimate for approximation from algebraic polynomials
(En(6)oe < cxn*[6®)]0). Therefore, an(¢) = O(n*) and Ni(@) < cxl|6] for
k=0,1,....

On the other hand, by Markov’s inequality it follows that

||P£Lk>HLoo[71,1] < n2kHPn||L°°[71,1] < Cn%h;l/QPn(l) < en2ktatl/2

Hence, if a,(¢) = O(n™") for all k, then ¢®) = 3> an(cé)Pst) with the series
converging uniformly and

18]k < e lan(@)(n+ 12 < cNog o g1 /o111 (0), k=0,1,...,
n=0

which completes the proof of the lemma. [

The space D’ := D’[—1,1] of distributions on [—1,1] is defined as the set of all
continuous linear functionals on D. The pairing of f € D’ and ¢ € D will be

denoted by (f,#) := f(¢), which will be shown to be consistent with the inner
product (f,g) := fil f(@)g(x)w(x)dr in L*(w). We will need the representation of
distributions from D’ in terms of Jacobi polynomials.

Lemma 2.9. (a) A linear functional f on D is a distribution (f € D) if and only
if there exists k > 0 such that

(2.29) [(f, o) < crNi(¢)  forall ¢ €D,
For f € D', denote an(f) := (f,Pn). Then for some k >0
(2.30) (Pl <crln+1)%, n=0,1,....

(b) Every [ € D' has the representation f = > an(f)Py in distributional
sense, i.e.

(2'31) <f> ¢> = Z an(f)<Pn7 ¢> = Z an(f)an(a) fOT all ¢ €D,
n=0 n=0

where the series converges absolutely.
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Proof. (a) Part (a) follows immediately by the fact that the topology in D can be
defined by the norms N (+) defined in (2.28).
(b) Using Lemma 2.8 (b) we get for ¢ € D,

N N e
(f,6) = lim (£,3 an(@)Pn) = lim 3" an(@)(f.Pu) = Y an(f)an(d),
n=0 n=0 n=0

where for the last equality we used (2.30) and the fact that a,(¢) are rapidly
decaying. [

It is convenient to us to extend the “convolution” from (2.8) to the case of
distributions.

Definition 2.10. Assuming that f € D' and ® : [-1,1]*> — C is such that ®(x,y)
belongs to D as a function of y (®(x,-) € D), we define D * f by

where on the right f acts on ®(x,y) as a function of y.
3. CONSTRUCTION OF BUILDING BLOCKS (NEEDLETS)

Following the ideas from [12] we next construct two sequences of companion
“analysis” and “synthesis” needlets. Our construction is based on a Calderon type
reproducing formula. Let @, b satisfy the conditions

(3.1) a,be C®[0,00), suppd,bC [1/2,2],

(3.2) G, [B(1)] > ¢ >0, ifte[3/5,5/3],

(3.3) at)b(t) +a(2t)b(2t) =1, ifte[1/2,1].

Hence,

(3.4) ia(z—%)z(r”t) =1, te][l,o0).
v=0

It is easy to show that if @ satisfies (3.1)-(3.2), then there exists b satisfying (3.1)-
(3.2) such that (3.3) holds true (see e.g. [7]).

Assuming that @, b satisfy (3.1)-(3.3), we define ®g(z,y) = Yo(z,y) := Po(x)Po(y),

(3.5) @;(2,y) == Y (57 )Pul@Puly), G2 1,
v=0

(3.6) () = Y b( 5 )Pu@Puy). 2 1.
v=0

Let X; be the set of knots of quadrature formula (2.14), defined in (2.13), and let
ce be the coefficients of the same quadrature. We define the jth level needlets by

(3.7 e(x) == cé/zéj(x,f) and  Y¢(x) == cé/Q\I/j(x,SL e X;.

As in (2.13) we write X := U2 (X, where equal points from different levels X; are
considered as distinct elements of X', so that X can be used as an index set. We
define the analysis and synthesis needlet systems ® and ¥ by

(3.8) O = {pcteex, V= {Yclecx.
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By estimate (1.10) it follows that the needlets have nearly exponential localiza-
tion, namely, for x € [—1,1],

€2
B9 BN S e e
and hence

»
(3.10) pe(@)], e ()] < Co2” Vo,

W(2;52)(1 4 27d(€, x))°
Note that z in the term /W(27;x) above can be replaced by £ (replacing ¢, by a
larger constant), namely,
¢, 2912
lpe ()], [ve ()] < : :
SRS W (1 + 21d(¢ 2)

This estimate follows by (3.10) and (2.22).
We will need to estimate the norms of the needlets. We have for 0 < p < oo,

(3.11) Vo.

- 2J 1/2—1/p
312) ey~ el ~ 1l ~ (grg) - €%
Moreover, there exist constants ¢*, ¢® > 0 such that
27 1/2
(313) el ey Welimmeen 2 @ (3mg)

where BE/(\C*Q_j> = {z € [-1,1] : d(¢,z) < ¢*277} which is an interval. Notice
that if @, b in (3.1)-(3.3) are real valued then by Proposition 2.4
2J 1/2
(3.14) ©e(§), ve(§) = C(W) , ¢>0.
For the proofs of (3.12)-(3.13), see the appendix.

Our next goal is to establish needlet decompositions of D’ and LP(w).

Proposition 3.1. (a) For f € D', we have

(3.15) F=Y W« f inD'
j=0

and

(3.16) F= {frpe)pe inD'.
fex

(b) If f € LP(w), 1 < p < o0, then (3.15) — (3.16) hold in LP(w). Moreover, if
1 < p < o0, then the convergence in (3.15) — (3.16) is unconditional.

Proof. (a) Let f € D'. By (2.32) and Lemma 2.9, we have

(3.17) T % f= i&\(yl/l)ay(f)Py
v=0
and further |
(3.18) U, 5B,k f = 226(2;/_1)3<2;/_1)a,,(f)P,,.



JACOBI DECOMPOSITION OF WEIGHTED TRIEBEL-LIZORKIN AND BESOV SPACES 11

Now (3.15) follows by (3.4) and Lemmas 2.8-2.9.

Note that ¥ (x,y) and ®;(x,y) are symmetric functions (e.g. ¥;(y,z) = ¥,;(z,y))
and hence ¥; * ®;(z,y) is well defined. Also, U; x (®; x f) = (¥, * ®;) = f. We
observe that ¥, (z,u)®;(y,u) belongs to Ily+1_; as a function of u and apply the
quadrature formula from (2.14) to obtain

1
U, Qj(x,y) = [1Wj(z,u)®j(y,u)w(u)du
= > (. )P;(y,0) = Y te(x)pe(y).
§EX; EEX;

Hence,
U@y f =3 (f,pe)the.
€ex;
Substituting this in (3.15) yields (3.16).

(b) To prove (3.15) in L?(w) we observe that Ef:o U@ f = Ly f with Ly :=
Zﬁ:o W; « ®;. Because of (3.4), L¢(z,y) is a reproducing kernel for polynomials
exactly as the kernels L, (z,y) from Lemma 2.5. Hence, Zﬁzo U, %P f — fin
LP(w) (1 < p < 00). Then (3.16) in LP(w) follows as above. The unconditional
convergence in LP(w), 1 < p < oo, follows by Proposition 4.3 and Theorem 4.5
below. 0

Remark 3.2. It is easy to see that there exists a function a > 0 satisfying (3.1) —
(3.2) such that @*(t) +a%(2t) = 1, t € [1/2,1]. Suppose that in the above con-
struction b =@ and @ > 0. Then ®; = U, and ¢ = ¢. Now (3.16) becomes
f= dex<f, VYe)be. It is easily seen that {1 : £ € X} is a tight frame for L?(w)
(see [12]).

4. FIRST SCALE OF WEIGHTED TRIEBEL-LIZORKIN SPACES ON [—1,1]

In analogy to the classical case on R¢ we will define our first scale of weighted
Triebel-Lizorkin spaces by means of the Littlewood-Paley expressions employing
the kernels ®;, defined by

(A1) o) = PolePola) and 5(r.0) = (577 ) PulwIPule) 5 2 1
where @ satisfies the conditions

(4.2) a € C™[0,00), suppa C [1/2,2],

(4.3) [a(t)| >c¢>0, iftel[3/5,5/3].

Definition 4.1. Let s € R, 0 < p < 00, and 0 < q < oo. Then the weighted
Triebel-Lizorkin space F;9 := F;9(w) is defined as the set of all f € D' such that

S 1/
r = | (j2_30<283|<1>j . f(-)l)q> )

with the usual modification when q = co.

< 0

(4.4) /]

Observe that the above definition is independent of the choice of @ as long as it
satisfies (4.2)-(4.3) (see Theorem 4.5 below).
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Proposition 4.2. For every s € R, 0 < p < 00, and 0 < g < oo, FJ9 is a
quasi-Banach space which is continuously embedded in D’.

Proof. We will only prove the continuous embedding of Fj? in D’. Then the
completeness follows by a standard argument (see e.g. [18], p. 49).

Suppose the kernels ®; are as in the definition of F;j¢ with @ satisfying (4.2)-
(4.3) which are the same as (3.1)-(3.2). Then as was already mentioned, there is a
function b satisfying (3.1)-(3.2) such that (3.3) holds as well. Let U; be defined by
(3.6). Then by Proposition 3.1 f € F;¢ has the representation: f = Z(;io Uix®jxf
in D'. Hence for ¢ € D we have (f,¢) = 372 (¥, * ®; * f,¢). Using (3.17)-(3.18)
it follows that

(W) %3, % f,0) = 22()6(23?_1)A(2ji1)ay<f>ay<¢>
and .
(5% @; 5 f,0)| < 27/2(|@; 5 flla max ay(9)]
(45) < @0, g, mas [a(0)

0<v<2i
< 27| fllpgaNi(9),
where k > 2/p + 3/2 — s, Ni() is from (2.28), and we used inequality (2.10).
Consequently, |(f,$)| < c[|f|| pzaNi(#), which is the desired embedding. [

It is natural to define the weighted potential space (generalized weighted Sobolev
space) H? := HP(w), s > 0, 1 < p < o0, on [—1,1] as the set of all f € D’ such
that

(4.6) I£llaz = | 300+ (P <
n=0

where ay(f) := (f,P,) as in Lemma 2.9.
In the next statement we identify certain weighted Triebel-Lizorkin spaces as
weighted potential spaces or LP(w).

Proposition 4.3. We have

(4.7) F?~HP, 5>0,1<p< o0,
and
(4.8) F? ~ Hf ~ LP(w), 1<p<oo,

with equivalent norms.

One proves this proposition in a standard way using e.g. the multipliers from [3].
The proof can be carried out exactly as in the case of spherical harmonic expansions,
given in [10, Proposition 4.3], and will be omitted.

Associated with F,)? is the sequence space f;? defined as follows.

Definition 4.4. Let s € R, 0 < p < o0, and 0 < ¢ < co. Then f;9 is defined as
the space of all complez-valued sequences h := {he}ecx such that

(4.9) [l gsa == H (i 9siq Z (|h§|]~11§('))q) 1/qu < 00

J=0  teX;
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with the usual modification for g = co. Recall that ]~11§ = u(jg)—1/2]11£_

We now introduce the “analysis” and “synthesis” operators
(4.10) Sp i f = {{fee)}ecx and Ty :{he}eexr — Y hetbe.
fex
Here is our main result concerning the weighted F-spaces.
Theorem 4.5. Let s € R, 0 < p < o0 and 0 < q < oco. Then the operators
Sp ¢ FjU — fp@ and Ty @ f3? — FJ are bounded and Ty o S, = Id on F;9.

Consequently, for f € D' we have that f € F; if and only if {({f, pe) eex € f32.
Furthermore,

(4.11) /]

7 H(i 299 3 [if. wgwg(-)w)w )

7=0 £eX;

rpe o~ [{{f, 000}

In addition, the definition of I, is independent of the selection of @ satisfying
(4.2)-(4.3).

For the proof of this theorem we will need several lemmas whose proofs are given
in the appendix.

Lemma 4.6. If§ € X}, j >0, and 0 <t < oo, then
(4.12) e ()], [e(2)] < e(Melp)(2), 2 €[-1,1], and

(4.13) Lz, (2) < e(Mipe)(2), c(Myte) (), € [-1,1].
Lemma 4.7. For any o > 0 there exists a constant ¢, > 0 such that
2i/2
VW5 )1+ 29d(¢, )7

and ®; xpe(x) =0 for{ € X,, v>j+20rv<j—2. Here X, :=0 if v <O0.

(4.14) @, *vYe(x)| < ¢

geXua ]71§V§]+15

Definition 4.8. For a collection of complex numbers {he¢}eex, we let

O o S | B
(4.15) he - g;j (1 +27d(n,€))°"

Here o > 1 is sufficiently large and will be selected later on.

Lemma 4.9. Suppose that P € Ily;,j > 0, and let ag := maxyey, |[P(x)| . There
erists r > 1, depending only on o, a, and 3, such that if

be = max{min |P(z)] 7 € X1y, Ie N1 I, # 0},

then

(4.16) ag ~ bg

with constants of equivalence independent of P,j and &.

Lemma 4.10. Assumet > 0 and let {be}ecx, (j > 0) be a collection of complex

numbers. Suppose that o > (4max{a, 3} + 3)/t + 1 in the definition (4.15) of b.
Then

bg‘]ljg(x)gc/\/lt(z|b,,|]11n)(x)7 vele, E€X;
nexX;
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Proof of Theorem 4.5. Suppose a > . Fix 0 < t < min{p,q} and let o >
(4o +3)/t + 1. We first note that the right-hand side equivalence in (4.11) follows
immediately from Lemma 4.6 and the maximal inequality (2.24).

Assume that {®;} are from the definition of weighted Triebel-Lizorkin spaces,
i.e. ®; are defined by (4.1), where @ satisfies (4.2)-(4.3), the same as (3.1)-(3.2). As
already mentioned, there exists a function b satisfying (3.1)-(3.2) such that (3.3)
holds. Let ¥; be defined by (3.6) using this b. Also, let {petecx and {te}ecx be
the associated needlet systems defined as in (3.7).

Further, let {®;} be a second sequence of kernels like the kernels {®,} from above
but defined by a different function a. Also, we assume that a sequence of companion
kernels {W;} is constructed as above and let {@¢}, {tc} be the associated needlet
systems, defined as in (3.5)-(3.7). So, we have two totaly different systems of kernels
and associated needlet systems.

We first establish the boundedness of T@ : fp? — Fp9, defined similarly as
n (4.10), where the space F;9 is defined by {®;}. Let h := {h¢}ecx be a finitely
supported sequence and f := Eg hee. Using (4.14) we have for z € [—1,1],

[0 F@)] = | 3o he®s+de@)| < XD Inell®; x dela)]

fex J=1Sv<j+1ged,

/2 |h£|
S DR Dy v T T

J—1<v<j+1€eXx,

Fix n e Xj and denote :))77 = {g € Xj,1 @] Xj @] XjJrl : IE n I77 7é (Z)} (X,1 = @)
Notice that #Y, < constant and d(z,&) < 277 if v € I and £ € ). Hence, we
have for x € I,

; he| 1,
|+ f(z)] <22/ Y D e | 5|1+(22d o

7—1<v<j+1 wanﬁX fex,

j/2 *N
< 2/ Z m Z h.,

weYy weYy

where we also used (2.19). We now insert this in (4.4) and use Lemma 4.10 and
the maximal inequality (2.24) to obtain

o0

e < (S22 X 3 mede0)])”
J=0  nEX; weYy ’
< (3 [ 32 2t e] ),
J=0 £EX;
< cll{he}l gpo-

For the second estimate above it was important that #)),, < c¢. This establishes the
desired result for finitely supported sequences. Using the continuous embedding of
F37 in D' (Lemma 4.2) and the density of finitely supported sequences in f? it
follows from (4.17) that for every h € f37, Tgh = } .oy hete is a well defined
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distribution in D’. Thus a standard density argument shows that T@ D[t — B
is bounded.

We next prove the boundedness of the operator Sy, : FJ9 — fJ9, where we assume

this time that F$? is defined in terms of {®;}. Let f € F39. Then ®; « f € Il,;.
For £ € X, we set

ag 1= max [B; « ()], b = max{min [B; « f(2)] 0 € Xy, Te N T, £ 0
T £ T n

Assuming that r above is the constant from Lemma 4.9, it follows by the same
lemma that af ~ b;. Therefore,

I(fspe)| = Céﬂ\@j x F(O)] < culle)Pag < ep(Ie)ag < cu(Ie)'/?bE.

From this, taking into account that 1;, := u(I¢)~*/21;,, we obtain

14 20l = | (j>02jsq ;m el )|
<ﬂ<z> )

where for the second inequality above we used Lemma 4.10 and for the third the
maximal inequality (2.24).
Let my, := mingey, [®; * f(z)| for £ € Xj1, and denote, for £ € X'

Xjtr(§) == {w € Xjir : L N I # 0}.

Evidently, #X;4,(£) < ¢, ¢ = ¢(r). Hence, d(w,n) < c(r)2777" for w,n € Xj1(£)
and therefore
My .

<¢c——F—+—— < .
" S T,y =

Consequently, for any { € &; and 1 € Xj1,(§), we have bg = maxyecx, ., () Mw <

cm;; and hence

bg]ljg <c Z m:;]].]n.
77er+7‘(£)
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Using this estimate in (4.18) we get

el < (S2er( 3 minn,0))|

3=0 NE€Xjtr

S T o)
320 NE€EXj4r

<c (Z(st Z mE]llg(')>q> 1/(1Hp
j=0 EEX;

< (Zerm )
Jj=20

Thus the boundedness of Sy, : FJ?7 — f;9 is established.

The identity Ty, o S, = Id follows by Proposition 3.1.

It remains to show that F;? is independent of the particular selection of @ in
the definition of {®;}. Denote for an instant by | f||pse() the F-norm defined by
{®,}. Then by the above proof it follows that

1l mpe@) < el {{f; @) Higze  and [[{(f,pe) I gpe < el f]

and hence

B (@)

1fllFge (@) < ell{f, @)l gze < cllf]

Now the desired independence follows by reversing the roles of {cpj},{cfj}, and their
complex conjugates. [

Fiu(®)

5. SECOND SCALE OF WEIGHTED TRIEBEL-LIZORKIN SPACES ON [—1,1]

We introduce our second scale of Triebel-Lizorkin spaces by utilizing again the
kernels ®; defined by (4.1) with @ satisfying (4.2)-(4.3) (compare with §4).

Definition 5.1. Let s € R, 0 < p < 00, and 0 < q¢ < oco. Then the weighted
Triebel-Lizorkin space Fp? := Fj4(w) is defined as the set of all f € D' such that

>0 , =01 x f. 7\ /4
e = (S Eoweries e sl]') ),

with the usual modification when q¢ = co.

<0

(5.1) /]

Observe that the above definition is independent of the choice of @ as long
as it satisfies (4.2)-(4.3) (see Theorem 5.3 below). Following in the footsteps of
the development from §4, it is easy to show that F;7 is a complete quasi-Banach
space, which is embedded continuously in D’. For the latter one proceeds as in the
proof of Proposition 4.2, where in (4.5) one, in addition, uses the obvious estimate
llgllz < en¥|[W(n;-)®g(-)|l2, where v := (2min{«, 8} + 1)s4+, which is immediate
from ¢;n 2B =1 <W(n:2) < ¢y, x € [~1,1]. We skip the details.

The sequence space f,;9 associated with F,¢ is now defined as follows.

Definition 5.2. Let s € R, 0 < p < 00, and 0 < ¢ < oo. Then £57 is defined as
the space of all complez-valued sequences h := {he}tecx such that

goo = H (Z [M(IS)_Sh§|ilg(-)}q)1/qu .
gex

(5.2) |~
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with the usual modification when ¢ = oo

To characterize the Triebel-Lizorkin spaces F;? we use again the operators S,
and T, defined in (4.10) and the sequence spaces ;9.

Theorem 5.3. Let s € R, 0 < p < o0 and 0 < q < oco. Then the operators
Sp + Fpt — £57 and Ty : £,9 — Fp are bounded and Ty o S, = Id on Fj1.
Consequently, for f € D" we have that f € F39 if and only if {{f,pe)}ecx € £2.
Furthermore,

(5-3) [fllzge ~ (S e)}

£0 ™ H (Z [M(Ig)‘s|<f, sogWs(')'r)l/q »
fex

In addition, the definition of F;? is independent of the selection of @ satisfying
(4.2)—-(4.3).

The proof of this theorem is similar to the proof of Theorem 4.5. The only new
ingredient is the following lemma.

Lemma 5.4. Lett > 0 and s € R. Suppose {b¢}ecx; (j > 0) is a collection of
complex numbers and let o > (dmax{c, 8} +3)(1/t+|s])+1 in the definition (4.15)
of b. Then

(5.4)  pll) b1 (@) < eMi( 30 pll) lbylls, ) (@), el €€
neEX;
Proof. For £ € X;, p(Ie) ~ 279W(27;€) and hence, using (2.22),

295W(29;€) % |by| 295W(275 ) =% |by| _ *
I - < E < E _ < L s
(7e) bg = (1+427d(&,n))° — Cnex. (1+27d(&,n))or — c(,u( n) |b7’|) ’

where 01 1= 0 — (2 max{a, 8} +1)|s| > (Amax{e, 8} +3)/t + 1. Now (5.4) follows
by Lemma 4.10. O

Now the proof of Theorem 5.3 can be carried out as the proof of Theorem 4.5,
using Lemma 5.4 in place of Lemma 4.10 and selecting ¢ in the definitions of k¢
and ag, b; sufficiently large. We skip the further details.

In a sense the spaces F,? are more natural than the spaces F,;? from §4 since
they scale (are embedded) “correctly” with respect to the smoothness index s.

Proposition 5.5. Let 0 < p < p; < 00, 0 < q,q1 <00, and 0 < 51 < s < o0.
Then we have the continuous embedding

(5.5) Fpl CcF if s—1/p=s1—1/p1.

The proof of this embedding result can be carried out similarly as in the classical
case on R™ using inequality (2.11) and Theorem 5.3 (see e.g. [18], page 129). It will
be omitted.

6. FIRST SCALE OF WEIGHTED BESOV SPACES ON [—1,1]

To introduce the first scale of weighted Besov spaces we use the kernels ®; defined
in (4.1) with @ satisfying (4.2)-(4.3) (see [15, 18]).
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Definition 6.1. Let s € R and 0 < p,q < oo. Then the weighted Besov space
B3t := Byl(w) is defined as the set of all f € D' such that

By = (i (290, 71,)") " < o0,

Jj=0

/]

where the {4-norm is replaced by the sup-norm if ¢ = oo

Note that as in the case of weighted Triebel-Lizorkin spaces the above definition
is independent of the choice of @ satisfying (4.2)-(4.3) (see Theorem 6.5). Also, the
Besov space B,?(w) is a quasi-Banach space which is continuously embedded in D'.

Our next goal is to link the weighted Besov spaces with best polynomial approx-
imation in L?(w). Recall that E,(f), denotes the best approximation of f € LP(w)
from II,, (see (2.7)).

Proposition 6.2. Let s >0, 1 <p < o0, and 0 < q < oo. Then f € By if and
only if

> 1/q
A s
(6.1) 1l = 1f o+ (D@72 (5p)7) < oo
7=0
Moreover,
(6.2) 11l 5sa ~ [1fllsge-

Proof. Let f € By9. It is easy and standard to show that under the assumptions
on s, p, and ¢ the space By is continuously imbedded in LP(w), i.e. f can be
identified as a function in LP(w) and || f||, < c| fl pse-

It is easy to construct (see e.g. [6]) a function @ > 0 satisfying (4.2)-(4.3) such
that a(t) +a(2t) = 1 for ¢t € [1/2,1] and hence
(6.3) da@E ) =1, te[l,c0).

v=0

Assume that {®,} are defined by (4 1) with such a function @. As in Proposition 3.1,
it is easy to see that f = ZJ "o ®jx fin LP(w). Hence, since ®; x f € Iy,

(6.4) Ex(f)p < D 955 fllpy £>0.
j=0+1

Now, a standard argument using (6.4) shows that || f||4 e < cllfllssa-
To prove the estimate in the other direction, we note “that Cixf=0;%(f—Q)
for @ € IIyi-» (j > 2). Hence, as in Lemma 2.5, ||®; * f||, < c||f — Q||p. Therefore,
1@ % fllp < cBai—2(f)p, J 22, and [[®;x fll, < cllflp,

which imply [|f]l e < c]|fll3za-
Above we used that the definition of B;? is independent of the selection of a,
satisfying (4.2)-(4.3). O

Remark 6.3. Proposition 6.2 shows that when s >0 and 1 < p < oo the weighted
Besouv spaces B;? can be identified as approzimation spaces induced by best poly-
nomial approximation in LP(w). Also, it is worth mentioning that E,(f), can
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be characterized via the weighted moduli of smoothness of Ditzian-Totik [4]. Con-
sequently, the weighted moduli of smoothness can be used for characterization of
weighted Besov spaces as well.

It is natural to associate with the weighted Besov space Bj? the sequence space
bp? defined as follows.

Definition 6.4. Let s € R and 0 < p,q < co. Then by := b3?(w) is defined to be
the space of all complez-valued sequences h := {he}ecx such that

(o}

bt <Z 2jsq[z (H(Ig)l/pfl/zlhg\)p] q/p)l/q < 00

7=0 £EX;

17

with the usual modification for p = 0o or ¢ = co.

Our main result in this section is the following characterization of weighted Besov
spaces, which employs the operators S, and T, defined in (4.10).

Theorem 6.5. Let s € R and 0 < p,q < co. The operators Sy, : Bp? — bp? and
Ty : by? — By? are bounded and Ty 0 S, = Id on By?. Consequently, for f € D’
we have that f € B39 if and only if {{f, ¢¢)}eex € b1 Moreover,

6.5)  [If]

o (29[ 3 1 wauely] ")

Jj=0 EeX;

By ~ [{(fs %e)}

In addition, the definition of Bp? is independent of the selection of a satisfying
(4.2)—(4.3).

To prove this theorem we will need the following lemma whose proof is presented
in the appendix.

Lemma 6.6. For every P €1ly;,5 >0, and 0 < p < o0
» 1/p
(6.6) (X max|P@)lPu(ie)) "< el P,
§EX;

Proof of Theorem 6.5. Note first that the right-hand side of (6.5) follows imme-
diately from (3.12).

As in the proof of Theorem 4.5, assume that the kernels ®; are defined by (4.1),
where @ satisfies (4.2)-(4.3). Let b be such that (3.1)-(3.3) hold and let U, be
defined by (3.6) using this b. Also, let {peteex and {t¢}eca be the associated
needlet systems defined as in (3.7). Further, assume that {;I;j}, {E/j}, {@e}s {125}
is a second set of kernels and needlets.

We first prove the boundedness of the operator T$ 1 bp? — By, where B)? is
defined via {®;}. Let 0 < ¢t < min{p,1} and ¢ > (2a + 2)/t + a + 1/2. Assume
that h = {h¢} is a finitely supported sequence and set f := .y h¢tpe. Employing



20 GEORGE KYRIAZIS, PENCHO PETRUSHEV, AND YUAN XU

Lemmata 2.7, 4.7, and (2.22) we get

B f@) < D > el @y x e ()]

J—1Sv<j+1€eX,
2i/2

<
_C] 1<zu:<3+1§§ | §|\/71’)(1+2jd(§a$))”

9i/2
<c D) I
Jo1<p<j+1E€X, VW(27;6)(1 + 27d(€, z))o——1/2
<c >y |h’f|u(I§)71/2Mt(llg)(z)7
J—1<v<j+1EeXx,

where we also used that ¢ > (20 + 2)/t + o + 1/2. Using the maximal inequality
(2.24) it follows that

o e flp< | 30 3 Ihelntt) ™ 2Mui) O

J—1<v<j+1€eXx,

1
<e Y0¥ |h§\pu(]£)*13/2/1ﬂlg(x)w(x) da

J—1<v<j+18ex, -

<e o Y |helPu(le)

J—1<v<j+1€eX,

Multiplying by 27 and summing over j > 0 we get [ fllzsa < cll[{he}[pse. To extend
the result to an arbitrary sequence h = {h¢} € b3? one proceeds similarly as in the
Triebel-Lizorkin case by using the embedding of B;? in D" and the density of finitely
supported sequences in bp?.

We next prove the boundedness of the operator S, : B;? — by, where we assume
that B5? is defined in terms of {®;}. Note first that

(fr )| ~ nTe)V21@; % f(E)], €€ X
Since @ x f € Ily;, then using Lemma 6.6

ST I PR )P < e > ) up @+ f(2)]” < c|[®; * fIE,

cex; tex; z€l

which yields [[{(f, )} oze < cl[f]lpze-

The identity T, o S, = Id follows by Proposition 3.1.

The independence of B,? of the particular selection of @ in the definition of
{®,} follows from above exactly as in the Triebel-Lizorkin case (see the proof of
Theorem 4.5). O

7. SECOND SCALE OF WEIGHTED BESOV SPACES ON [—1, 1]

We introduce a second scale of weighted Besov spaces by using again as in §6
the kernels ®;, defined by (4.1) with @ satisfying (4.2)-(4.3).

Definition 7.1. Let s € R and 0 < p,q < co. Then the weighted Besov space
Byt = By!(w) is defined as the set of all f € D' such that

o= (3 oI, « 101,]) " <

=0

/1
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where the £y4-norm is replaced by the sup-norm if ¢ = oo.

As for the other weighted Besov and Triebel-Lizorkin spaces considered here the
above definition is independent of the choice of @ satisfying (4.2)-(4.3). Also, the
Besov space B;q(w) is a quasi-Banach space which is continuously embedded in D’.

The main advantages of the spaces B;? over By are that, first, they scale (are
embedded) “correctly” with respect to the smoothness index s, and secondly, the
right smoothness spaces in nonlinear n-term weighted approximation from needles
are defined in terms of spaces B;? (see §8 below).

Proposition 7.2. Let 0 < p<p; < 00,0 < qg<q; <00, and 0 < s1 < 5 < 0.
Then we have the continuous embedding

(7.1) Byt C By if s—1/p=s1—1/p1.

This embedding result follows readily by applying inequality (2.11).
We now define the companion to B;?(w) sequence space by?(w).

Definition 7.3. Let s € R and 0 < p,q < oo. Then by? := by(w) is defined to be
the space of all complez-valued sequences h := {he}tecx such that

e = ([ 3 (utze) =0 1724mel) ") " < oo

J=0 geX;
with the usual modification for p = 0o or ¢ = co.

For the characterization of weighted Besov spaces B,?, we again employ the
operators S, and Ty, defined in (4.10).

Theorem 7.4. Let s € R and 0 < p,q < oo. The operators Sy, : By? — bp? and
Ty : by? — By? are bounded and Ty o S, = Id on By?. Consequently, for f € D’
we have that f € By if and only if {(f, p¢)}eex € byl. Moreover,

oo

v~ ([ wa s eauet] ™)

j=0 ¢cX;

(7.2) |/l

sy7 ~ [{{f; pe)

In addition, the definition of Bp? is independent of the selection of a satisfying
(4.2)-(4.3).

The following additional lemma is needed for the proof of Theorem 7.4.
Lemma 7.5. For every P €1ly;,7 >0, and 0 <p < o0
J. &) —sp p Y J
(73) (X WL sup [P@)Pulle)) < W) PC).
fer xelg

The proof of this lemma is similar to the proof of Lemma 6.6, where one uses
Lemma 5.4 in place of Lemma 4.10. We skip it.

For the proof of Theorem 7.4, one proceeds as in the proof of Theorem 6.5, using
Lemma 7.5 instead of Lemma 6.6. The proof will be omitted.
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8. APPLICATION OF WEIGHTED BESOV SPACES TO NONLINEAR APPROXIMATION
We consider here nonlinear n-term approximation for a needlet system {¢,,},cx
with ¢, = 1, defined as in (3.5)-(3.8) with b =@, a > 0. Then @ satisfies
ai(t)+a%2t) =1, te(1/2,1].

Hence {1} are real-valued.
Denote by ¥,, the nonlinear set consisting of all functions g of the form

9= acte,
gen
where A C X, #A < n, and A is allowed to vary with g. Let o,,(f), denote the
error of best LP(w)-approximation to f € LP(w) from X,,:

ou(f)p = nf |If = gl

The approximation will take place in LP(w), 0 < p < co. Assume in the following
that 0 < p < 00, s >0, and 1/7 := s + 1/p. Denote briefly B := B:".
By Theorem 7.4 and (3.12) it follows that

(8.1) 17l =~ (314 vedvelly)

fex

1/7

The embedding of B into L?(w) plays an important role here.
Proposition 8.1. If f € BS, then f can be identified as a function f € LP(w) and

(8:2) 171 < || 32 KrerueO| < el

fex

Bs-

We now state our main result in this section.
Theorem 8.2. [Jackson estimate] If f € BS, then
(83) on(f)p < en™?[|flls:,
where ¢ depends only on s, p, and the parameters of the needlet system.

The proofs of this theorem and Proposition 8.1 can be carried out exactly as the
proofs of the respective Jackson estimate and embedding result in [10] and will be
omitted.

It is an open problem to prove the companion to (8.3) Bernstein estimate:

(8.4) lglls: < enllgll, forg €, 1<p<oo

This would enable one to characterize the rates (approximation spaces) of nonlinear
n-term approximation in L?(w) (1 < p < co) from needlet systems.

9. APPENDIX

Proof of Proposition 2.2. We need the following integral representation of
L, (z,y) from [12] (see (2.15)):

T 1
(9.1) L) = co | [ Lty ) dma (o),
0 0
where L&#(t) is defined by (2.1),
ta,y,r ) = 5(L+2)(1+y) + 5(1—2)(L —y)r* + V1 —a2\/1 —y?cosp — 1,
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the integral is against
A (1) = (1= 12)*P=1200 sin ) drd,

and the constant ¢, g is determined from

™ 1
Caﬂ/ / ldm%g(r,w) =1.
0 0

For any u € [—1,1] we will denote by 6, the only angle in [0,7] such that
u = cosf,.
We will need the following lemma contained in the proof of Theorem 2.4 in [12].

Lemma 9.1. Let o, > —1/2 and k > 2a+ 28 + 3. Then there is a constant
¢ > 0 depending only on k, o, and B such that for z,y € [—1,1]

/” /1 n2+tdmg g(r, ) < 1 7
R T e e M N G O
where o =k — 20 — 28 — 3.
Identity (9.1) yields
[ Ln(z,y) — Ln (&, y)|

™ 1
0 <o) [y ) - Ly ) ldma s )

T 1
<o / / 1OL (Y| et oy |2, 4,71 0) — H(E, g1 0) e 5, ),
0 0

where 0f = f" and I, is the interval with end points ¢(z, y,r,v) and t(&, y,r, ).
From estimate (2.16) in [12] and Markov’s inequality, for any k there exists a
constant ¢ > 0 such that

n2a+4
HaL%’ﬁ(‘)HLoc(Jr,w) < ¢ max

u€l, m
(9.3)

< ¢pnlatt [(1 +ny/1— t(m,y,r,¢))7k + (1 +ny1— t(f,y,r,w))k} )

For the rest of the proof we assume that k£ > 0 is sufficiently large.
From the definition of ¢(z,y,r,1) one easily obtains

6, —6 O . 50 . .
1—t(z,y,r, 1) = 2sin? Ty+2sin2 Y sin? ?3’(177’2)+s1nt93C sin 6, (1 —r cos ),

which implies
t(x,y,r, ) —t(&y,r ) = cos(Be — 0y) — cos(0y — 0y)
+ (cos ¢ — cos ;) sin? t%y(l —12) 4 (sin ¢ — sin 0,) sin 6, (1 — rcos ).
It is readily seen that
0, + 0 — 20, sin O — 0,

2 2
< 10 — 0u[(10= — 0| + en ™),

| cos(¢ — ) — cos(0y — 0,)| = 2|sin
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where we used that |6, — 0¢| < en™! and |6, — 0¢| < cn™'. Therefore,

t(z,y,m, ) = t(& y, 7 )|

(9.4) < 10 — 0] [(10: — 0,] + en) + sin? %(1 ~ ) L sin, (1 — rcos ).
We use this and (9.3) in (9.2) to obtain

|Ln(2,y) — Ln(§,y)| < cle — 0.|(Ar + By + A2 + Bz + Az + Bs),

where A; and B; are integrals of the same type with A; involving ¢(z,y,r,v) and
B; 1nv01v1ng t(&,y,r,1); the indices j = 1,2, 3 correspond to the three terms in the
r1ght hand side of (9.4). We will estimate them separately.

Case 1. We first estimate the integral

204 =0yl +cn”
/ / +n 1 —t(xz,y,r, 1/1)) dma.s(r,¢)

and the integral By, the same as A1 but involving t(&, y, 7, 1) in place of t(z,y, r, ¥).
Using the estimate in Lemma 9.1 and the fact that |6, — 6,| ~ |0, — 0,] + cn™?,
we have

n3(|0, — 0y +cn™t)
\/an\/Wny (14 n|b; —0,y])°
n2
<c
VW(n;z)yW(niy)(1+nl. —0,[)7
On account of (2.22) this gives the desired estimate.
The integral B; is estimated similarly with the same bound.

A <c

Case 2. We now estimate the integrals

s 1 .20, 2
20+4 sin® 2 (1 —7r?)
! /o /0 (1 +ny/1—t(z,y,r,¢))* dma, 5 (r, )

and Bs which is the same but involves ¢(, y,r, 1) in place of t(z,y,r, ).
By the definition of dm (r,1) we have (1 — r?)dmq g(r,v) = dmat1,5(r, ).
Then using the estimate from Lemma 9.1 with « replaced by a + 1, we get

A, < nsinQ%
25¢C
VWart1,8(n;2) v Was1,8(n;y) (1 + nlb, — 0,])°
2
n

<c ;
VWa,5(n: )/ Wa,p(n:y) (1 + 1|6y — 0,[)7

where we used the fact that Wa. 1 5(n;y) = Wa s(n; y)(sin? % +n~2) and hence
Wat1,5(n;2) > Wy g(n;x)n=2. The equivalence |0, — 0,] ~ |0, — 0, + cn~! and
(2.22) then give the desired estimate. The integral Bs is estimated similarly.

Case 3. We finally estimate the integrals

20+ sin @, (1 —rcos )
// (14 ny1—t(z,y,r1))k e (7: )

and Bs which involves ¢(£,y,r, 1) in place of t(z,y,r, ).
Assume first that |sinf,| > n~1. Using the fact that

1—t(x,y,r,v) > sinb, sin Oy (1 — rcos),
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we conclude that
2a+2

sm@ // 1+n\/m)
// 1+nm>“ s

Now the estimate from Lemma 9.1 can be applied to get the desired estimate.
Let |sinf,| <n~!. We have

|sin@,| < |sinf, —sin 6, + |sin6,| < [0, — 0| +n~!
and use the fact that

ma,ﬁ(ra 1;[})

(r, ).

0, — 0
1 —t(x,y,7,1)) > 2sin’ 5zl - 0,)?

to conclude that

s 1 1
A <cn2a+3/ / dme g(r, ).
o o Jo (L4+ny/1—t(z,y,rp))k? #0:¥)

Applying the estimated from Lemma 9.1 we obtain the desired result. Bs is esti-
mated in the same way.
Putting the above estimates together completes the proof of Theorem 2.2. [

Proof of Proposition 2.4. Note first that it suffices to prove (2.4) only for n > ny,

where ng is sufficiently large. This follows from the fact that Pf,,aﬁ ) and Péiig ) do

not have common zeros and W(n;z) ~ 1 if n < constant. Furthermore, since
(a’ﬁ)(—z) = (—l)kP(B’a)( ), it is sufficient to consider only the case z € [0, 1].

Note that the Jacobi polynomials are normalized by P{* (1) = (") ~ &k and

using Markov’s inequality it follows that P,g f )( ) > ck® for 1 —0k—2 <z <1,
where 0 > 0 is a sufficiently small constant. From this one readily infers that (2.6)
holds for 1 — §;n~2 < o < 1, 6; > 0. Define 6 € [0, 7] from x = cosd. Then the
latter condition on x is apparently equivalent to 0 < 6 < dyn~! with J, being a
positive constant.

To estimate A, (cos®) for c*n=! < 6 < /2 with ¢* > 0 sufficiently large, we
need the following asymptotic formula of the Jacobi polynomials: For «, 8 > —1,

a B
r 1 1/2
(sin g) <cos z) PP (cos ) = N— (nta+l) ( _9 ) Jo(NO)

n! sin @
+ 91/20(n—3/2)

if con™t < 0 < /2, where N = n + 7 with n := (a + 3+ 1)/2, J, is the Bessel
function, and ¢y > 0 is an arbitrary but fixed constant (see [17, Theorem 8.21.12,
p. 195]).

Using that 2/7 < sin@/6 < 1 and cos@/2 ~ 1 on [0,7/2], and also I'(n + a +
1)/n! ~ n%, we infer from above

<sin g) ) [P,i“ﬁ)(cos 9)} > 1 [Ja((k +0)0)]2 — cak=3/20Y2|J, ((k + )0)].

Recall the well-known asymptotic formula

Ja(z) = (2) v [cos(z +7) + O(="1)], z— oo,

Uv4
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where v = —an/2 — 7 /4.
All of the above leads to

0 20 n+[en] ,
. —3/291/2
(s1n2> A, (cosB) > Z ( ((k+n)0))* — cak™3/%0 \Ja((k+n)9)|)
. n+[an]
(9.5) z— [cos® (k0 + b(0)) — ¢'(nf) '] — "en™",
k=n

for con™ < 0 < /2, where b(f) = ((a + 3+ 1)/2)0 +~. We now use the well
known identities for the Dirichlet kernel and its conjugate to obtain, for m > n,

e 1 <] _ 1
Z cos” (k) +b) = g(m —n+ 1) + (cos 2b + sin 2b) sin(m — n + 1)0 cos(n + m)H.

2sind
k=n
Therefore,
fraCl 1 2 1 T\ _en
— _ > 20
];l cos® (kO + b(0)) > 2([511} + 1)(1 Tl T 1)81119) 5n<1 5n0) >
whenever (27/¢)n~! <0 < /2. Substituting this in (9.5) we obtain
(9.6) in 2aA( 9)>i(i”—d5”)—ﬁ
’ ) AW nf n

Sl d e S c® o5 0
- 7 . - R c Y
— 0 \4 c n — 0

if c*n~! <0 < /2 with ¢* := max{co, 8¢, 2m/e} and n is sufficiently large. Hence,

O

—2a
(9.7 Ap(cos ) > % (sin g) >t Tl << 7/2,

for sufficiently large n, which yields (2.6) in this case.

For the remaining case 52n 1 <0 < ¢*n!, we need further properties of Jacobi
polynomials. Let z,, = cosf,, denote the zeros of Jacobi polynomial P(a A )
where

0<btp <bop<: - <Op,<m.
It is well known that 6, ~ v/n, but we will need much more precise asymptotic
representation for 6, ,, see below. The Jacobi polynomials satisfy the following
relation (see e.g. [11, Theorem 3.3, p. 171]),
na+1/2

(9.8) P9 (cos ) ~ n'/2|0 — Ovon| —arirz: 0 € 10,7,
Vg

where vy denotes the index of the zero z,,,, 1 < v < n, which is (one of) the closest
to x (x = cos®).
We will need the asymptotics of the zeros of the Jacobi polynomials from [5]:

1 1\ 1 —tcott o?— 3> t
9.9) 0,,= 2_Z — tan = | +t20(n=3
(9:9) 6., N AN? Ko‘ 4) 2 g tang| FEOMT),

where N = n+n as before, j,., is the vth positive zero of the Bessel function J,(z)
and ¢ = j, ,/N. Here the O-term is uniformly bounded for v = 1,2,. .., [yn], where
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v € (0,1). It is easy to verify that (1 —tcott)/t = O(t) as t — 0 and obviously
1/(n+n) —1/n=0(n"?). Hence
(9.10) Oy =220 +On72), v=12...,[n.

n

s

We will also use that
0< ja)1 < ja’z < .- and ja,,, — 0Q.

Let jo, v = Max{jau : ja,o < (1+¢)c*} and denote J := {Ja,15Ja,2; - - » Ja,vmax |-
Notice that vyax is a constant independent of n. Suppose that J # 0 (the case
J =0 is easier).

Fix don~! <0 < c*n~!. Then by (9.8) it follows that

PP (cos0) ~ k10 — 6, 1],

where the vp’s involved are bounded by a constant independent of n. Hence, (9.10)
can be used to represent 6, ; for n < k < n + [en] if n is sufficiently large. Using
the above we get

n+[en] n+[en]
An(cos) > en®F2 N " |0 = 0,, 1> > en® > (k0 — kb, 4
k=n k=n
n+[en]
> en?® Z (|k0 — Jawe | = kKO _.ja,VQD
k=n
n+[en]
> cnza( Z k0 — Jovwe|® — c'c*e),
k=n

where we used (9.10). Therefore,

n+[en)
(9.11) A, (cosf) > cn20‘< Z dist (k0, J)? — c°>, ¢, c® >0,
k=n

where dist (k, J) denotes the distance of k6 from the set J, that is the distance
of k6 from the nearest zero of the Bessel function J,(z).

It remains to estimate the sum in (9.11). Denote K := {n,n+1,...,n + [en]}
and let Ky be the set of all indices k € K such that dist (0, J) < m#@, where
m := [en/(6Vmax)]. Evidently

#Ko < (2m + 1) vmax < (2[en/ (6Vmax)] + Dvmax < en/2  if n > 6vae L
Then #K\ Ko > [en] + 1 —en/2 > en/2 and hence

n+[en]

Z dist (k‘@,j)2 > Z (mt9)2 >c Z (n0)2 > cégsn >cen, ¢ > 0.
k=n kEK\Ko ke\Ko

Inserting this in (9.11) we obtain
An(cos8) > cn®*(con — ¢®) > én?ot!

for sufficiently large n. This implies the stated inequality (2.6) with = cos€ in
the case dan~! < 6 < ¢*n~'. The proof of Proposition 2.4 is complete. [
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Proof of Proposition 2.6. Suppose o >  and let 1 < ¢ < co. By Lemma 2.5, (i)
we have g = L, *g and using Holder’s ineqaulity, (2.3), and that W(n;z) > cn =291
we obtain

1/q
n «
9@ <lall () < gl @€ -1
which leads to
(9.12) lglloe < en®t2/9g]l,, 1< ¢ < 0.

If 0 < ¢ <1, then the above inequality with ¢ = 2 gives

1
lglZ, < en*+? / 1 lg(y) P~ g(y) | w(y)dy < en®* 2| g||25 7| g]|

which shows that (9.12) holds for 0 < ¢ <1 as well.
Let 0 < ¢ < p < oo (the case p = oo is contained in (9.12)). Then using (9.12)

we obtain
lal = [ 11 |g<x>|”|g<x>|%<x>dx)

2a4+2)( i
< et )Hqu H9H5=

On the other hand, by [11, p. 114]

1/p

GG g

lgllp < en®a = glly-

Putting the above two estimates together gives (2.10).
To prove (2.11) we will need the following inequality

w(y) dy < c 1
1 W y)p/2+7(1 +nd(z,y))° 7 T nW(n x)P/QJr'yfl ’

where v € R and o is sufficiently large. The proof of (9.13) is contained in the
proof of Proposition 1 in [12]. Assume 1 < g < co. Then using Lemma 2.5, (i),
Holder’s inequality (1/¢+1/¢' = 1), and (1.10) we have, for z € [-1,1],

l9(2)| < [W(n; )37 1g()], (/_11 1 QIw(y)dyy/q/

Lo(z,y)W(nyy) "5 +e
" ' w(y)dy e ysriol
< e ( [t W) W)l

with v = ¢'(s —|— = — 7) Now, applying (9.13) we infer

(9.13) z € [-1,1],

nl/q

WHW( () s

l9(x)] < c
which implies
(914) W5 ) Pg() ]l < en 9 Wins )5 ag(lg, 1< g < o0,
If 0 < ¢ <1, then by (9.14) with ¢ =2
IW(n; )2 (|oo < en™2[Wins )5 2g()|l2
< en' 2 Wing ) Vg (592 W(ns ) g ()92,
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which shows that (9.14) holds for 0 < ¢ < 1 as well. Let p < co. Using (9.14), we
get

1 1/p
W) 9() = ( [ sy gt eyt w(x)dx)

1 ~2)sa(x)]? Y
gcni’%HW(n;-)SJF%*%Q(-)II’Z_" (/ [W(”’)g()]w(a:)dx>

P—4q

-1 Wn;z) 7
11 spl_1
=cn P [W(n; )" e T ag() g
Thus (2.11) is established if p < co. When p = oo (2.11) follows from (9.14). O
Proof of estimate (2.22). We only consider the case when —1/2 < z,y < 1 since
the other cases are similar or simpler. Choose 6, ¢ € [0,27/3] so that = cos#,
y = cos . Then d(z,y) = |0 — ¢|. We have
sinf +n~' < |sinf —sing| +sing+n"' <0 —p| +sing+n""
< (1+nl0 —¢|)(sing +n~1).

Then (2.22) follows using (2.20). O
Proof of Lemma 2.7. We first show that for y € [0,1] and 0 <r <7

(9.15) w(By(r)) == / w(z)dr ~ r(d(y, 1) + 7)1,
By(r)
Indeed, choose 0 < ¢ < 7/2 so that y = cos( and consider the case when ( + r <
27/3 (the case ¢ +r > 2m/3 is trivial; then p(By(r)) ~ 1). We have
¢+r C+r
w(By(r)) ~ / (1 — cosu)® sin udu ~ / u?* Ty
max{¢—r,0} max{¢—r,0}

~ (C+r —max{¢ —7,0})(¢ +7)**F ~r(C )T,
which yields (9.15).
We now proceed with the proof of (2.25). Denote briefly J, := B,(¢) which is
an interval. Equivalence (2.25) is trivial when x € J,,.
Assume z € [—1,1]\ J,. Denote by I, the interval with end points z and 7.
By the definition of the maximal operator in (2.23) it readily follows that

<M(M(J"))>1/t < (Myly,)(z) < (M(Jn)))l/t

Jn ) I:c,n F‘(Imm
and since pu(Iy ) < p(Jy Ulpy) < w(Jy) + p(leyn) < cpp(ly ), we have
1/t
() )
9.16 M1y )(z) ~ ( .
( ) ( t J,)( ) /U'(Im,n)

We will only consider the case when x € [—1/2, 1], since the case z € [-1, —1/2]
is simpler. Choose v € [0,7/2] and ¢ € [0,27/3] so that n = cosy and z = cos ¢.
Then d(n,z) = |y — ¢|. By (9.15) and (9.16) it follows that

e(d(n,1) +g)%ett € ( d(n,1) +e¢ )20¢+1
=9l (w n |w—¢|>2““ d(n,x) \d(n, z) + d(n, 1)

2 2 2

)

[(Mi1,) ()] ~

which implies (2.25). Estimates (2.26) are immediate from (2.25). O
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Proof of (3.12)-(3.13). The equivalence ||1,]|, ~ (279W(27;€))/P=1/2 follows
by (2.19).
From (2.3) and (2.15) it follows that, for £ € X; and 0 < p < o0,

1/2 2'7 1-1/p 2j 1/2—1/p
. < N as/ o~ N < N ac/ o~ N .
01 el el < e (535) = <Graig)
When p = oo, similar estimates follow by (3.11).
To estimate ||¢¢||p, ||¥¢]|p from below, we first note that by (2.5) and (9.17) it
follows that ||pell2 ~ ||¢ell2 ~ 1. Let 2 < p < 0o and %Jr i = 1. Using Hoélder’s
inequality and (9.17) we obtain

) 27 1/2—1/p’
0 << lipell < Nl < el (535)
and similarly for . Hence
27 1/2—1/p
(9.18) el el > e(573)

In the case p = oo, we proceed similarly as above and obtain the same estimate.
If 0 < p <2, then

) . 9—p » 27 1-p/2
0<e<lvell < leelloeli” < cleel(sprg)

which implies (9.18) and similarly for |[¢¢]|,.

Finally, (3.13) follows by the lower bound from (9.18) with p = oo and (3.10).
O

Proof of Lemma 4.6. Estimate (4.12) is immediate from (3.11) and Lemma 2.7
(see (2.26) and (2.19)).

For the proof of (4.13) we first observe that by (3.13) there exists a point ¢ €
Be(c*277) such that |¢¢ ()] > ¢(27/W(27;€))Y/2. By (2.4) it follows that
2%/2d(x, ()

W e

lpe(x) —pe(Q)] < e

and hence for sufficiently small constant ¢” > 0 we have

(27 ) W(27; €)% for x € Be(P279) N [-1,1].

CO
pe@)] = 5

Therefore, there exists an interval J,, := B, (¢277) C [—1, 1] such that

el Lo,y = c(27/W(27;€) 2 and  d(n, &) < c277.

Hence,
(Mege)(x) > e(M1y,)(2) > clp (@),

where for the last estimate we used (2.25). Thus (4.13) is established for . The
proof for )¢ is the same. [

Proof of Lemma 4.7. From the orthogonality of Jacobi polynomials it follows
that ®; x¢(z) =0if { € A, where v > j+2o0or v < j —2.
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Assume that € € X,, j — 1 < v < j+ 1. From the localization of the kernels
®;, ¥, (see (3.9)) and the definition of c¢ (see (2.14)) we get that for any o > 0
there is a constant ¢, > 0 such that

1
B 5 (o) = Ve [ @) i) dy

; o ! w(y)
<N [ i T BT

Setting & = cosf, x = cosn for some 0 < 6,7 < 7 and applying the substitution
1y = cos ¢, we obtain

' o m w(cos @) sin ¢
0+ e(a)] < W) e e

, . ™ 1
< 2]3/2W 2]; —1/2/ i i d
SETW@) T | A e e 10— g

< DPW(252) V(L4 2 — 6]) 7,

where we used the inequality

. 1 ‘ .
Y [T S0 o

For the proof of Lemma 4.9 we will need this lemma.

Lemma 9.2. Let P € Iy;,j > 0 and £ € X;. Suppose x1,z2 € [—1,1] and
d(z,,€) <277, v=1,2. Then for any o >0
|P(n)]

|P(21) = P(a2)| < e;2d(wr,2) ) (1+27d(&,n)"

nex;
where ¢, > 0 depends only on o, a, B, and cy.
Proof. Let P € Il,;. Suppose Lq;(z,y) is the reproducing kernel from Lemma 2.5

with n = 2/, Then Ly * P = P. Since Ly (z,-)P(-) € Ily+2, using that the
quadrature (2.14) is exact for all polynomials from ITg;+2 we get

1
P(x) =/ Ly (z,y) P(y)w(y)dy = Y cyLai(x,m)P(n), =€ [-1,1].
-1 nex;

Recall that ¢, ~ 279W(27;7n). Now, using Theorem 2.2 we obtain for zq,z2 €
[—1,1] with d(z,,€) <277, v =1,2,

Pla) = Plaa)| = | [ (Las(o1.9) = Lo )] Pla)ota) dy

< S JeullLas (@1, m) = Los (21,m) | P(n)]
nex;

j WERIn\Y2  |P(n)]
< 2d(xy, x2) n;j (W(Qj;g)) (1+27d(&,n))°

: [P (n)]
< c2/d(z1,22) - )
o—max{a,B}—1/2
WZEXJ (L + (g, n))7—mtoi1-1]
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where for the last inequality we used (2.22). Since o > 0 can be arbitrarily large
the result follows. [
Proof of Lemma 4.9. Clearly a¢ < be + d¢, where
d§ = maX{|P(x1) — P(m2)| 11 € Ig,d(.’lﬁl,wg) S 622_(j+7")},
and ¢y is the constant appearing in (2.18). By Lemma 9.2 it follows that

—r [P(n)
de < c2 L v/ — X;.
o n;j a+2demy €Y

Then recalling the definition of di in (4.15) we infer

o 1P()
de<e2m Yy (1+27d(w,n))7 (1 + 27d(€, w))”

weX; neX;

- |P(n) -
< 27T I N S *7
. Zz T+ 20d(n, ) ~ < %

where for the second inequality we switched the order of summation and used the
simple fact that for o > 1

3 1 . 1
ez, (L 2d(w,n)7 (1 +2d(§,w))” =~ (1+27d(n, )

Consequently, az < bz + dZ < bg + CQ_TCLE with ¢ > 0 independent of r. Choosing r
sufficiently large we obtain ag < cbg. The estimate in the other direction is trivial.
|

Proof of Lemma 4.10. We may assume that a > . Fix £ € A} and define
Yo :={neX;:d(n,&) <277} and

Yo, ={nex;: 27 Im=1 d(n,&) < 6227j+m}, m > 1.
where ¢g > 0 is from (2.18). Using (2.18) we have #Y;,, < ¢2™. Also, let
Jm = Be(ea(2™ + 1)27) = {z € [-1,1] : d(n,€) < 2(2™ +1)277}, m >0.

Evidently, J,, is an interval and I, C J,, if n € Y,, 0 <v <m.
We next show that

(9.19) w(Jm) < 2mEFD (1) for all 5 € Yy,

Suppose ¢ € [0, 1]; the case £ € [—1,0] is the same. Let J,, =: [y1,y2] and chose
¢1,02 € [0,7] so that y1 =: cos¢y and ya =: cos P ($1 > ¢2). Exactly as in the
proof of Lemma 2.7

w(Jm) = /J w(y)dy < c(pr — ¢2)dp7* T < 27TTTW(27, )

m

and using (2.22)

(920)  p( ) < 27TW(, (1 + 2 d(yr, €))*H < 27 THEAEITIN( g,
On the other hand, using again (2.22)

ully) = 279W(2 ) > 27, €)(1+27d(n, €) 72071 > 277~ Bt Dmy(2d ).
Combining this with (9.20) gives (9.19).
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Let p := max{0,1 — %} < 1. Using Hoélder’s inequality if £ > 1 and the t-triangle
inequality if 0 < t < 1, we have

* |b77| —mo —m(o—p) t\1/t
b5_2(1+2jd(777£))a§622 Z|bn|gcz2 (Z|bn|) .
neX; m>0 NEYm m>0 neYn,
We next use (9.19) to obtain, for z € I,

bp=cy 2D (/1 [ 3 |bn|,u(In)*1/t]11n(x)rw(x) dx)l/t
m>0 -1

n€EYm

<oy 2 (s /J D> (Z(é:;)l/t'b”% (@] wie)dz) "

m>0 NEYm
1 t
<ec Z 2—m(0—1—(4a+3)/t) (m /J {nezym |b77|]]‘1n (:,E)i| ’U)(IL') dl’)

m>0 m

weX; m>0 weX;
where for the last inequality we used that o > (4da + 3)/t + 1. O

Proof of Lemma 6.6. For § € X, we set a¢ := maxgey, |P(x)|, me := mingey, |[P(z)]
and

be 1= max{miln |P(z)|:w € Xjip, Ly N I # 0},
€ty

where 7 > 1 (sufficient large) is the constant from Lemma 4.9. If 0 < ¢ < p then

(3 atut0) ™ = | 3 eens0)], =< T vinn0]
Eex; EX;

EEX;
<ean S v o, <o 5 vt
EEX; £EX;

J

(9.21)

)

P

where for the first inequality we used Lemma 4.9 and for the second Lemma 4.10.
Also, for £ € Xj let Xj4, () :=={w € X4, : I, N I¢ # 0}. Evidently, #X;.,(£) < c.
Then, for w,n € X;4,(§) we have d(w,n) < ¢(r)277~" and hence

<emk.

< M
My K C————————
L+ 2+ d(w,n) ~

Therefore, for any § € &; and 1 € &;1,-(§) we have bg = max,ecx,,, (&) Mw < cmy,
and hence

bf]].]£ < Z m;k]]l]n.
NEX;4r(§)

Using this in (9.21) we get

(5 w0)” <] 3 w0 = 3 mn o,

EEX; neEXjtr neEXjtr
<e| > marn,0) <elPl
nEXj4r b

which completes the proof. [
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