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Abstract Decomposition systems with rapidly decaying elements (needlets) based
on Hermite functions are introduced and explored. It is proved that the Triebel-
Lizorkin and Besov spaces on R? induced by Hermite expansions can be charac-
terized in terms of the needlet coefficients. It is also shown that the Hermite-Triebel-
Lizorkin and Besov spaces are, in general, different from the respective classical
spaces.
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1 Introduction

The purpose of this article is to extend the fundamental results of Frazier and Jaw-
erth [5, 6] on the p-transform to the case of Hermite expansions on R?. In the spirit
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of [5, 6] we will construct a pair of dual frames in terms of Hermite functions and use
them to characterize the Hermite-Triebel-Lizorkin and Hermite-Besov spaces.

Let {h,,}lfoz0 be the L2(R) normalized univariate Hermite functions [see (2.1)].
The d-dimensional Hermite functions are defined by Hy (x) := hg, (x1) - - - hoy (x4).
Then the kernel of the orthogonal projector of L> onto W, := span {H, : || = n}
is given by H, (x,y) := Z|a\=n Hey (x)Hg (y). Our construction of Hermite frames
hinges on the fundamental fact that for compactly supported C* functions @ the ker-
nels A, (x,y) 1= Zl 0@(£)H; (x, y) decay rapidly away from the main diagonal in
R?. This fact was established in [4] for dimension d = 1 and in [1, 2] in general. We
obtain a more precise estimate in Theorem 1 below. We utilize kernels of such kind
for the construction of a pair of dual frames {¢z}ecx, {¥s}ecx, where & is a multi-
level index set. The frame elements have almost exponential localization [see (3.11)]
which prompted us to call them “needlets.” The needlet systems of this article can be
viewed as an analogue of the ¢-transform of Frazier and Jawerth [5, 6]. Frames of
the same nature in the case d = 1 have been previously introduced in [4].

Our primary goal is to utilize needlets to the characterization of the Triebel-
Lizorkin and Besov spaces in the context of Hermite expansions. To be more specific,
assume that a € C*°, suppa C [1/4,4], and [a] > ¢ on [1/3, 3], and define

oo
Qoi=Hy and @;i= Y a(5 )M J=1. (L.1)
v=0

Then for all appropriate indices we define the Hermite-Triebel-Lizorkin space F;‘q =
ng (H) as the set of all tempered distributions f such that

00 1/q
1/ o= H (Z (2719, + f(-)l)q)
j=0

where ®; * f(x) := (f, ®(x,-)) (see Definition 3). We define the Hermite-Besov
spaces B,? = B, (H) by the (quasi-) norm

00 1/q
||f||3;q:=<Z(2°‘f||d>,-*f||p)q) :

j=0

<00,

p

One normally uses binary dilations in (1.1) (see, e.g., [18, Section 10.3] and also
[1, 3]). We dilate @ by factors of 4/ instead since then the Hermite F- and B-spaces
embed just as the classical F- and B-spaces.

Our main results assert that the Hermite-Triebel-Lizorkin and Hermite Besov
spaces can be characterized in terms of respective sequence norms of the needlet
coefficients of the distributions (Theorems 3, 8). Furthermore, we use these results to
show that the Hermite-F- and B-spaces of essentially positive smoothness are differ-
ent from the respective classical F- and B-spaces on R?.

Our development here is a part of a bigger project for needlet characterization
of Triebel-Lizorkin and Besov spaces on nonclassical domains such as the unit
sphere [11], the interval with Jacobi weights [8, 13], and the unit ball [9, 14].
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The rest of the article is organized as follows: Section 2 contains some background
material. The needlets are introduced in Section 3. In Section 4 the Hermite-Triebel-
Lizorlin spaces are defined and characterized via needlets. The Hermite-Besov spaces
are introduced and characterized in Section 5. Section 6 contains the proofs of a
number of lemmas and theorems from Section 2—Section 5.

Some useful notation: || f|l, := || fll»re); for a measurable set E C RY, |E|
denotes the Lebesgue measure of E and 1 is the characteristic function of E. Also,
for x € R?, |x| is the Euclidean norm of x, |x|s := maxi<j<q|x;|, and d(x, E) :=
infyeg |x — y|oo is the £°° distance of x from E C R?. Positive constants are denoted
by ¢, ci, ... and they may vary at every occurrence; A ~ B means c;A < B < A.

2 Preliminaries
2.1 Localized Kernels Induced by Hermite Functions

We begin with a review of some basic properties of Hermite polynomials and func-
tions. (For background information we refer the reader to [17].) The Hermite polyno-
mials are defined by

Ha(t) = (—1)%*(%)"(('2), n=0.1.....

These polynomials are orthogonal with respect to e~"" on R. We will denote the
L?-normalized Hermite functions by

ha(t) = (2"n'/7) " ? Hy(t)e /%

One has
/h,,(t)hm(t)dt: (2”n!ﬁ)_1/ H,,(t)H,,,(t)e*’2 dt =8, .
R R

As is well known the Hermite functions form an orthonormal basis for LZ(R).
As already mentioned, the d-dimensional Hermite functions H,, are defined by

Ho(x) :=he, (x1) - hey(xq), a=(a1,...,aq) . 2.1

Evidently ¥/ 2H, (x) is a polynomial of degree || := ay + - - - + ag. The Hermite
functions form an orthonormal basis for Lz(Rd). Moreover, H, are eigenfunctions
of the Hermite operator D := —A + |x|? and

DHy = Qla|+d)Hy 2.2

where A is the Laplacian. The operator D can be written in the form

1
D=-
2

J

d
d d

. * * . . — . >k— .
71(AjAj+AjA]), where Aj = _ax,» +x],Aj——8xj +xj. (2.3)
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Let ¢; denote the jth coordinate vector in R¢. Then the operators A j and Aj satisfy

AjHa = Qo +2)  Hate, and  ATHy = Q)T Ha-, . 2.4)

Combining these two relations shows that {7, } satisfy the recurrence relation

aitl\ 3 a1
xjHa(x)z( fjl)zﬁa+ej(x)+(TJ)ZHQ,L,j(x) 2.5)
and also
0 aj+1 % i\t
gy M) == (937) Hare, @)+ (%) Hamey 0. 2.6)

Let W, :=span{H : |¢| =n}and V, := EB’}ZO W ;. The kernels of the orthogonal
projectors on W, and V,, are given by

Ho(x,3):= Y Ha(Ho(y) and Ko(x,y):=) Hjx,»), Q27

la|=n j=0

respectively.

An important role will be played by operators whose kernels are obtained by
smoothing out the coefficients of the kernel K, by sampling a compactly supported
C® function a. For our purposes we will be considering “smoothing” functions a
that satisfy.

Definition 1 A function @ € C*°[0, 00) is said to be admissible of type
(a) if suppa C [0,1+v] (v>0)anda(z) =1 on [0, 1], and of type
(b) if suppa C [u, 1 +v], where 0 <u < 1, v > 0.

For an admissible function @ we consider the kernel

An(x, y) = Za(%)ﬁj(x, V). (2.8)

Jj=0

It will be critical for our further development that the kernels A, (x, y) and their
derivatives decay rapidly away from the main diagonal y = x in R? x R<.

Theorem 1 Suppose a is admissible in the sense of Definition 1 and let a € Ng. Then
for any k > 1 there exists a constant cy depending only on k, a, d, and @ such that

o

Lo 1 |
a—aAn(x, vl < Ckn p) [Kn+[vn]+|a|+k(x,lx)]2[K,,:[U,,Hk(y, 12 ‘
ax (1+n3fx —y])

(2.9)

The dependence of cx on a is of the form ¢y = c(k, ||, u, d) maxo<;<k ||ﬁ(l) loo-
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We relegate the somewhat lengthy proof of this theorem to Section 6.1.
The function

1
An(x) == m (2.10)

is termed Christoffel function and it is known (see, e.g., [10]) to have the following
asymptotic in dimension d = 1:

—-1/2
An(x) ~n~ 12 <max{n2/3, 1— %}) 2.11)

uniformly for n > 1 and |x| < +/2n(1 + ¢’n=%/3), where ¢’ > 0 is any fixed constant.
Consequently, for d =1 we have

1/2
K,,(x,x)fvnl/z(max{n_2/3,1—%}> ,xl < V2n(1+n73) . (2.12)
n

For d > 2 one has (see [17, p. 70])
[Hp(x, )| <en®?7!, xeRY. (2.13)
This along with (2.7) leads to
Ky(x,x)<cn¥?, xeRY d>1. (2.14)

On the other hand, it is well known that (see, e.g., [17, p. 26]) for any y > O there
exists a positive constant ¢ = c(y) such that

()] < ce ™, x] > (4n+2)'2 @.15)
and ||A, ||lso < cn~ Y12, which readily imply
Ko(r.x) <ce o, if x| = maxi<j<q ;] = @n+ 212, (2.16)
where y’ > 0 depends only on d.
Now, combining (2.9) with (2.14) and (2.16) (setting y* := y'/2) we arrive at

the following.

Corollary 1 Under the hypothesis of Theorem 1 we have

o
‘a—aAn(x,y)’ Sckl—k, xeR? i
* (1+n2|x —yl)
(2.17)
9 eV 1x1% i
‘a—aAn(x,y)’ < ck i o I Ixloo = (4(n + [vn] + |af + k) +2) 2,
* (1+n2|x —yl)
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and

o

0
ax—aA”(x’ y)) <ck

eV % 12
—————— i D= @G+ onl+k)+2)2.
(l +n2jx — y|)
Note that an estimate similar to (2.17) is proved in [4] when d = 1 and « = 0 and

in the general case in [1, 2]. Estimate (2.9) is new.
We now turn to a lower bound estimate.

Theorem 2 Let @ be admissible in the sense of Definition 1 and |a(t)| > cx > 0 on
[1,14 7], T > 0. Then for any € > 0,

fRd A, )P dy = cen?? for x| <(1—e)y2(1+0)n,

where ¢ > 0 depends only on t, ¢, ¢y, and d.

This theorem provides a lower bound for the range where estimate (2.17) (with
a = 0) is sharp. To indicate the dependence of K, on d, we write K,, 4 = K,,. By
orthogonality, Theorem 2 is an immediate consequence of (2.12) and the following
lemma.

Lemmal [fO<A<1,0<p <1, and d > 1, then there exists a constant ¢ > 0
such that forn > 2/A

n
Y HuGn)zen'T K@) if ti=lx| <22+ 1. (218)
m=[(1-A)n]
The proof of this lemma is given in Section 6.1.

2.2 Norm Relation

For future use we give here the well known relation between different norms of func-
tions from V,, (see, e.g., [10]): For 0 < p,g < o0

d _
lgll, < cnzVa=1Plg), for geV,, (2.19)

with ¢ > 0 depending only on p, ¢, and d.
This estimate can be proved by means of the kernels from (2.8) with @ admissible
of type (a).

2.3 Cubature Formula
In order to define our frame elements, we need a cubature formula exact for products

fg with f, g € V,,. Such a formula, however, is readily available using the Gaussian
quadrature formula.
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Proposition 1 ([16]) Denote by t, ,, v=1,2,...,n, the zeros of the Hermite poly-
nomial H, (t). The Gaussian quadrature formula

2

n
/ f(t)e_tz dt ~ Zwv,nf(tv,n)s Wy, = Ay (tv,n)e_t”’" , (2.20)
R v=1

is exact for all polynomials of degree 2n — 1. Here ), (-) is the Christoffel function
defined in (2.10).

The product nature of ¢~ enables us to obtain the desired cubature formula on
R< right away.

Proposition 2 Let &y := (tay s -+ -+ luyn) and Ay = [1°—; An(ta, ). The cuba-

ture formula

/R Fg@)dx~ Y Y han f Ean)8 Ean) 21)

ar=1 ag=1

is exact forall f e Vy, g€V, withl+m <2n — 1.

We next record some well known properties of the zeros of Hermite polynomials.
Suppose {£,} are the zeros of H,(¢) (with n even) ordered so that

fp<-<ba<0<éi<--<by, §,=6. (2.22)

From [10] we have 5% < 2n+1 —n~1% and uniformly for [v| <n/2 — 1

Epi1 —Eyy ~n 12 23 Bl e 2.23
vkl — v~ n max {n 7, T . (2.23)

Consequently, on account of (2.11)

An(§v) ~Ev—1 —&vy1, WI=n/2-1 (§:=0). (2.24)

By [16, (6.31.19)]

1
%<V (Zj:%’ =1,....n/2. (2.25)
From this and (2.23) we have, for any ¢ > 0,
Eop1 — & ~nT P E < (1/2—#)n, (2.26)
and
cin P <g —E 1 <oV it (1/2—en <l <n/2. 2.27)

Here the constants depend on &.
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It also follows by (2.23) that
vr1—&v1~& —& 2, —n/24+2=<v=<n/2-1. (2.28)

For the construction of our frames in Section 3 we need the cubature formulae
from Proposition 2 with

n=2N;, where N;:=[(1+118)4/n)*4/]+3 (2.29)

and 0 < § < 1/37 is an arbitrary (but fixed) constant.

Given j > 0, let as above &,, v ==1,...,£N;, be the zeros of H2Nj (1). Let
X be the set of all nodes of cubature (2.21) with n = 2Nj, i.e., X} is the set of all
points &y := (4, - .., &q,), where 0 < o, | < N;. Also, for § =&, we denote briefly
Mg := Aa,n;- Note that #X; = (2N;)? ~ 474,

An immediate consequence of Proposition 2 is the following.

Corollary 2 The cubature formula
d
fR [ fgdx ~ E;j A fE)E), Aei= 1:[1 2w, Ea,) | (2.30)
is exact forall f € Vg, g € Vi with€+m <4N; — 1.

For later use we now introduce files {R¢} induced by the points of X’;. Set
L=10, (61 +6)/2], I-1:=-1,
L =[6v-1+6)/2, (6 +841)/2], v==%2,...., N1, and

In; =[N, +En)/2. 68, + 2770 Iy, =1y, .

Foreach & =&, = (§y,,...,&q4,) in X we set
Re =1y X Iy X -+ X Iy, , (2.31)
and also
0 i=[E-n, —277/0, £n, +277/5]" = U x; Re . (2.32)

Thus we have associated to each § € X; (j > 0) atile R¢ so that different tiles do not
overlap (have disjoint interiors) and they cover the cube Q ; ~ [-2/,2/ 9.
Observe that by the construction of the tiles {Rg} and (2.24) we have

Ae ~|Re|, E€X;j. (2.33)

By (2.26) |R¢| ~ 2774 if £ = &, € Xj with |a|oo < (1/2—68/2)2N; = (1 — §)N;.
Assume that |£,] < (1 4 48)2/11. By (2.25)

Tl =1/2) e Tl = 172)

T < (14482
@N; + DI an, +nin ~ 4T

[6aloo >
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Using the definition of N; in (2.29) itis easy to show that the above inequality implies
l&loo < (1 —8)N;. Consequently, for & € X},

Re~&+[—277, 2*1‘]" and  |[Rg| ~277 if  |E|eo < (14+48)2/F1 . (2.34)
On the other hand, by (2.26)—(2.27) it follows that, in general,
E+[—c2/, 2 CRecE+[ =227, Eex;,  (239)

and hence
27 < |Rg| < 27043 (2.36)

Finally, note that since the zeros of H, and H, interlace, each box R, € X,
£ > 1, may intersect at most finitely many (depending only on d) tiles R, & € X.

2.4 Maximal Operator

Let M, be the maximal operator, defined by

1 1/s
M, f(x):= sup (— f |f(y>|fdy> , xeR?, (2.37)
Q:xeQ |Q| (0]

where the sup is over all cubes Q in R? with sides parallel to the coordinate axes
which contain x.

We will need the Fefferman-Stein vector-valued maximal inequality (see [15]): If
0<p<oo,0<g <00, and 0 <s <min{p, g}, then for any sequence of functions

fi, fo, ... on R4
00 1/q
<c (Zm(-)ﬂ)
j=1

(Zusr)”

where c =c(p, q,s,d).

, (2.38)
p

p

2.5 Distributions on R?

As is customary, we will denote by S the Schwartz class of all functions ¢ € C*°(R9)
such that

Pg,(¢) :=sup|x" DP¢p(x)| <oo forall y,p. (2.39)

The topology on S is defined by the semi-norms Pg,,. Then the space S’ of all
temperate distributions is defined as the set of all continuous linear functionals on
S. The pairing of f € S’ and ¢ € S will be denoted by (f, ¢) := f(¢) which is
consistent with the inner product ( f, g) fRd fgdx in L2(RY).

As a convenient notation we 1ntroduce the following “convolution.”
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Definition 2 For functions ® : R? x RY — C and f : RY — C, we write
b x f(x):= /Rd S, ) f(y)dy. (2.40)

More generally, assuming that f € S’ and ® : RY x R? — C is such that ®(x, y)
belongs to S as a function of y (®(x, -) € S), we define ® * f by

Dk f(x):=(f, D(x,)), (2.41)
where on the right f acts on ®(x, y) as a function of y.

We next record some properties of the above “convolution” that are well known
and easy to prove.
Lemma 2

@) If f €S and ®(-,-) € S(R? x RY), then ® * f € S. Furthermore H,, % f € V,,.

®) IffeS, &¢,-)eSRYxRY), and p € S, then (O x f,p) = (f, P * ).

© If feS8, ©¢.), V(.)€ SR! xRY), and ®(y,x) = ®(x,y), ¥(y.x) =
W(x,y), then

Wk dx fx)=(WU(x,), P, ) * f. (2.42)

Evidently the Hermite functions {H,} belong to the space of test functions S.
More importantly the functions in S can be characterized by the coefficients in their
Hermite expansions. Denote

oo o0 1/2
P (¢) = Z(n+1>’||m*¢||z=2(n+1)’( > |<¢,Ha>|2> . (43)
n=0 n=0 lo|=n
Lemma 3 We have
peS < |(¢.Ha)l <ck(a|+1D7* forall aandallk. (2.44)

Moreover, the topology in S can be equivalently defined by the semi-norms P} from
above.

Proof
(a) Assume first that the right-hand side estimates in (2.44) hold. Applying repeat-
edly identities (2.5)—(2.6) one easily derives the estimate

sup [x¥ DPHy (x)] < c(loef + DIYHEDZ - max 1 H,, |l (2.45)
X lo|<|a|+|B|+]yI

for all indices B and y, which implies ¢ € S since ¢ =Y oo > iaj=n{®s Ha)Ha
in L.
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(b) Suppose ¢ € S. Using (2.2) we have

(¢,Ha>—/RdHa(x)¢(X)dX— 2|a|+d/Rd( A+ [x ) Ho ()¢ (x) dx

1 _ 2
— s L e (= 86+ 1) d

where for the last equality we used integration by parts. Repeating the above proce-
dure k times we obtain a representation for (¢, H,) of the form

1
(¢, Ho) = 7/ He(x) Z Cp.,x? DPp(x)dx (2.46)
@la| +d) Jpa |BI<2k, Iy <2k ’

which yields the right-hand side estimates in (2.44).
The equivalence of the topologies in S induced by the semi-norms from (2.39)
and (2.43) follows easily by (2.45) and (2.46). O

3 Construction of Building Blocks (Needlets)

We utilize the localized kernels from Theorem 1 and the cubature formula from
Corollary 2 to the construction of a pair of dual frames consisting of localized func-
tions on RY.

Leta, b satisfy the conditions:

a.be C*(R), suppa, suppZC [1/4,4], 3.1
[a@)|, |Z(;)| >c>0 if te[l/3,3], (3.2)
A bty +a@n b =1 if te[l/4,1]. (3.3)
Consequently,
D @) b(d ) =1, tell,00). (3.4)
v=0

It is easy to see that (see, e.g., [6]) if @ satisfies (3.1)—(3.2), then there exists b
satisfying (3.1)—(3.2) such that (3.3) holds true.
Assuming that @, b satisfy (3.1)~(3.3), we define

o0

boi=Hy, D)= Za(%)m, j>1, and (3.5)
v=0
ad ~ vV

\I/() = H(), \I’/ = Zb(F)HV’ ] = 1. (36)
v=0
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Let X; be the set of the nodes of cubature formula (2.30) from Corollary 2 and let A¢

be the coefficients of that cubature formula. We now define the jth level needlets by
12 12

Qs (x) =4 "®;(x,8) and e (x) =AW (x, §), EeX;. 3.7

Write & := U2 X;, where equal points from different levels &’; are considered as

distinct elements of X. We use A’ as an index set to define a pair of dual needlet
systems ® and W by

Di={pelecx, VY :i={¥slecx . (3.8)

According to their further roles, we will call {¢¢ } analysis needlets and {¢} synthe-
sis needlets.

The almost exponential localization of the needlets will be critical for our further
development. Indeed, by (2.17) we have

cx2/4

———— . xeR’ Vk. (3.9)
(1+2/1x - &)

[P (&, ) W&, x)| =<

Fix L > 0. Then by Corollary 1 it follows that for any k > 0 and x € R?
Ck2_jL

. if [Ele>1+8)2T . (3.10)
(14271x — &)

[P (&, X)W (&, x)| <

Here ¢ depends on L and § as well.
From above and (2.33)—(2.35) we infer

2id/2 4
wgmwwunsG:%T—aF,ﬁ Eloo < (1 +8)27F1 (311
o
and
2—JL .
wamuw@nsai%r—gf,ﬁ Eloo > (148271 (3.12)
x_

The following proposition provides a discrete decomposition of S’ and L?(R¢)
via needlets.

Proposition 3
@If f eS8, then

f=) W% f in S and (3.13)
j=0

f=Y (froelpe in S (3.14)
EeX
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b)If feLl, 1<p<oo, then (3.13)—(3.14) hold in LP. Moreover, if | < p < 00,
then the convergence in (3.13)—(3.14) is unconditional.

Proof
(a) By the definition of ®; and ¥; in (3.5)—(3.6) it follows that W * g = Hp and
47
_ VU N~y V .
Wi (x,y) = Zza(ﬁ)b<F)HU(x, v, j=1.
v=4J—

Note that W (x, y) and @ (x, y) are symmetric functions (e.g., ¥; (y, x) = ¥;(x, y))
since H, (x, y) are symmetric and hence W; * ®;(x, y) is well defined. Now, (3.4)
and Lemma 3 yield (3.13).

To establish (3.14), we note that ¥ (x, -) and ®;(y, -) belong to V,; and applying
the cubature formula from Corollary 2, we obtain

v *5j(x,y) =/dlllj(x,u)<l>j(y,u)du
R

=Y 0V, ;0.8 = Y Y .

SEX]' EGX]'
Consequently,
Wix®jxf= Y (froe)Ve .
§€Xj

This along with (3.13) implies (3.14).

(b) Representation (3.13) in L? follows easily by the rapid decay of the kernels of the
nth partial sums. We omit the details. Then (3.14) in L? follows as above. The un-
conditional convergence in L?, 1 < p < oo, follows by Proposition 5 and Theorem 3
below. O

Remark I 1t is well known that there exists a function @ > 0 satisfying (3.1)—(3.2)

’s\uch that a%(t) + a%(41) =1, t € [1/4,1]. Suppose that in the above construction
b=a and @ > 0. Then ¢ = Y. Now (3.14) becomes f =} o (f V&) ¥e. It is

easy to see that this representation holds in L? and

1/2
||f||L2=<Z|(f,¢é)|2> . fel?,

teX

i.e., (Ve )gex is a tight frame for L2(RY).

4 Hermite-Triebel-Lizorkin Spaces (F-Spaces)

In this section we introduce the analogue of Triebel-Lizorkin spaces in the context of
Hermite expansions following the general approach described in [18, Section 10.3]
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and show that they can be characterized via needlets. In our treatment of Hermite-
Triebel-Lizorkin spaces we will utilize the scheme of Frazier and Jawerth from [6]
(see also [7]).

4.1 Definition of Hermite-Triebel-Lizorkin Spaces

Let the kernels {®;} be defined by

o0
Qoi=Ho and @;i=) a( )M J=1, @.1)

v=0
where {H,} are from (2.7) and @ obeys the conditions:

aeC®[0,00), suppaC[l1/4,4], 4.2)
[a@t)|>c>0, if re[1/3,3]. 4.3)

Definition 3 The Hermite-Triebel-Lizorkin space F,? := F,?(H), where a € R,
0 < p<o00,0<gqg <00, is defined as the set of all f € S’ such that

00 1/q
11 s = “ (Z (2%|®; f(-)l)q)
j=0

<00, 4.4)

p

where the ¢9-norm is replaced by the sup norm when g = co.

As will be shown in Theorem 3, the above definition of Triebel-Lizorkin spaces
is independent of the specific selection of @ satisfying (4.2)—(4.3) in the definition of
®; in (4.1).

Proposition 4 The Hermite-Triebel-Lizorkin space F ;{q is a quasi-Banach space
which is continuously embedded in S’ (F;‘q — 8.

Proof We will only establish that F,? < &’. Then the completeness of F,? follows
by a standard argument using in addition Fatou’s lemma and Proposition 3.

As in Definition 3, let {®;} be defined by a function @ obeying (4.2)—(4.3). As
already indicated there exists a function b such that (3.1)=(3.3) hold. Let {¥;} be
defined as in (3.6) using this function. After this preparation, let {¢g} and {1/fg} be
needlet systems defined as in (3.7)—(3.8) using these {®;} and {\V;}.

Let f € F,?. By Proposition 3 f = Z] oV *®; x fin S and hence

=Z<\IJ]*5J*f,qb):Z(@]*f,G]*qS), (]568
j=0 Jj=0

Applying the Cauchy-Schwarz inequality and (2.19) we obtain, for j > 2,
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(@)% £, W) % @) <19 * fll2¥; * ¢l
4]
jdll—1 .
=TI flly Y 1Mkl = 27l e PE@)

v=4Jj-2

whenever r > || +d|} — %| + 1. This leads to |(f. @) < c[| f e P (), which

yields the claimed embedding. O
Proposition 5 We have the following identification:
FP~LP, 1<p<oo, 4.5)
with equivalent norms.
The proof of this proposition can be carried out as the proof of Proposition 4.3
in [11] in the case of spherical harmonics and will be omitted. It employs the existing
L? multipliers for Hermite expansions (see, e.g., [17]).

4.2 Needlet Decomposition of Hermite-Triebel-Lizorkin Spaces

In the following we will use the multilevel set X := U?O:O)C ;7 from Section 3 and the
tiles {R¢} introduced in (2.31).

Definition 4 Let « € R, 0 < p < 00, 0 < g < 0o. The Hermite-Triebel-Lizorkin
sequence space f;‘ % is defined as the set of all sequences of complex numbers s =
{s¢}eex such that

oo q 1/q
sl goa = H(sz > [sellRel ™18, 0] )
j=0

SEX]'

<0 (4.6)
14

with the usual modification when g = oo.

Assuming that {gg}, {¥¢} is a dual pair of analysis and synthesis needlets
[see (3.7)—~(3.8)], we introduce the operators: S, : f — {(f, ¢z)}ecx (Analysis op-
erator) and Ty : {s¢}ecxy — ZE ex Se Ve (Synthesis operator).

We now come to our main result on Hermite-Triebel-Lizorkin spaces.

Theorem 3 [foa € R and 0 < p < 00, 0 < g < 00, then the operators S, : F,? —
f;,x 1 and Ty : f;,x 7 _ Fﬁq are bounded and Ty, o S, =1d. Consequently, assuming
that f € S', we have f € F;fq if and only if {{f, )} € fgq and

71 pga ~ IHCSs @}l poa 4.7

Furthermore, the definition of F,‘fq is independent of the specific selection of a satis-
Sfring (4.2)—(4.3).
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For the proof of this theorem we adapt some techniques from [6].

Definition 5 For any collection of complex numbers {ag }¢ < X;, We define

* |a77|
: = E P — 4.
Eh S, (427l = *9)
and
ag‘ :=a}'~‘(§), Eed;, “4.9)

where o > d is sufficiently large and will be specified later on.
We will need a couple of lemmas whose proofs are given in Section 6.

Lemma 4 Suppose s > 0 and o > dmax{2, 1/s}. Let {bo}wex;, j =0, be a set of
complex numbers. Then

b (x) chs< > Ibw|]lRw)(x), xeRe. (4.10)
a)GXj

Moreover, for & € X,

bg‘ﬂRE(x)fcMs< > |bw|an>(x), xeR?. (4.11)

wed)

Here the constants depend only on d, §, o, and s.

Lemma 5 Let g € V4; and denote

Mg = sup |[g(x)|, &€X;, and my:= inf [g(x)], A eXjy,.
XER; XERy

Then there exists £ > 1, depending only d, §, and o, such that for any & € X
Mg‘fcm; forall reXjie, Ry NR:#0, (4.12)

and hence
Milg (x)<c Y milg(x), xeR?, (4.13)
XE.)C‘_H.K,R)\QRE#VJ
where ¢ > 0 depends only on d, §, and o.
Proof of Theorem 3 Suppose g < oo (the case ¢ = oo is easier) and pick s, o, and k
sothat 0 < s <min{p, g} and k > ¢ > d max{l1, 1/s}.

Let {®;} be from the definition of Hermite-Triebel-Lizorkin spaces [see (4.1)—
(4.3)]. As already indicated in the beginning of Section 3, there exists a function b
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satisfying (3.1)—(3.2) such that (3.3) holds as well. We use this function to define
{V;} exactly as in (3.6). We further use {®;} and {W;} to define just as in (3.7) a pair
of dual needlet systems {¢,} and {v,}.

Let {@y}, {%7} be a second pair of needlet systems, defined as in (3.5)—(3.7) from
another pair of kernels {215 it {KTJ il

Our first step is to establish the boundedness of the operator 77 : f;,x = Fpaq,
defined by Tjs := ZS cx S& 1;5. Proposition 4 and the fact that finitely supported
sequences are dense in f; ? imply that it suffices to prove the boundedness of Ty
only for finitely supported sequence. So, assume s = {s¢ }¢cx is a finitely supported
sequence and let f := Tys. Evidently @ x IZS =0if&ée X, and |j —v| > 2, and
hence

j+1
CDj*f: Z ZSgCDj*WS (X_1:=0).
v=j—1 E€X,

LetéeX,, j—1<v<j+1,and |£|e < (1+8)2"F!. Then using (3.9)—(3.11)
we get

~ . 1
D % Pe (x) 5c23fd/2/ . , dy
@ | e (1427 ]x — ) (1+ 271 — y))

24P

T (14271 —x|)*

Hence, on account of (2.34)

- R —1/2
|¢j*w§(x)|gL, xeR?. (4.14)

(1+27]& —x))
IféeX, j—1<v<j+1,and|E|o > (1+8)2"FL, then by (3.9)~(3.12)

|® % s (x)] < c2‘jL/ 2 dy < 27/t
x P (x)] < : : < :
! R4 (1427 1x — yI) (1 + 2018 — y))* (14271 —x))*

for any L > 0. Consequently, in view of (2.36), estimate (4.14) holds again.
Denote Sg := s¢|R¢ |_1/2. Then by (4.14) we have

]+1 ]+1 |S%~||R§|_1/2
D% fOI< D > Isel| @) x )| e D Z—k
v=j—1 £eX, v=j—1 £eX, 1+2v|%-_x|)
j+1
<c Y Si@)  (S.:=0), (4.15)
v=j—1
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where S7¥(x) is defined as in (4.8). We insert this in (4.4) and apply Lemma 4 and the
maximal inequality (2.38) to obtain

||f||pg<1 <c

1/q
<Z 27|57 (1) )
=0 p

00 a\ 1/q
(5 5 o]
j=0 §ed;

Hence, the operator Ty : f, ! — Fj,? is bounded.

< < clltsy}l oo

p

Assuming that the space F,? is defined via {®,} instead of {®;} we next prove
the boundedness of the operator S, : F? — f,9. Let f € F, and set

, £eX;, and my := inf _] s heXie,
X€ER),

XER, £
where £ is the constant from Lemma 5. We have
[(f. 0e)| < c|Rel 2@ % f(&)] < c|Re|"* M < c|Re|'> M .

By Lemma 2, 5j * f € V,;, and applying Lemma 5 [see (4.13)], we have

Mg‘JlRE(x)Sc Z mi1g, (x), xeR?.
)»EXjJr[,R)LﬂRg;éQ

We use the above, Lemma 4, and the maximal inequality (2.38) to obtain

00 q\ 1/q
(S o)l joa < € (ZZ‘W< > Mg‘]le) )

Jj=0 EeX; p
00 q\ 1/q

<c (Zzajq( > m}t]lRA) )
Jj=0 reX) g p
o q\ 1/q

<c (ZMA(W 3 mﬂ)) H
Jj=0 reXpe p
00 q\ 1/q

<c (2(2‘” Z mA]lRE> )
j=0 reXjte p
o0 1/q

<c (22""'"|5j*f!q> = el fll s
j=0
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Here for the second inequality we used that each tile Ry, A € X4, intersects no
more that finitely many (depending only on d) tiles R, n € X;. The above confirms
the boundedness of the operator S, : Fy? — f54.

The identity Ty o S, = Id follows by Theorem 3.

We finally show the independence of the definition of Triebel-Lizorkin spaces
from the specific selection of @ satisfying (4.2)—(4.3). Let {®;}, {CT) j} be two se-
quences of kernels as in the definition of Triebel-Lizorkin spaces defined by two
different functions @ satisfying (4.2)-(4.3). As in the beginning of this proof, there
exist two associated needlet systems {®;}, {¥;}, {¢:}, {¥¢} and {<I> 1 {lI/ 1 {(pg}
{wg} Denote by ||f||Faq(¢) and ||f||Faq(¢) the F-norms defined via {®;} and {CD }.
Then from above it follows that

1oy = €[{(f @l joa =l f 1l pa 5,

The claimed independence of the definition of F ;‘ ? of the specific selection of @ in
the definition of the functions {®;} follows by interchanging the roles of {®;} and
{CI> } and their complex conjugates. O

The Hermite-F-spaces embed in one another similarly as the classical F-spaces.

Proposition 6
@If0<p<o0,0<gq,q1 <00, xeRande >0, then

Fpytod e pyit (4.16)

b)Let0 < p < p1 <00,0<¢q,q1 <00, and —00 < a) <« < 00. Then we have the
continuous embedding

Fyl s F" if a—d/p=ai—d/p:. (4.17)

The proof of this embedding result uses estimate (2.19) and Theorem 3 and can
be carried out exactly as in the classical case on R” (see, e.g., [18], p. 47 and p. 129).
We omit it.

4.3 Comparison of Hermite-F-Spaces with Classical F-Spaces

We next use needlet decompositions to show that the Hermite-Triebel-Lizorkin
spaces of essentially positive smoothness are different from the corresponding clas-
sical Triebel-Lizorkin spaces on R?. To make this distinction clear we denote in the
following by F ,‘fq and F ,‘fq (H) the respective classical and Hermite-Triebel-Lizorkin
spaces.

Theorem 4 L~et O<p<oo,0<qg=<oo,anda>d(1/p— 1);. Then there exists a
function f € ng such that ||f||ng(H) = o0 and hence f & ng(H).
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Proof For any y € R and a function f we define

- 1/q
(szq 3 <|Rg|1/2|(fv¢é)|]le('))q)

J=0 EeX), E—yI>1yl/2

I fllFy = ' . (4.18)

p

Choose a function & € C®(R?) such that ||h|lsc = 1 and supph C B(0, 1), where
B(0,1):={x eR¢: |x| < 1}.

Theorem 4 will follow easily by the following lemma whose proof is given in
Section 6.2.

Lemma 6 With the notation from above, we have
|h(-— y)||F;zq<H) —00 as |y|—>o0, and 4.19)

||h(-—y)||py*—>0 as |y|—oo. (4.20)

By this lemma it follows that there exists a sequence {y;};j>1 C R such that
0 <yl <ly2l <... and |yjq1| > 3ly;l, A — yj)”F;P(H) > 2%/ and ||h(- —
Ilrg <L j=12....

We now define f(x) := Zj’ozl fj(x), where f;(x) := 27 h(x — yj) and set T :=
min{p, q, 1}. Evidently, & belongs to all classical Triebel-Lizorkin spaces, which are
shift invariant, and hence

o0 o
1 Ve = D27 TG = Y e = WAl Y2777 < cllhlop < 00
Jj=1 Jj=1

~ap
Here we use that || Zj gj||};,, < Zj ||gj||};,,. Thus f € F;".
On the other hand, for any £ > 1,

. 1/q

v=0 Xy, E—yel<lyel/2

o0
> c(lllel;;p(m -> ||f,»||;¢j>
j=1

T

T
”f”F:P(H) =c
p

00
_ cz—fr”h(. — yZ)“;‘;"p(H) — CZZ_JT”h(. — )’])”;‘;‘
; J

Jj=1

o0
> 2t — cZZﬁjr > 2t — ¢,
=1

Here for the second inequality we used that if [§ — y¢| < |y,|/2, then |§ —y;| > |y;|/2

. . _
for all j # £. Consequently, ||f||F;,,(H) = 0. O
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5 Hermite-Besov Spaces (B-Spaces)

Besov type spaces are natural to introduce in the context of Hermite expansions (see,
e.g., [18, Section 10.3]). We will call them Hermite-Besov spaces. To characterize
these space via needlets we use the approach of Frazier and Jawerth [5] (see also [7])
to the classical Besov spaces. We refer to [12, 18] as general references for Besov
spaces.

5.1 Definition of Hermite-Besov Spaces

Definition 6 Let the kernels {®;} be defined by (4.1) with @ satisfying (4.2)—(4.3).
The Hermite-Besov space ng = ng (H), where ¢ € R, 0 < p, g < 00, is defined
as the set of all f € &’ such that

oo g 1/q
1/ e o= (Z (2719, % £1,) ) <00, 5.

j=0
where the £9-norm is replaced by the sup-norm if g = co.

Similarly, as for Hermite-Triebel-Lizorkin spaces (Section 4) Theorem 5 below
implies that the above definition of Hermite-Besov spaces is independent of the spe-
cific selection of a; also ng is a quasi-Banach space which is continuously embed-
dedin S'.

5.2 Needlet Decomposition of Hermite-Besov Spaces

As for the Hermite-Triebel-Lizorkin spaces we employ the tiles {R:} introduced
in (2.31) in the following. Also as before X := U?":OXJ-.

Definition 7 The Hermite-Besov sequence space b%?, where « € R and 0 < p,q <
00, is defined as the set of all sequences of complex numbers s = {5z }¢cx such that

00 1/pa\ 14

wr jo 1—p/2|. P

sl = (Z[z (Z | Re | |Ss|> ]) <o (52
j=0 EEX]'

with obvious modifications when p = 0o or g = o0.

In the following, we assume that {®;}, {¥;}, {¢:}, {/¢} is a needlet system de-
fined by (3.5)—(3.8). Recall [see (4.2)] the analysis operator: Sy : f — {{f, &)}ecxs
and the synthesis operator: Ty : {sg}ecx — ZéeX SePe.

Theorem 5 If « € R and 0 < p,q < 00, then the operators S : ng — b‘;‘,q and
Ty : b(;)q — ng are bounded and T, o S, = 1d. Consequently, assuming that f € S,
we have f € By? if and only if {(f, ¢s)} € b3! and

171 gaa ~ IHCS, ped}ll oo - (5.3)
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Furthermore, the definition of ng is independent of the choice of a satisfying (4.2)—
(4.3).

For the proof of this theorem we need one additional lemma.

Lemma 7 Forany g€ Vy;, j>0,and 0 < p <oo

1/p
( Z IRgImaXIg(X)I”) <clligllp - (54
EeX;

The proof of this lemma is given in Section 6.

Proof of Theorem 5 Suppose 0 < p, g < oo (the case when p = 0o or ¢ = o0 is
easier). Let 0 < s < p and 0 > dmax{1, 1/s}. Just as in the proof of Theorem 3
we assume that {®;}, {¥;}, {¢,}, {¥,} and {&5]-}, {\le}, {@n}, {1;,7} are two needlet
systems, defined as in (3.5)—(3.7), which originate from two completely different
functions @ satisfying (4.2)—(4.3).

We first prove the boundedness of the operator T : b‘;,q — ng, defined by
Tys = deX Sg JS, assuming that qu is defined by {®;}. As in the Triebel-
Lizorkin case due to the embedding ng <> &' it suffices to consider only the case
of a finitely supported sequence s = {s¢}¢ex. Let f := Tjs. By (4.15) and Lemma 4
we get

Jj+1
D)% fllp,<c Y /\/ls< > |Rw|‘/2|sw|ﬂRa,>
v=j—1 weX), p
j+1 1/p
<c ) (Z |Rw|1—”/2|sw|”) (X_y:=1).
v=j—1 \weX,

which leads to || | B <cll{sy}ll Be and hence to the boundedness of T,;.

To prove the boundedness of the operator S, : ng — bgq we assume that ng 1s
defined in terms of {® j}. Observing that

5172

(s 0e)l = 27| @) % f(E)] ~ IRe] §edj,

and ®; x f € V;, we get using Lemma 7
1/p 1/p
( D IR, w;)V’) se( > IR:|[®, *f(é)l”) <c[®; 1],
EeX; EeX;

This yields [[{{f, @)}l b <c|lfI B and hence the operator S, is bounded.
The identity Ty o S, =Id is a consequence of Proposition 3.
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The independence of the definition of ng from the particular selection of @ fol-
lows from above exactly as in the case of Triebel-Lizorkin spaces (see the proof of
Theorem 3). O

The Hermite-Besov spaces embed similarly as the classical Besov spaces.

Proposition 7
@If0<p,q,q1 <00, x e Rand e >0, then

Byto9 s BRI (5.5)

b)Let 0 < p < p1 <00, 0 <g <00, and —00 < o] < o < 00. Then we have the
continuous embedding

By B, if a—d/p=ar—d/p:. (5.6)
©If0<p<oo,0<qg=<o0, xR, then

pemintpa) o, pod o, gemaxipal (5.7)

Part (b) of this proposition follows readily by estimate (2.19). The proofs of
parts (a) and (c) are as in the classical case.

We now show that under some restriction on the indices the Hermite-Besov spaces
are essentially different from the classical Besov spaces on RY.

Theorem 6 Let 0 < p,q <00, and o > d(1/p — 1)+. Then there exists a function
fe ng such that ||f||qu(H) = oo and then f ¢ ng(H). Here ng and ng(H)
are the respective classical and Hermite Besov spaces.

Proof We proceed quite similarly as in the proof of Theorem 4. Given y € R? and a
function f we define

o) q/p\ 1/4
If1lss = (ZW( > RIS <ﬂs>|”) ) RENERY
Jj=0 EeX;, 1E—yI>yl/2

Pick i € C*®°(R?) such that |||l = 1 and supph C B(0, 1).
The theorem follows easily by the following:

lh(- — y)||ng(H) —o0 as |y|— oo, and (5.9)
[A¢ =By =0 as [y|—o00. (5.10)

To prove (5.9) we will show that there exist ¢ > 0 and r > 1 such that
B3I (H) < F2(H) . (5.11)

Then (5.9) follows by the argument from the proof of Lemma 6.
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Let p > 1. Pick ¢ > 0 so that @ > 2¢. Then by Propositions 6, 7 we have the
following embeddings ng — B‘,z,s’p — F,%g’p — F;z which confirms (5.11).

Let p < 1. Then a > d(1/p — 1) and hence (as in the proof of Lemma 6) there
exist €, > 0 such that o — d/p =3¢ —d/(1+$6). Then Propositions 6, 7 give us the

following embeddings Bj? < B?ig — Blziaua — F ]2Jar81+5 <> Ff¥,, which leads
again to (5.11).
The proof of (5.10) is similar to the proof of (4.20) and will be omitted. Il

We finally want to link the Hermite-Besov spaces with the L”-approximation from
linear combinations of Hermite functions. Denote by E,,(f), the best approximation
of f € L? from V,, i.e.,

En(f)p :=giél\§ If—glp- (5.12)

Let A}, be the approximation space of all functions f € L” for which

1/q
IF W gza := NNl p + (Z 2 E»i(f)p) ) <00 (5.13)

with the usual modification when g = oo.

Proposition 8 Ifa >0, 1 < p <00, 0 < g < o0, then B}, q—Aa/ 4

norms.

with equivalent

Proof Let f € B,?. We first observe that under the conditions on &, p, and g, B’
is continuously imbedded in L”, i.e., f can be identified as a function in L” and
Nfllp <cllfll B The proof of this is easy and standard and will be omitted.

By a well known and easy construction there exists a function @ > 0 satisfy-
ing (4.2)~(4.3) such that a(¢) +a(4r) = 1 fort € [1/4, 1] and hence > 02 ya(4~"r) =
1 fort € [1, 00). Assume that {®;} are defined by (4.1) using this function a. By The-
orem 5 the definition of the Besov spaces ng is independent of the selection of @
and hence they can be defined via these functions {®;}. Similarly, as in Proposition 3
f=2520®; finLP for f € LP.

NOW, since @ * f € Vy;, we have Eqgn(f), < Z?imH |®@;* fllp forall m > 0.
A standard argument employing this leads to the estimate || f || AY/24 <c|fll B

To prove the estimate in the other direction, let g € V4,~_2[ (j = 2). Evidently,
®;*x f=®;*%(f — g) and the rapid decay of ®; yields [|®; * fl, <cl|f — gl p-
Consequently, [|®; * fllp, < cE4i-2(f)p, j =2, and |®; * fll, < c| fllp. These
lead to || fll ges = CIIfIIA%/z.q- U
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6 Proofs
6.1 Proofs for Section 2.1

Proof of Theorem 1 This proof hinges on an important lemma from [17]. Let i be a
univariate function. The forward differences of ¢ are defined by

AY@O) =y @+ 1) —y@) and Afy=aA(ay), k>2.

For a given function ¥ we define

My (x,y) =Y Y (WH,(x.y). andthen My, = Ay)H, .
v=0 v=0

Lemma 8 ([17, p. 72]) Let AS.X) and A;y) denote the operator A applied to the x
and y variables, respectively. Then for any k > 1,

20—k
20—y My = 3 ax (AP - aY) My, 6)
where c i are constants given by
k
= (=D ok — 20 — 11! :
cr=(1 ( ) ol — i

Proof This lemma is proved in [17] except that the constants ¢; x are not determined
explicitly there. For k = 1 one has [17, (3.2.20)]

20xj — y)My (x.y) = (AE.” - Aj.“) May(x,y). 6.2)

The general result is obtained by induction using the identity [17, (3.2.23)]

r—1

O _ 40\ O _ 40) 0 _ 40
(xj —yj) (Ajy — A ) - (Aj} - A7 ) (xj—yj)==2r (Aj“V - AT )
Assume that (6.1) holds for some k > 0. Then using (6.3) we get
2k+1(xj _ yj)k+1M1/f

21—k
20—y Y. (Aﬁ” —Aj.")) Mary
k/2<l<k

, 2k
-y c,,k[<A§:‘)—A§?‘)) 2(x; — y))Mary
k/2<l<k

201—k—1
) (x)
—4(21—k)(Aj — AS ) Mw]
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k+1
= Ck.k (ASY) _ ASX)) MAk-HV,
21—k—1
+ Z [Cl—l,k — 42l — k)Cl,k] (A;y) — A§X)> MAIW s
(k+1)/2<I<k

where ¢; ; :=0if [ < k/2. Consequently, the coefficients satisfy the recurrence rela-
tions

Ck41,k+1 = Chk k> Clir1=c—1k —4QI -k, *k+1)/2=<I<k.

It follows from this and (6.2) that cx x = 1 for all k. Furthermore, the recurrence
relation above shows that

k-1
chojr=—4 > (=242 i1
v=2j—1
- - - k=1 vy _( k -
from which one uses induction and the fact that -,~; (}) = () to derive the stated

identity for ¢ k. U

The case ¢ = (0, ...,0). Assume k > 2. By Lemma 8, we have
k k C- I~(Y () )2k
20—y A= Y axy A a(;) (Aj —A; ) Hy(x,y),
k/2<l<k v=0

where A’ﬁ(%) is the /th forward difference applied with respect to v.
Note first that applying the Cauchy-Schwarz inequality, we have

2
Y HarpOHaty ] <D Harp@I* Y Hary O
|a|=n la|=n |o|=n
< Hut 181, D) Hpg 1y (0, ) - (6.4)

We next consider the action of A; on H;(x, y). Using repeatedly (2.4) we get

(A9) Hp =T Tr206; + 1) + 21" Hp e, (6.5)
r=0

This along with (6.4) leads to

i—1
> T +r+2172

la|=vr=0

[(AD) (AF)" M, ) =

m—1 2

x [ J12e; + ) + 21" Hatie; ) Hatme; ()
r=0
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2
<2 +i+m)]t" [ D Hatie; ) Hortme; ()| }

lor|=v

<RO+i+m " Hypi (v, ) Hogm (X, X)

Hence, the binomial theorem and the Cauchy-Schwarz inequality give

[

21—k 20—k ) .
=3 (M7 ey e

i=0
21—k 20—k . .
< QA4 —20)@HR Y ( ; ) [Hoti s D]? [Ho21-k-i (x, 0)]?
i=0
20—k L r2l—k !
e s [ Mot
i=0 i=0
A well known property of the difference operator gives
a'a(2) | =n @ ©l =n a0l - (6.6)
n

By Definition 1 it follow that Ala(%) =0if0<v<un—1[orv>n+vn, where
0 <u <1andv>0.[Here u =1ifais of type (a).] Using this, the above estimates,
and the Cauchy-Schwarz inequality we infer

(xj = yj)kAn(x,y)‘ <c Z o ”oon(Zl—k)/z

k/2<l<k

n+lvn] 20—k % 20—k %
< 2 | Do [ o]
v=[un]—I - i=0 i=0

< e [Kngpomyak 3 D] [ K om0k (. 0] 2
where ¢ > 0 is of the form ¢; = c(k, u, d) maxo<;<k ||2?(Z) |loo- Consequently,
1 1
[Kn+[vn]+k (v, y)] 2 [Kn+[vn]+k (x, x)] 2
k
(Vnlx —yl)

We also need estimate |A,(x,y)| whenever x and y are close to one another.
Applying the Cauchy-Schwarz inequality to the sum in (2.7) which defines H, we
get

[An(x, Y)| <cr , X#y. 6.7)

BIRKHAUSER



J Fourier Anal Appl (2008) 14: 372-414 399

n+[vn]

IESIEDY ‘AG)‘HV(LX)'/ZHV(%y)‘/z
v=0

1 1
= C”Zi”oo [Kn+[vn](y, y)] 2 [Kn+[vn](xv x)] 2,

which coupled with (6.7) yields (2.9) in the case under consideration.

The case || > 0. We will make use of the relation d; = x; — A, where as usual
0j 1= 3 . In the following we again denote by A(x) the operator A; acting on the

by varlables, and A? is understood as the identity operator; by definition (A®)* :=

(Ag)())"‘l (Ailx))“d . We also identify the operator of multiplication by x; with x;.
In order to use Lemma 8, we will need two commuting relations.

Lemma 9 Let k, r, s be nonnegative integers. Then

5 (47 - 4P) 2(; (:) (k f!i)! (a7 =a) e
=

and

where k!/(k —i)!:=0ifk <i.
Proof To prove (6.8) we start from the identity:
X (Aj.x) A(”) —k (A(” Ag.”)k_1 + (A(.x) _ A(.”)k X . (6.10)
For k =1 this follows from the obvious identities
xAY =1d+ A%y, and x;AY =4y, (6.11)
In general, it follows readily by induction.

We now proceed by induction on r. Suppose (6.8) holds for some r > 1 and all
k> 1. Then

k
r+1 (x) »)

k—i ,

: (X)_ o r—i
Zo<><k—z>'(A A7)

—~(r\_K W AT i
0(>(k—z)' [(A A7)

i=
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k—i—1 .
. (x) ) r—i
+(k—z)(Aj —Aj) X }

S0 a5

which completes the induction step as (7) + (,”,) = ("t"). Thus (6.8) is established.
To proof (6.9), we start from

(j — y)FAY =k(xj — y)* T+ A — v

For k = 1 this identity follows from (6.11) and, in general, by induction. Finally, one
proves (6.9) by induction on s similarly as above. We omit the details. (]

The next lemma is instrumental in the proof of Theorem 1 in the case || > 0.

Lemma 10 /fo, B € Ng and k > 1, then

lee| +181 1 L
T [Knstoni+lal 41814k 6 X) ] [Knsponi+x (v, »)]?

(14 alx —y))*

o n
‘ (A(x)> xP A (x, y)‘ <ci

Proof We first show that for 1 <i <d

i =3 (A0) 5P A, )|

I—
Nl

< cpn RN K a4k O, ) ]2 [ K fomtak (0, 2] (6.12)

Clearly (AW)*xP = (AW)* ™% xp=hiei . (A;x))aixfi and the two operators sepa-
rated by a dot commute. Using (6.9) and Lemma 8, we have

o
2 =3 (A9) ¥ An(x, v

:2k (A(x)>a_aiei xﬁfﬂei

@

L (o k! @\ k—j
X;)(J')(k—j)z (A)" 7wl = 0" Ane, )
]_
2/k! o
= Z <al) Z Cl,k—j Z Aja\(K)
n
v=0

]) (k—j)/2<l<k—j
a—je; [—k+j
x (A(")> P (Af” — Af")) Ho(x,y) . (6.13)
Furthermore, by (6.8),

AN N N ) e
(Ai ) X (Ai -4 )
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B\ (EDHQI—k+ D! o (0 @R gy
_Z< )(21 k+j—mw! (Ai ) (Ai —4 ) i

As (A(x))a*aie,'xﬂfﬁiez' commutes with A;x) and x;, we then conclude that
amje; , 2—k+j
(A(")) (A =AP) T H )
Z (,s) ()AL —k + j)!
Ql—k+j— )
a—jei ! 2—k+j—p
X (A0) T (AR —al)T e

Using relation (2.5) repeatedly, it follows readily that

X{Hk (x) = Z bm,r()hi)HA—Q—(r—Zm)e,» x),
m=0

where by, ();) are positive numbers satisfying by, . (X;) ~ A:/ 2, Applying this iden-
tity to all variables we obtain

xPreip, (x, y) = Z Z boy ) Y Hity20MH(),  (6.14)

w1=0 wq |A|=v

where y; = B for j #i and y; = B; — w, and by, (A) = bey .y (A1) ... boy g (Aa).
Clearly, |by, , (V)] < cvIPI=m/2,

We now use the binomial formula and (6.5) to obtain

ajei _ U—ktj—pu
‘ (A(x)) (AIQ) _ Al@) Hoty—20 X)) HL(Y)

2—k+j—p

2l—k+j—pn—q a—jei+qe;
e Y [(aP) (a) Hoty 200 0)|
q=0

2—k+j—p

<c Z U220, 20 jeitqes O Mot @ikt j—u—qre (V)]
q=0

and hence

a—je; 2—k+j—n
‘ (A(X)) xlg (Al(y) _ Al(x)) H\)(x, y)

Bi
<c Z p@l=k+lal+B1-21)/2

u=0
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Ya 2l—k+j—p

x Z Z Z Z | Hoty —20ta—je+aer ) Mot @i—ktj—pu—qre; (V)]

=0 wy=0 q=0 [Al=v

AsbeforeAl'c?(")—Oif0<vfun—lorvzn—i—vn, where 0 <u <1 and v > 0.
Also, by (6.6) |Ala( ) <n~H@a || o. We use all of the above to conclude that

i =3 (A7) 5 A, )|

o
A E S S P

J=0 (k—j)/2=I<k—j

Z Z Z Z Hutlel+ly —20|+g—j (X, X)

n+fvn] B wn Vd |:21 k+j—p i|1
v=[un]—I u=0 w;=0 wq=0 q=0

1

2—k+j—p 2
><|: Z Hv+21—k+j—u—q(y7y):|

q=0

1
< enRHHIBDR K, o 1814k (. )] [ K fongk (0, )]

where we again used the Cauchy-Schwarz inequality. This proves (6.12).
On the other hand, using (6.14) with u = 0 and (6.5) we can write

o o n+[vn] v
() vt = () 5 ()

v=0 n

Bi Ba

X Z Z Z b, (M) ca (M Hatatp—20@)HAD)I ,

A=V w1=0 wg=0
where ¢, (A) ~ |A]1%/2. Hence, using the fact that b, g(A) ~ [A|!P1/2 we conclude that
n+[vn]

o
[(A9)" P aptron| e 3 (L) wtetisnr

v=0

Bi
x Y3 Z Mot =20 () H(0)]

[A]=v w1=0 wg=

Nl—

< cneI+BD/2| [Knt1om (3, y)]% .

Kt [onl+lal+181 (X, X)]
This along with (6.12) completes the proof of Lemma 10. U
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The last step in the proof of Theorem 1 is to show that the operator 9% can be
represented in the form

9% = Z cpy APxY (6.15)
Bty =<a

where 8 +y <a means B; +y; <a; for 1 < j <d, and cg, are constants (depend-

ing only on «, B, y).
By (2.3) 9j =x; — Aj and hence 97 = (x; — A;)". The operators x; (multiplica-

tion by x;) and A; do not commute, but it is easy to see that x;A; = sxj_1 +Ajx;.
Applying this repeatedly one finds the representation '

ro__ v MK
8j_ E CV!‘«ijj .

0<v+pu<r

. VoM . s 0. . . . . . .
Since the operator A% x’ commutes with A7x; if j # i, this readily implies represen-

Jri
tation (6.15).
Evidently, Lemma 10 and (6.15) yield (2.9) whenever |«| > 0. The proof of The-
orem 1 is complete. (]

Proof of Lemma [ Observe first that it suffices to prove (2.18) only for n sufficiently
large since it holds trivially if 2/A <n <c.
We next prove (2.18) for d = 1. The Christoph-Darboux formula for the Hermite
polynomials [16, (5.59)] shows that
-1
K (x,x) = (2"'m!) ™ [H}, () Hy (x) = Hy, () Hp g1 (6)] -

Using the fact that H’/nH(x) =2(m + DH,(x) [16, (5.5.10)] and Hy41(x) =
2xHy, (x) — 2mHy,—1(x) [16, (5.5.8)], we can rewrite K, (x, x) as

K (x,x) = (2" m1) ™! [Z(m + 1) H2(x) — 4mx Hyp—1 () Hy (x) + 4m> H? _, (x)] .
Written in terms of the orthonormal Hermite functions, the above identity becomes
(m + DR2,(x) +mh2,_ | (x) = Ky (X, %) 4+ V2m x hypy (x) 1 (x) .
In particular, it follows that for |x| < 2V2m+1
(m + Dhy, (x) + mhy,_ () = Ky (x, %) = 2¥/2m/2m + 1{hpy (0)] - -1 ()]
and hence
(3m +2)h2, (x) + 3mhZ,_ (x)

2
> Ky (6,00 + (V2 + T ()] = V21 (0]) = Ko (,3)
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Consequently, for |x| <2+4/2n 4+ 1

n n
1
Yomwz=s Y (hmm k)
m=[(1-Mn] m=[(1—A)n]
c n
Z; Z Kin(x,x)>cy K[pn](x,x) N

m=[(1—A)n]

which proves (2.18) when d = 1.
For d > 1 we need the following identity which follows from the generating func-
tion of Hermite polynomials (see, e.g., [17]):

o
>tk =22 (1= ) P B = By
k=0

where ¢ = |x|. Let us denote Hy 4(x, x) = Hi(x, x) for x € R4 in order to indicate
the dependence on d. Then it follows from above that

D Hia(x, x) = Hia.a(x, 0)1= (1= Y r*Hy a(x, x)
k=0 k=0

=(1—r))Fyrt)y=n""Fya(r,t). (6.16)

Notice that H, 4(x, x) is a radial function (since it is invariant under orthogonal trans-
forms of R?) and hence a function of 7. Thus comparing the coefficients of 7 in both
side shows that

Hyea (X, %) — Hi—2.4(x, x) =7 Hpa—2(x, x) ,

which implies

k
Hyea (X, %) + Hy—1.4(x, x) =77} ZHj,d—z(x,X) =7 " K a—a(x, x).
j=0

Now, summing over k we get

n

n
> Hialxx) = > [Hk,d(x,x>+m_1,d(x,x)1
k=[(1-M)n] k=[(1—M)n]+

| =

n

>c Y Kia2(x,x)=cnKia_en.a—2(x, x)
k=[(1—x)n]+1

[(1—&)n]
zcn Z Hi,a—2(x, %),

=[(1—)n]
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where ¢ := (1 — p)/d. Evidently, by induction this estimate yields (2.18) for d odd.
To establish the result for d even, we only have to prove estimate (2.18) for d = 2.
By the definition of Fy(r, t), we have

For.ty =e 10 =2 2(1 = 12) 2 Fy v, 1)
oo 1/2 @ oo k
=x'2y" < : )(—1)fr2f PNACIES LY [Zak_jh?(x):|rk
= N/ n=0 k=0 L j=0
where az; = (=17 (léz) and az; 1 = 0. Hence, using (6.16)

k
Hia (e, x) = Hia2(x, ) =72 "ar_ B3 (1) .

j=0
Consequently,
k—j
Hiea (. ) +He-1 2(x, x)—n*‘/zz Zdz jh2<r>—n*‘/22h2<t) > ar.
1=0 j=0 j=0 1=0
A simple combinatorial formula shows that
k—j _[(k—./)/z 1/2 r(s+ 45
Yoa= Y (=1 1 e
=0 =0 “rhra+[5)

which is positive _for all 0 < j < k. Furthermore, by I'(k 4+ a)/ T'(k + 1) ~ k%~ it
follows that Z;:({ a; > ck=1/2 for 0 < j < ak for any o < 1. Therefore,

ak
Hi2(x, %) + Hio120x, %) = k™72 131
j=0

and summing over k we get

n
> Hiole.x) = en'PKppma(t.1)
=[(1—n]

which establishes (2.18) for d = 2. [l

6.2 Proofs for Sections 4-5

Proof of Lemma 4 Let

o |6y
b (x) == . 5 (6.17)
it n;j (1427d(x, Ry))
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where d(x, E) stands for the £*° distance of x from E C RY. Evidently,
bj(x) < cbj?(x) and Dilg, (x) < cb;?(x), xeRY, g€ Xj . (6.18)
We will show that
b (x) < cMs< > |bw|an>(x) xeR. (6.19)
weX;

In view of (6.18) this implies (4.10)—(4.11), and hence Lemma 4.
By the construction of the tiles {Rg¢} in (2.31)—(2.32) it follows that there exists a
constant ¢, > 0 depending only on d such that

Qj:=Ugex;Re C[ — o2/, co27]

Fix x € RY. To prove (6.19) we consider two cases for x.

Case 1: |x|so > 2¢o2/. Then d(x, Ry) > |x|00/2 for n € X and hence

o by
bi(x) = - 1Dy
" 77;]- (1 +2Jd(x,R,7)) 2]| |O<> Z !

nek;
1/s
4Jdx
= (Zlbl) . (620)
(271x]00)” nex
where A := 1 — min{l, 1/s} and for the last estimate we use Holder’s inequality if

s > 1 and the s-triangle inequality if s < 1.
Denote Qy :=[—|X|oo, |X|oo]?. Notice that Q;j C Q. From above we infer

C4/d)‘|x|d/g 1 / s /s
be byl d
10 = G \ieat o, > Ibyl1g, () | dy

HEX]'
< czf“““’>|x|§és“’Ms( > |b,,|an><x> < cMs( > |b,7|nR,,)<x)
nex; nex;

as claimed. Here we used the fact that o > d max{2, 1/s}.

Case 2: |x|o < 2¢,2/. To make the argument more transparent we first subdivide the
tiles {Ry}yex; into boxes of almost equal sides of length ~ 27/, By the construction
of the tiles [see (2.31)] there exists a constant ¢ > 0 such that the minimum side of
each tile R, is > 277, Now, evidently each tile R, can be subdivided into a disjoint
union of boxes Ry with centers 6 such that

o+[—c2 /L a/ cryco+[ -2/ a27].
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Denote by /'?] the set of centers of all boxes obtained by subdividing the tiles from
X;. Also, set bg := by if Rg C R;,. Evidently,

o by b |

b = E E .

i 1+2id(x, Ry))’ = ~ (1+2/d(x, Rp))° (621)
nex; n ¢

e
and
> ibylir, =Y Ibolig, - (6.22)
nex; 776.52/'

Denote Y := {0 € X; : 2710 — x| < &},

Yo = {0 e/'?j 182" <2710 — x|oo &™), and

Omi={yeR: |y —xloo <" +1)277}, m=>1.

Clearly, #Y,, < c2md, Ugey,, Ro C O, and X= Um>0Yy, . Similarly, as in (6.20)

1/s
|bo | - - "
2 mo b < 2 mazm b
2 (1+27d(x, Rg))° D Ihol=e 2 Ibol’

0eYy, 0eYy, oeY,,

1/2
< p-mlo—d2) <2jd / > kol 1R, () dy)
Y

bevm Ro gey,,

K 1/s
1
e D Iboltg, (y) ) dy
1Ol Jo,

€Yy

S Cz—m(a—dmax{l,l/s})Mx< Z |b7]|]an>(x) ,

T]EX/'

where we used (6.22) and that |Rg| ~ 27/ and |Q,,| ~ 2"*~)4_ Summing up over
m > 0, taking into account that o > d max{2, 1/s}, and also using (6.21) we arrive
at (6.19). O

Proof of Lemma 5 For this proof we will need an additional lemma.

Lemma 11 Suppose g € V,;j and & € X;. Then for any k > 0 and L > 0 we have for
x',x" € 2R

- lg (]
lg(x") — g(x")] < 2/ |x" —x"| S aa— (6.23)
,§ (142715 — )"

BIRKHAUSER



408 J Fourier Anal Appl (2008) 14: 372-414

and

o) =e e s | 3 B i o= (1420207
hex, (1+2/1—n |)
(6.24)
Here c, ¢ depend on k, d, and 8, and ¢ depends on L as well, 2R C RY is the set
obtained by dilating Rz by a factor of 2 and with the same center.

Proof Let A,; be the kernel from (2.8) with n = 4/, where @ is admissible of type (a)
with v := 4. Then Ayj * g = g, since g € Vyj, and Ayj(x, -) € Vj(145)4i7- Note that
[(1+8)4/]1+4/ <2N  — 1. Therefore, we can use the cubature formula from Corol-
lary 2 to obtain

g(x) = / Agi (e, 0)g()dy =Y hyhyi(x,mg(n) ,

nek;

where the weights Az obey (2.33) [see also (2.34)—(2.35)]. Hence, we have for
x',x" € 2R

l8() =8 (") [ = D7 Ayl Aas (&' m) = Agi (" )13
UEX/'

<clx'=x"| > ny sup [V A, mllgm)| - (6.25)
nekX; xe2

Note that (4([(1 4 8)4/]+ k + 1) +2)"/> < (1 + 8)2/+! for sufficiently large j
(depending on k and §). Therefore, we have from Corollary 1

2 (d+1) .,
VA G| s ————. xeR ped;, (6.26)
(14271x —n])
and for any L > 0 (we need L > k)
c272%L . i1 i1
‘VA4J‘(X,77)|§_—,€, if |Xloo> (14+8)2T or |n|e > (1+8)2/T.
(14271x —nl)

Suppose [&]oo > (1 +28)2/F1, then 2R: C {x € RY : |x|oc > (1 + 8)2/F1) for
sufficiently large j. Combining the above estimate with (6.25) and (2.35) we get

zfj(k+L)

[8(x) = g(")] = 2P =¥ 3 sup

, clgml,  (6.27)
neX; XEZRE 1+271x —n])

where we used that diam (2R¢) < 27773, However, for any x € 2Rg we have
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L4276 —nl < 1427 (& — x|+ v —n) < 1427 (2777 + x = ])
<c2/(14+2/|x —nl).
We use this in (6.27) to obtain (6.24) for sufficiently large j.

One proves (6.23) in a similar fashion. In the case j < ¢ estimates (6.23)—(6.24)
follow easily by (6.25). (]

We are now prepared to prove Lemma 5. Let g € V,;. Pick £ > 1 sufficiently large
(to be determined later on) and denote for § € X

X&) =1{n€Xje: RyNRe #0) and (6.28)
dg :==sup{|g(x") — g(x")| :x",x" € R, for some n € Xj (5} . (6.29)

We first estimate dg, & € X;.

Case A: [£]oo < (1 +38)2/F1, By (2.34) it follows that for sufficiently large ¢ (de-
pending only on d and §) Uyex,, ,6) Ry C 2R¢. Hence, using Lemma 11 [see (6.23)]
with k > o, we get

lg(m)l
ds<c2 ¢y — &8 (6.30)
e=c2 ,7; (1+271& — )

for sufficiently large j (depending only on d and §), where ¢ > 0 is a constant inde-
pendent of £.

Case B: |£]oo > (1+38)2/T1. By (2.34) |x]0o > (1+28)2/F! forx € UpeX; &) Ry
if j is sufficiently large. We apply estimate (6.24) of Lemma 11 withk > o and L =1
to obtain

lg(m)]
d 2-J —_— 6.31
e <c n;\; +21|€—77|) ( )

To estimate Mg , &£ € X}, we consider two cases for &.

Case 1: |&]oo < (1 +48)2/11. By (2.34), we have for sufficiently big j:
Re~&+[—277,2711 and Ry~n+[—277742777" neX; &) . 632

By the definition of d¢ in (6.29) it follows that Mz < m) + d; for some A € X (&)
and hence, using (6.32),

M < ds =: d =c(d,$,0,0).
e<c Z 1+21+€|§- |) +ds =:Gg +ds, c=c(d,b,0,0)

weX; +(3

Consequently,

M} < G} +df . (6.33)
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Write X} :={n € X; : [n]oo < (1438)2/*1} and XJ// = Xj\X]/-. Now, we use (6.30)—
(6.31) to obtain

dy

df = —_
S Tk
<2 ¢ Z Z lg ()]
2 & T+ 2e =) (1427 —ol)’
|g(w)]
+c277 , -
n; a)GZX:” 1+2j|§_77|)0(1+2]|77_w|)0

replacing X ]’ and X j’/ by X; above and shifting the order of summation we get

1
% ]
d; <c2 +27 Z|g( )|Z +2j|§—n|)g(l+2j|77_w|)g

weX; ;7eX

_ i |g(w)]
27t 4277 D EEE—— PR, M . 6.34
e )§(+2/|g ol)” ~ se(+27) (030

Here the constant c is independent of £ and j, and we used that

c274

> : 7 : 05/ : 7 : 7
ner(lJerI%‘—nl) (1+27]n - wl) e (1+2716 — yI)" (1+2/]y — o)

dy

Cc

<——— (06>d). 6.35)
(1+2715 —w])’ (
These estimates are standard and easy to prove utilizing the fact that the tiles
{Ry}ye x; do not overlap and obey (2.34).
To estimate Gg‘ we use again (2.34) and (6.35). We get

Gy m
Gi=Yy —— "1 —— -
=2 (1427 - =c 2 Z (1+2716 —nl)" (1+2/|n - wl)”

neX; weX

I
se ) m Z (1420 —n) (1 +2[n—w))°

weXjyy nex;

me, Lo Mg *
_ 2 =
¢ Z (1+2/] —wl])” =¢ Z (14274 — ])° o

a)EXj+( wer+g

IA

for each A € X1 ¢(§). Combining this with (6.33)-(6.34) we obtain
Mg <cim}+c(27 +27)\ME for A eXj(E) .
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where ¢, > 0 is independent of £ and j. Choosing £ and j sufficiently large (depend-
ing only on d, §, and o) this yields Mg <cmj forall A € Xj1¢(§). For j < c this
relation follows as above but using only (6.23) and taking ¢ large enough. We skip
the details. Thus (4.12) is established in Case 1.

Case 2: |£|s > (1 4+48)2/F!. In this case for sufficiently large j (depending only
on d §,and o) |x]|eo = (1 + 38)21‘H for x € UneX,+z(€)R Hence, using (6.24) with
=1, we have

lg(m

Mg <mg, +c2™ Y Z m_

me+c27 MF forall we X (),

where ¢ > 0 is independent of j. Fix A € X, ¢(§) and for each n € X;, n # &, choose
wy € Xjye(n) so that | — w,| = minweXHz(n) |» — w]|. Then from above

M*
M < - (T n — A+ Ay . (636
S‘Z 1+2f|§ Z g gy At A (659

By (2.28) it easily follows that w, from above obeys |A — w;| < c|§ — 5| and hence

um Mgy,
Alfcz ! 05026" Z . = <cimj .
nex; (1 +2/h = w”|) weXjyy (1 +2* - a)|)
(6.37)
On the other hand, using Definition 5 and (6.35), we have

M,
A 27/

neX; weX;

!
<c2” J - -
2 ) M Z (1421 —n) (1 + 20 [n—w))°

weX] nex;
<o) Y e =
aer, 1 +2/In—wl)’

where ¢; > 0 is independent of j. Combining this with (6.36)—(6.37) we arrive at
Mg <cymj +cz27jM$* for AeXjie(®).

Choosing j sufficiently large we get Mg‘ < cymj for each A € Xj¢(§). For j <c¢
this estimate follows as in Case 1 but using only (6.23). This completes the proof of
Lemma 5. ]

Proof of Lemma 6 To prove (4.19) we first show that there exit ¢ > 0 and r > 1 such
that

Fyl(H)— Ff(H) . (6.38)
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Indeed, if p > 1, using that o > 0, Proposition 6(a) yields F;‘q — FIE)2 for any 0 <
& < o. On the other hand, if p <1, then « — d/p > —d and hence there exist § > 0
and & > O such that, first, « —d/p > —d/(1+6) andtheno —d/p =¢ —d /(1 +9).
Now, by Proposition 6(b) we have F;q <> F&2_ Thus (6.38) is established.

1+8°
Denote iy (x) := h(x — y). It follows by Proposition 5 and Theorem 3 that

12
(Z (|Rs|‘/2|<hy,gog>|nR§<~>)2>

teX

Iyl ~ = N(hy) .

r

Fix J >1 and denote V;:=Up<j<yX;. By the decay of needlets [see (3.11)] it fol-
lows that

max [(hy,@e)| — 0 as |y|— oc0.
Ee)y

Hence, there exists A > 0 such thatif |y| > A,

5 1/2
H (Z (1ReI721(hy )12 ) )
gey

Evidently, i, being C* and compactly supported belongs to all Hermite-F-spaces
and by (6.38) ||hy||ng(H) EC”hy”FfZ(H)- We now use Theorem 3 and (6.39) to ob-
tain, for |y| > A,

%N(hy) (6.39)

r

||hy||1:‘;‘7(H) > C”hy”Frﬂ(H) >c

=) 1/2
(Zzsf' > (|Rg|—1/2|<hy,¢s>|nRs<-))2)

j=0 EeX;

r

Z C2]8

( S (IR 10 0011k ) )1/2

j=J+1EeX\Yy

r

> (1/2)c27¢

1/2
<Z (1ReI7"21¢hy. </)s)|]1Rg(')>2>

teX

.
> 27y Il = 271kl (Il > 0)

where ¢’ > 0 is independent of J. Letting J — oo the above implies (4.19).
We next prove (4.20). Choose k > max{« 4+ d, d/p}. Using (3.11)—(3.12) we get,
for & € X and | — y| > |y|/2, and sufficiently large |y,

c2id/2 2id/2
<

(1+2/y—&)* ~ (1+2/]y —x|)*

[{hy, pe)| < for each x € R; .

Hence, using also (2.36) we have that for |[x — y| > |y|/4 and |y| sufficiently large

Gy =2 3 (IRl el @)

Jj=0 §eX) 1E—yl>1yl/2
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e jla+d)g ° )
=) - : TS L2 s
im0 (L 27ly —xl)™ — =2 P 4 ==
while
Gx)=0 if |x—y|<|yl/4.
Hence,
1
Ihylrs < / a V'
v || F* > C —= )
o e—yl=lyi/a [y — x|k |y[k=d/p
which yields (4.20). O

Proof of Lemma 7 Let g € V,; (j >0) and 0 < p < oo. We will utilize Definition 5
and Lemmas 4-5. To this end choose 0 < s < min{p, 1} and o > d max{2, 1/s}. Set
Mg = SUP, ¢ R, lg(x)|, § € X}, and m), :=infyepg, |g(x)], A € X1y, where £ > 1 is
the constant from Lemma 5. Using Lemmas 4-5 and the maximal inequality (2.38)

we get
1/p
> |Rel sup [g(x)]”
£eX; XERg
— *
- Towen) = T mie
tek; P neX;te P
<cMg[ Y myir, || <c| D myig,| =clgll,-
n€Xjte p neXjte p U
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