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Localized Polynomial Frames on the Ball

Pencho Petrushev and Yuan Xu

Abstract. Almost exponentially localized polynomial kernels are constructed on the
unit ball BY in R? with weights w, (x) = (1 — |x|>)#=1/2, i > 0, by smoothing out the
coefficients of the corresponding orthogonal projectors. These kernels are utilized to
the design of cubature formulas on B¢ with respect to wy, (x) and to the construction of
polynomial tight frames in L2(B, wy,) (called needlets) whose elements have nearly
exponential localization.

1. Introduction

The construction of bases and frames on various domains, in particular on R? and on
the d-dimensional cube, sphere, and ball, is important from many prospectives and has
numerous applications. The example of Meyers’ wavelets [10] and the ¢- transform of
Frazier and Jawerth (see [6]) clearly shows the advantage of using localized bases or
frames for decomposition of function and distribution spaces on R¢ in contrast to other
means such as atomic decompositions or Fourier series (in the periodic case). Three
of their features: (i) infinite smoothness; (ii) almost exponential space localization; and
(iii) infinitely vanishing moments, make them a universal tool for decomposing most of
the classical spaces on R¢, including Besov and Triebel-Lizorkin spaces. The key to this
is that the coefficients in the wavelet or ¢-transform expansions precisely capture the
information in the norms defining the corresponding spaces.

Our primary goal in this paper is to develop a similar tool for decomposition of
weighted spaces of functions or distributions on the unit ball B¢ in RY (d > 1) with
weights

(1.1) wu(x) =1 —xH*2 >0,

where |x| is the Euclidean norm of x € R?. The situation here, however, is much
more complicated than on R (the shift invariant case) or on the torus or even on the
sphere due to several reasons: (i) there are no dilation or translation operators on BY;
(i) the boundary of B¢ in combination with the weight w,, (x) creates a great deal of
inhomogeneity; (iii) orthogonal systems such as orthogonal polynomials on B¢ are much
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less friendly than the trigonometric system; and (iv) there are no uniformly distributed
points on B¢ or on the d-dimensional unit sphere S¢.

Our approach to the problem at hand will heavily rely on orthogonal polynomials in
the weighted spaces L?(B?, w,,). The standard Hilbert space theory gives the orthogonal
decomposition

o0
(1.2) LB w) =PV, Vicm,
v=0

where V¢ is the subspace of all polynomials of degree n which are orthogonal to lower
d—1

nt ~ n? 1 so V,‘f
n

is a large subspace of L2. The orthogonal projector Proj, : L>(B¢, w,) ~ V¢ can be

written as

degree polynomials in L*(B?, w,,). Note that dim V¢ = (

(Proj, f)(x) = f FOYPa (s 3, Y (y) dy,
Bd

where P,(w,; x, y) is its kernel. It is crucial for our further development that the kernels
P,(w,; x, y) have an explicit representation [21] in terms of Gegenbauer polynomials
(see (4.1)—(4.2) below). Now,

(1.3) Koy x,y) =Y Py(wyix.y)
v=0

is the kernel of the orthogonal projector of L?(B?, w,,) onto P _, V.
Consider the kernel

(14) Loy =Y (L) P,

j=0

obtained by smoothing out the coefficients in the definition of the kernel K, (w,,; x, y) in
(1.3) by sampling a smooth function a@. One of our main results in this paper essentially
asserts that if @ € C°°[0, co) is compactly supported, then L}, (x, y) has almost expo-
nential (faster than any polynomial) rate of decay away from the main diagonal y = x
in BY x BY. To state this result more precisely, let us introduce the distance (see (4.7))

(1.5) d(x,y) := arccos{(x, y) + V1 — |x|2/1 = [y|?} on B¢
and set
W, (n; x) i= (V1 — [x|2 +n"")*, x € BY.

Then (see Section 4) for any k > 0O there exists a constant ¢, > 0 depending only on k,
d, v, and @ such that

nd

VWi x) YW, (n: )1+ nd(x, )

The localized kernels L/ provide a powerful tool for constructing cubature formulas
on B¢ with weights w, (x), u > 0, that are exact for all polynomials of degree n and have

(1.6) [LE(x, y)| < ck
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positive coefficients of the right size. It is an important feature of our cubature formulas
(see Section 5) that for all x > 0 the knots are obtained by projecting onto B? sets of
“almost equally” distributed points on the upper hemisphere Si in R?*1; the knots are
in fact almost equally distributed on B¢ with respect to the distance d(-, -) defined in
(1.5). Currently, very few families of cubature formulas with positive weights are known
on B?, among them is the family of the product-type formulas [18], [14]. However, the
knots in these formulas are not almost equally distributed.

Most importantly, the kernels L/ enable us to construct localized polynomial frames
in L>(BY, w,,) which is our primary goal in this paper. Our construction is based on a
semidiscrete Calderén-type decomposition combined with our cubature formulas on the
ball from Section 5. If we denote by W = {v¢ }¢c - our frame on B?, where X = U;io &
is an index set consisting of the localization points (poles) of the frame elements, then
we have the following representation of each f € L*(B?, w,):

12
F=) (Lvee and [ fll2miw,) = (Z I(f ¢s>|2) .

EeX EeX

The above clearly indicates that W is a tight frame for L*(B¢, w,,). The most important
feature of the frame elements ¢ is their almost exponential localization: For § € X
(the jth level in &),

2jd/2
1.7 (Ve (X)| < ck Vk=>O0.

VWL Q70+ 2id(x, )k

Here the presence of the factor /)W, (27; x) is critical; it reflects the expected influence
of the boundary of B¢ and the weight w,, (x) on the localization of the frame elements.
Notice that the distance d(-, -) is also affected by the boundary of B?. This localization
of the v¢’s is the reason for calling them needlets.

The superb localization of the needlets along with their semiorthogonal structure and
increasing (with the levels) number of vanishing moments enables one to utilize them
for decomposition of spaces of functions or distributions on B other than L%(B?, wy)
such as L?(B?, w,) (1 < p < oo) and the more general weighted Triebel-Lizorkin and
Besov spaces on B“. This paper is Phase 1 of a bigger project. In [9] we use the results
from this paper for characterization of the weighted Triebel-Lizorkin and Besov spaces
on B¢. Consequently, some of the results here get beyond the immediate needs of this
paper.

These ideas were first used in [15] for the construction of frames on the unit sphere
S in R*!, In [16] the spherical frames were utilized for decomposition of Besov and
Triebel-Lizorkin spaces on the sphere. Further, this scheme has been applied in [17]
for the development of frames on [—1, 1] with Jacobi weights and then used in [8] for
decomposition of weighted Besov and Triebel-Lizorkin spaces on the interval.

This paper is organized as follows. In Section 2 we outline the general principles
which guide us in constructing localized kernels and frames on domains other than R¢.
In Section 3 we present some results on localized polynomial kernels on [—1, 1] with
Jacobi weights. In Section 4 we prove our main results on localized polynomial kernels
on B with weights w,(x), u > 0. In Section 5 we construct cubature formulas on B?
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with weights w, (x). In Section 6 we construct our needlet system and give some of its
properties.

Throughout this paper positive constants are denoted by c, c1, ... and they may vary
at every occurrence. As usual the constants may depend on some parameters, which are
indicated explicitly in some important cases. The notation A ~ B means c;iA < B <
c2A. The set of all algebraic polynomials of total degree n in d variables is denoted
by I¢.

2. General Principles for Constructing Localized Kernels and Frames

Let (E, 1) be a measure space with E a metric space and suppose that there is an
orthogonal decomposition of L*(E, ),

@1 LY(E, ) = PV,
n=0

where V, is a subspace of dimension dim V, ~ n”, y > 0. Let P, be the kernel of the
orthogonal projector Proj, : L2(E, 1) — V,, i.e.,

(Proj, f)(x) = /E P.(x, ) f(ydu,  feL*E,p).

Notice that P, can be written in the form P,(x, y) = Zjd‘:ml Va pj(x)p;(y), where {p;} is

an orthonormal basis for V,. Then K, := Z}LO P, is the kernel of the orthogonal pro-
jector onto @ﬁzo V,. In most cases of interest the kernel K, (x, y) has poor localization,
examples include the trigonometric system, orthogonal polynomials in one or several
variables on various domains.

Localization principle. Consider now the kernel

AT
2.2) Lyx,y):=)a <n> Pi(x, ),

Jj=0

where a € C*(R), a is even, and a is compactly supported ora € S (the Schwartz class
of rapidly decreasing C* functions on R). It seems that there is a general localization
principle, which says that for all “natural” orthogonal systems, the kernel L, (x, y) decays
away from the main diagonal y = x at nearly exponential (faster than any polynomial)
rate with respect to the distance in E.

In the case of the trigonometric system this principle is well known and widely used.
It is a simple but fundamental fact in Harmonic Analysis that the Fourier transform of
every function f in the Schwartz space S belongs to the same space. As a consequence,
one standardly shows that any trigonometric polynomial of the form

L,(t) = Za(%) eV

veZ



Localized Polynomial Frames on the Ball 125

where @ is a compactly supported C* function, has nearly exponential rate of decay
away from zero. More precisely, for any k£ > 0 and r > 0, there exists a constant ¢; > 0
depending only on k, r, and @ such that

r+1
(1 +nt)hE’

This estimate will serve as a prototype for our further localization results.

For Gegenbauer polynomials and spherical harmonics the localization principle is
established and used in [15] and also follows by the general result in [7] on the spectral
properties of elliptic operators. For Jacobi polynomials it is proved in [17] and [3],
and can be extracted from [11] (see Theorem 3.1 below). For Hermite and Laguerre
polynomials the localization principle is established in [5]. We will establish it here for
multivariate orthogonal polynomials in L*(BY, w,,) (see Theorem 4.2). We believe that
the localization principle is valid in other and in more general settings as well.

For our purposes we restrict our attention to “smoothing functions” @ satisfying:

(2.3) L)) < cx te[-m, 7]

Definition 2.1. A function @ is said to be admissible if @ € C*[0, c0), a(¢) > 0, and
a satisfies one of the following two conditions:

(a) suppa C [0,2],a(t) =1o0n[0,1],and 0 <a(¢) < 1on[l,2];or
(b) suppa C [3.2].

There are two important applications of the localized kernels L, (x, y) from (2.2):

(i) If @ is admissible of type (a), then the operator
D)= [ Lar ) f0)duty)
E

apparently satisfies £, f = f forall f € @'_,V, and L, f € @, V.. These along
with the superb localization of L, (to be established) make £, a useful tool. We will see
this operator at work in the construction of cubature formulas on the ball in Section 5.

(ii) More importantly, kernels L, (x, y) with @ admissible of type (b) are a valuable
tool for constructing localized frames. Let, in addition, a satisfy the conditions a(¢) > 0
and

(2.4) am+a@en=1, e[l 1l
Then

(2.5) iaz(zw): 1, t el,o0).
Define -

(2.6) Lo(x,y) = Polx,y)

and

o0 . v )
Ly = Y (5) Py, =120
v=0
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and denote briefly

(Lj* fHx) = /E Lix,»)f(y)du(y).

One easily obtains the following semidiscrete Calderén-type decomposition (see,
e.g., [17])

Q2.7) f=) LixLjxf for feLyE,p.
j=0

To get a completely discretized decomposition of L,(E, i) one can use quadrature
(cubature) formulas, if available. Assume that there is a quadrature formula

2.8) / fdu~Y ref®
E geX;

with X; C E and Az > 0, which is exact for all functions f of the form f = gh with

g, he EB‘%;O V,. Assume also thatif g € V,, theng € V,.
After these preparations we now define the frame elements by

(2.9) Ve(x) i= /Ae - Lij(x, &) for &€ X, i=0,1,....

The v’s inherit the localization of the kernels L;, which is almost exponential in all
cases of interest. This is the reason for calling them needlets.

We write X' := U;io X, where any two points &£, w € X (from levels &; # A}) are
considered to be different elements of X even if they coincide. We use X as an index set
in the definition of the needlet system

Vo= {Yeleex-
One easily shows that W is a tight frame in L>(E, p) (see [15]): If f € L>(E, u), then

(2.10) F=Y "D AL ¥elWe =) (five)ye inLA(E, p)
j=0 &eX; EeX
and
1/2
@.11) 1f |20 = (Z 1(f. wmz) :
EeX

This scheme for the construction of frames was first introduced in [ 15] and further utilized
in [16], [17].

3. Localized Polynomial Kernels on [—1, 1]

The Jacobi polynomials { P,,(D"’3 ) }o2 , constitute an orthogonal basis for the weighted space

L*([-1, 1], We,p) With wy g (1) 1= (1-0)*1+t),a, B > —1.1tis well known that [19]

1
/ PP )PP (Hwy (1) dt = 8, mh P,
-1

m
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where

@) _ 2B P+ a+ DI+ B+ 1)
T Qnta+B+ DI+ DIn+a+B8+1)

For f € L*([—1, 1], w,, ) the Fourier expansion of f in Jacobi polynomials is
o0 1
fO =) d(HBE)TPEP @), dy(f) = / FOPEP (1w p(t) dt.
n=0 -1
The nth partial sum of this expansion can be written as
n 1
S f)@) =Y di ()RS PP (x) = / FOKSP (x, Dwe,p(0) dt,
j=0 !
where the kernel is given by

3.1) K& P (e, 0) =Y ()T PP () PP ().
j=0

The grand question here is: What is the localization around the main diagonal y = x
in [—1, 1]? of a polynomial kernel of the form

o0 .
a o~ ] o, — o, o,
(32) Ln’ﬂ<x,y)=2a(;) ()PP () PP (y),

i=0
where @ € C®?

To address this question, denote

Wep(n; x) 1= (1 —x +n" )21 4 x 4+ 0212,

Theorem 3.1 [17]. Let o, 8 > —% and let @ be admissible according to Definition 2.1.
Then for every k > 0 there is a constant c;, > 0 depending only on k, o, B, and @ such
that, for0 < 0,9 < 7,

n

3.3) |L%?(cos®, cos <c .
(3-3) 1L, 2 k\/wa,ﬁ(n;cosé)\/wa,ﬁ(n; cos)(1 +n|6 — g|)*

Here the dependence of ¢, ond is of the form c; = c(a, B, k) maxo<,<¢ [[@" || .

For the proof of this theorem it is important to establish estimate (3.3) first in the
particular case when ¢ = 0 (the localization of Lﬁ’ﬁ (x, 1)). Set

[e¢]

G4 Q%) =LY, 1) = Za(%) ()PP (1) PP ().

=0

Since [19, (4.1.1), p. 58],

p@) (1) = <n+a> Fn+a+1)

T T@+ DL+ 1)’
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it is easy to verify that

35 QP =cd a

Jj=0

(l) 2j +Ot+,3+1)F(j+a+,3+1)Pj(a,ﬂ)(x)’
" ‘

rGg+g+1n

where ¢ ;=27 "1 (a + 1)~ .
Now the key role is played by the following theorem, which will also be critical for
the proof of our main localization result (Theorem 4.2).

Theorem 3.2. Leta be admissible and assume thato > B > — % Then for everyk > 0
and r > 0 there exists a constant ¢, > 0 depending only onk, r, o, B, and a such that

n2a+2r+2

d r
3.6 — “B(cosh)| < cx—, 0<6<m.
30 de) O™ (cos )“Ck<1+ne)k =v=7

The dependence of c; on @ is of the form ¢, = c(a, B, k, r) maxo<, < @™ || goo.

This theorem is proved in [3] with @ admissible of type (a) (but the proof in [3] is
valid in general) and in [17] with @ admissible of type (b). Estimate (3.6), when r = 0,
can also be extracted from [1 1, Lemma 4.10]. Estimate (3.6) was proved earlier in [15]
inthecasea = 8 = A — 5 (Wlth A a half-integer) and utilized for the construction of
frames on the n-d1men510nal sphere. Theorem 3.1 is established in [17]. Its proof rests
on Theorem 3.2.

4. Localized Polynomial Kernels on the Unit Ball

It is known (see [21]) that the orthogonal projector Proj,, : L*(B, wy) > fo can be
written as

Proj, 0 = [ FOIPutwix D, () dy.
B
where if 1 > 0 the kernel P,(w,; x, y) has the following explicit representation:

2)\.+I’l

@.1)  Py(w;x,y) = bipi™" X

1
x [ Cit) /T RPYT= P — ) du
-1
Here (x, y) is the usual Euclidean inner product, the constants b/, by ~1/2 are defined by
(b))~ = [y w, (x) dx, where wy, (x) is as in (1.1), C is the nth-degree Gegenbauer
polynomial, and
. d—1
A=u+ —
The case ; = 0 is a limit case and we have

42 Puwox,y) =b —[c* Y+ V1= 21— [yP)

+CH(x, y) — V1= x2V1 = [y
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For an admissible @ (according to Definition 2.1) we define

o0

4.3) LMx,y) = Za(ﬁ) Pi(w,;x,y),  x,ye B

=0

The explicit representation (4.1) gives

1
@4) LiCe,y) =it f Q% ((x. y) + uy/T— [xPYT = 1y (A — u®)*~" du,
-1

where Q% is defined by
) . .
A ~(J J +)\’ A
=Y a(L) L L.
0, (x) j:Oa <n> A 7 (x)

Since

FTh+3) Tm+21) pO-1/23-1/2 )
F@y) Tm+r+d " '
it readily follows from (3.5) that

Chx) =

Q)PP () =cQh(x),  where ¢=2"PTQA+DI(A+ 57

Then by Theorem 3.2 we get the following estimate: For all k, A > 0 and r > 0 there
exists a constant ¢; > 0 depending only on k, r, A, and @, such that

n2k+2r+l

A o0<6<nm
A+ no)k =v=7T

4.5) '<i> Qg(cose)' <c
dx

Distance on B?. In order to show that L’ is a well-localized kernel and for our further

development, we need to introduce an appropriate distance in B? that takes into account

the fact that BY has a boundary. In [20] it is shown that the orthogonal polynomials on

the unit ball and those on the unit sphere are closely related by the simple map

(4.6) x € BY > x' = (x,/1 — |x]?) € §¢,

which “lifts” the points from B¢ to the upper hemisphere Si in RY*! that is, Sff ={x e
S : x441 > 0}. This relation leads us to the following distance on B¢, which will play
a vital role in the following:

“.7 d(x,y) := arccos{({x, y) + \/1 - |x|2\/1 — |yI3).

In fact this is the geodesic distance between x’ := (x,/1—|x|?) and y :=
(y,v/1—1y[») on $¢ C R and, consequently, it is a true distance on B?. This
distance has been used to prove various polynomial inequalities, see the discussions in
[2] and the references therein.

The map (4.6) also leads to a close relation between the spaces L” (B¢, wg) and
LP (5%, dw), where dw is the surface measure on S¢. This allows us to derive results on
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LP(B?, wp) from those on L” (S, dw), which are also easier to prove. For these reasons
we will prove our results only in the case u > 0.

The following lemma provides an important relation between d (-, -) and the Euclidean
norm | - | in BY.

Lemma4.1. Forx,y € B¢, we have

1
4.8) x| — |yl < —2d<x,y><J1 — X2+ V1= 1y[%)
and hence
(4.9) W1 =[x = 1=y <v2d(x, y).

Proof. Let 0 < «,8 < m/2 be defined from |x| = cosw and |y| = cos 8. Using
spherical-polar coordinates x = |x|& and y = |y|¢, where £, ¢ € S9!, we see that

d(x,y) = arccos(cos & cos B(&, £) + sina sin 8) > arccos(cos(a — f))

which yields d(x, y) > | — B|. On the other hand, since 0 < «, 8 < /2, we have
cos(a — B)/2 > cos(r/4) = /2/2 and, consequently,
a+pf a—p a+p

cos > +/2sin
2 2 2

sina + sin 8 = 2 sin

Using the above we obtain

la =Bl . a+B
sin

—_ = —_ = 2 1
x| — Iyl |cos @ — cos B sin 5 >
< o~ Blsing +sinB) < —=d(r, /T — P+ T = yP).
= A =5
Thus (4.8) is established. Estimate (4.9) follows immediately from (4.8). |

Let us define
(4.10) Wy x) = (V1 — |x2+n"H, x € BY.

Our next theorem shows that the kernels L/ are almost exponentially localized around
the main diagonal y = x in BY x B<.

Theorem 4.2. Let a be admissible. Then for any k > 0 there exists a constant c¢; > 0

depending only on k, d, i, and @ such that

nd

W X)W (s ) (L + nd(x, y)k

411 Ly, vl = e x,y e B

Remark 4.3. Theorem 4.2 as well as Theorems 3.1-3.2 can obviously be modified for
the case when @ € C (k sufficiently large) in place of @ € C*°.
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We will derive Theorem 4.2 when p > O from estimate (4.5) and the following
lemma, using representation (4.4) of L} . The proof in the case u = 0 is easier and will
be omitted; it utilizes (4.2).

Let us denote briefly

(4.12) 1, i) = (x, p) +uy/1 = [x[2y/1 = |y

Lemmad4. Lety > —1,k >3y +4,andn > 1. Then, forx,y € B¢,

(4.13) fl (1) du
' (A +ndT=1(x, y; )k

Cn—2y—2

< 9
T TP TP )74 (L nd(x, y)er—

where ¢ > 0 depends only on y, k, and d.

Proof. Denote briefly  := #(x, y; u). Then we can write

L—t=1-{(x,y) =1 = xPV/1 =y + A -uy1—x2/1 -]y

which implies

(4.14) L=t > 1= (x,y) = V1 - xV1—|yP
d 2
— 1 —cosd(r, y) = 2sin? TED S 2 40y
2 2
and
2
(4.15) L=t > =dx,y)*+ (1 —wy1—[x]?/1—[y]
T
> (1—w1—x/1—1|y2
By (4.14), we have
U (= ud du c
(4.16) < )
G +ndT=0kF = (L +nd(x, y)k

Inequality (4.13) will follow from this and the estimate:

U (1= ud du
4.1 _
@17 f—l (1 +n1—1)k

cn—Zy—Z

< .
C W= P =y A+ nd(x, y))r 3

To establish this last estimate, we split the integral over [—1, 1] into two integrals: one
over [—1, 0] and the other over [0, 1]. For the integral over [—1, 0] we write the factor
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(1 + n/T —1)* as the product of (1 + n+/1 —1)*2*=2 and (1 + n+/1 — 1)>’*2. Then
we apply inequalities (4.14) and (4.15) to the first and second terms, respectively. This
gives

/0 c /0 (1 —u?)?”
< du
o A HndC,y)E 2 o 21— 1x 21— |y P — w)]r !
cn~2r=2

1= xPyr (/T =yPyr (1 +nd(x, y)k-2-2

IA

We now estimate the integral over [0, 1]. Denote briefly A := \/1 — |x|2\/1 — |y|%
Using (4.15) and applying the substitution s = An?(1 — u), we get

1 1 (1 —u??
/ < c/ du
0 0 (14 nyd(x,y)?+ A(l —u))k
C

An? s?
< ds
(An?)r+1 /0 (1+/n2d(x, )2+ s)k
00

- cen~2r—2 / sV ds
T AT A 4 nd@, )3 o (1 + n2d(x, y)? + 5)2 3
Cn72y72

< .
= AL+ nd(x, y)3

Putting these estimates together gives (4.17).
To complete the proof of (4.13) we need the following simple inequality (see inequality
(2.21) in [17]):

4.18) (a4+nHb+n" <3@ab+n?( +nla—b)), a,b>0, n>1.
Inequalities (4.9) and (4.18) yield
WI=xP+n Y/ T=[y2+nh
< 31— xPV1 =y +n ) +nd(x, y)).

This along with (4.16) and (4.17) implies (4.13). |

Proof of Theorem 4.2. Fort =cosf,0 <6 < m,wehave §/2 ~sinf/2 ~ /1 —1t.
Therefore, estimate (4.5) with » = 0 is equivalent to

2x+1

(A+nd/T=—Dk ~
Now, (4.11) follows readily by Lemma 4.4. [ ]

|04 < e

The estimate of | L (x, y)| from Theorem 4.2 enables us to control its L”-norm.

|
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Proposition 4.5. For 0 < p < 0o, we have

1/p d 1-1/p
(4.19) </ |Lyy (e, IPwg(y) dy) <c (ni) ; x e B’
pd W, (n; x)

Proof. If 0 < p < oo this proposition is an immediate consequence of Theorem 4.2
and Lemma 4.6 below. In the case p = oo, estimate (4.19) follows by (4.11) and (4.9)
(see also estimate (4.23) below). Note also that for 1 < p < oo, estimate (4.19) follows
readily from the cases p = 1 and p = oo. [ ]

Lemma4.6. Ifo >d/p+2u|l/p—1/2|,u>0,0< p < o0, then

wy(y) dy < en W, (n: 1)\ P2,

4.20 J, =
(4:20) g gt Wy y)P2(1 +nd(x, y)or —

where ¢ > 0 depends only on p, i, and d.

Proof. Let u > O (the case u = 0 is easier). Three cases present themselves here.

Case 1. p = 2. Using spherical-polar coordinates and the fact that

1

/ g(<x’y>)dw(y):f7d72/ g(lx[ (1 — A2 dy,
gd—1 1

where o,_, is the surface area of S?~2, it follows that
1226/1 pd=1(1 — p2yu=1/2 /1 (1 — §2)d=312 g "
0 (1T —r2)2 ) 1 (1 4 narccos(rs|x| + /1 — |x[2v/1 = r2))%
Write briefly F (r, t) := 1/[1 4 n arccos(t|x| + /1 — |x|2+/1 — r2)]*°. Then
D opd=1(] — p2yu=1/2 ol
4.21) J> =c/O - +M)2"/

Next, we apply the substitution u = rs, then switch the order of integration and, finally,
substitute t = +/1 — r2. This gives

C/I r(l —r2n=1/2 /r Fru)(r? — 1) D2 dy dr
0o (T HNVT=r)2m )

fl/lF( L Gt Ly P,
= C r,u r-—u rau
=1l (n~' + 1 —r2)

1 pa/1-u2 (1 42 2\(d=3)/2
t*(1 -t
c/ / FO/T =22, uy u) dt du.
—-1J0

(n~! 1)

F(r,rs)(1 = s dsdr.

-1

J>

Using the trivial inequality /(¢ +n~") < 1 we conclude that

1 A 1—u?
J < c/ / FG1 =22, u)(1 — 1> —u®)9=3I2 qu dr.
—-1J0
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Since 6 ~ sinf/2 ~ /1 —cos@ for 0 < 0 < mw, we have

F(\/l—tz,u)N(l—{—n\/l—u|x|—t\/1—|x|2)_2", 0<t<+1—u

But 1 — u|x| — t/1 — |x]? > 0if —+/1 —u? < t < 0. Therefore, we can enlarge the
domain of integration to obtain

7 < / (1 —12—u> =32 qy dt
25¢C
B

(1 +n\/1 —ulx| —t/1 — |x|»)%

Here B? is the unit disk in R?>. We now change the variables (u, t) — (a, b), where

a=+1—|x]2t+ |x|u, b=—|x|t++1—|x|?u

It is easy to see that this is an orthogonal transformation so that da db = du dt. Hence

(1 —a? — b=

JH <c dadb
> = g2 (1 +nd1—a)
1 1 /1—a?
= c/ —[ (1-a*-b)"""?dbda
1 (I+nd1—a) J_ /it

IA

/1 (1 — g?)@-272
c —— da
1 (1 +nd1 —a)?

c L (1 — @)@
— 4+ R E— da
n?c /0 (1 +nv1—a)*

n sd—l

IA

c Cc

< — J— [
- n20+nd 0 (1+S)20

Cc
ds < —,
n

since 20 > d. Thus (4.20) is established when p = 2.
To prove (4.20) when p # 2 we will need the inequalities

I —|x]2+n"!

4.22
422 V2(1 +nd(x, y))

L=y +n""

V261 = xR+ YA +nd(x, ), x,y € B,

IA

which follow readily from (4.9). From this and the definition of W, (x; n) in (4.10) we
get

4.23) W, (m; )1 +nd(x, y)™ " <W,(n; y) < W, (n; x)(1 +nd(x, y)*.

Case2.0 < p < 2. Using (4.23) we obtain

L \P2 ) . o\p/2-1 Wy (n; y)
Wil 275 = W )W )75 2 Wit ) =P (1 + nd(x, y))20=p/2
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and hence

wy(y)dy < W (n_x)1_p/z wy(y)dy
gt Wy (n; P21 +nd(x, y)er — 1 gt W y)(1+nd(x, y)*’

where 7 := (0 — 2u(1/p — 1/2)) p. By the hypothesis of the lemma, t > d. Then the
above inequality and (4.20) with p = 2 imply (4.20) in this case.

Case 3.2 < p < oo. Similarly, as above by (4.23),

P2 ) Copaet - W W, (n; )P
Wit 2P = Wl Y)W )" = (1 +nd(x, y)2e/2=0 "

Consequently,

wy(y)dy < CWM(I’Z;X)Iip/Z wy(y)dy ’
gt Wy y)P2(1 +nd(x, y))°r g Wu(n; y)(1 +nd(x, y))*

where this time 7 := (0 — 2u(1/2 — 1/p))p. Since T > d, the above inequality and
(4.20) with p = 2 imply (4.20) in the case 2 < p < oo. [ |

It will be vital for our further development that L’ (x, y) is a Lip 1 function in x (or y)
with respect to the distance d (-, -). Throughout the rest of the paper, we denote by B (1)
the closed ball centered at £ of radius » > 0 with respect to the distance d(-, -) on B4,
ie.,

B:(r):={xeB!:dx,&)<r}, EeB! r>0.

Proposition 4.7. Let&,y € B, n > 1,and ¢* > 0. Then, for all x,z € Bg(c*n™")
and an arbitrary k, we have

nd+1 d(x, %-)
IW(n; ) YW (s 2)(1 +nd(y, )k

(424)  |Ly(x,y) = Ly(E, Y] = ck

where ci depends only on k, u, d, @, and c*.

Proof. Letu > 0. We will use the notation 7 (x, y; u) := (x, y)+uy/1 — |x|2\/1 — |y]2,
introduced in (4.12). By (4.4) it follows that

(425) |Ly(x,y) — Ly (5. y)l

1
: c/ |0t (e, yi ) — Q1 (5, ys )| (1 — )"~ du
-1

1
< C/ 19 QO L It Cx, y3 w) = 1€, ys w)l(1 — w?)*~" du,

1

where df = f’ and I, is the interval with endpoints 7 (x, y; u) and ¢ (&, y; u).
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As in the proof of Theorem 4.2, by estimate (4.5) with » = 1, it follows that

(4.26) 100,y < an® P max(1 +ny/1—1)7*

tel,
ckn2k+3((1 +nm)—k
+ (1 _|_ nm)_k)f

using the fact that (1 4+ n+/1 — ) ¥ is an increasing function of 7.
By the definition of ¢ (x, y; u) it follows that (recall x” := (x, /1 — |x|?)),

A

IA

[t(x, y;u) —t(&, y; u)l
< [, ¥y — (& )1 —ul/T— [y = x2 = /1|2
lcosd(x, y) — cosd(&, y)| + V2|1 —uly/1 — |y d(x, &),

IA

where we used inequality (4.9) from Lemma 4.1. Denote briefly « := d(x, y) and
B :=d(&, y). Then

o — Bl . a+p

lcosd(x, y) —cosd(&, y)| = 2sin 5 sin— < Yo — Bl(a + B)
< Hd(x,y) —dE, ydx, y) +dE, )
< 1d(x,&)(d(x, y) +d(E, )
< dx,&)d(y,2)+cn™h

for z € Bs(c*n™"). Hence,
[t yiu) — tE, yiw)| <d(x, 6)d(y,2) + ) + V2|1 —uly/1 = [y d(x, §).
We use this and (4.26) in (4.25) to obtain

ILY (x,y) — L&, y)I
< en?Pd(x, 8 d(y,2) +c*n Y

y (/' (1 —u?)"~' du +/‘ (1 —u)*' du )
1 (L +ny/T—1(x, y; u)k 21t L +nyT—1(, y;u)k
+ en® Y1 — |y|2d(x, §)

y </l (1 — I/t)(l — uz)ll-—l du N /1 (1 _ u)(l _ MZ);L—I dbt)
S U ndT=1Gyiwt - S (L nyT=1E. yiu)
= A1+A2+A3+A4.
By Lemma 4.4 with y = u — 1, we have

n=2H

VW5 ) YWy (s y) (1 +nd(x, y))°

Ar <en? P d(x, E)d(y, 2) +c'n7h
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with o := k — 3 — 1. Note that, for y € B? and all z € Bg(c*n’l), we have 1 +
nd(z,y) ~ 1 +nd(&,y)and /1 —|z]2 + c*n~! ~ /1 —|€|> + n~!, using (4.9).
Consequently,
A < cn®d(x, &) '

VW (s x)yWy(n; ) (1 +nd(y, 2))° !

We similarly obtain the same bound for A,.
To estimate A3 we employ Lemma 4.4 with y = w and obtain

(4.28) A3y < cn® V1 —|y|2d(x, &)

4.27)

n72M72

TP+ n ) (T = 2 + n et (14 nd (e, )°

with o := k —3u — 4. By cancelling appropriate terms we conclude that (4.27) holds for
Az as well. In exactly the same way one can see that A4 also satisfies (4.28) and hence
(4.27). The proof of the proposition is complete. [ ]

Remark 4.8. For the sake of completeness, we record next some simple properties of
the operators with kernels L/, (x, y) from (4.3), where @ is admissible of type (a). Denote

4.29) (L)) = /B O Y dy, w20,

Evidently, £ f € T4 and L g = g for g € T%. A classical argument using
Proposition 4.5 shows that, for 1 < p < oo, ||/35||Lﬁ—>Lﬁ < ¢ and hence

If = L fllur < cEa(f)p f €L

where E,(f), denotes the best approximation of f from N%in LY := LP(BY, wy). In
the next section we will put the operators £, to work for their primary purpose, namely,
for the construction of cubature formulas on B¢.

5. Cubature Formula on B¢

Cubature formulas on B¢ with weights w,, (x), u > 0, which are exact for all polynomials
of degree n, are valuable from many prospectives. Those with positive coefficients are
preferred for numerical computation and are called positive cubature formulas. In the
literature, only a handful of positive cubature formulas are known. For our purpose of
constructing polynomial frames on B? (see Section 6)) we will need positive cubature
whose knots are almost equally distributed with respect to the distance d (-, -) introduced
in (4.7). To the best of our knowledge there are no such cubature formulas available up
to now. There is a close relation between cubature formulas on the unit ball and those
on the unit sphere S¢ [20]. In the following we will apply the method used in [12], [13]
(see also [15]) for constructing cubature formulas on the unit sphere.

One of the difficulties in constructing cubature formulas on B is the lack of uniformly
distributed points on B?. We shall use, as a substitute, sets of “almost equally distributed
points” with respect to the distance d (-, -) in B¢ which we describe next.
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Definition 5.1. We say thata set X, C B¢, along with an associated partition R, of B¢
consisting of measurable subsets of B¢, is a set of almost uniformly e-distributed points
on B if:

i) BY = URE&_ R and the sets in R, do not overlap (R} N RS = @ if Ry # Ry).
(ii) For each R € R, there is a unique § € X, such that Bg(c*e) C R C B:(¢).

Hence #X, = #R, < ¢**¢~?. Here the constant ¢* > 0, depending only on d, is fixed but
sufficiently small, so that the existence of sets of almost uniformly e-distributed points
on B? is guaranteed (see the next lemma).

Lemma 5.2. For sufficiently small constant ¢* > 0, depending only on d, and an
arbitrary 0 < & < 1, there exists a set X, C B of almost uniformly e-distributed points
on BY, where the associated partition R, of B¢ consists of projections of spherical
simplices.

Proof. As we already mentioned, the distance d(x, y) (x,y € B?) is the geodesic
distance between x’, y’ € Si. So, we need to subdivide properly Si. We first divide Si
into 2¢ spherical simplices analogous to the intersections of S? with the octants in R>.
Let O, be the spherical simplex on which all coordinates of & € O; are nonnegative and
let

a1l dtl
le@jlljzo, lezl
= =
where {e;} are the standard unit vectors in R, If v := (1,..., 1), then the map

x(&) := &/(&, v) gives an one-to-one correspondence between O and 7. It is readily
seen that, for &, ¢ € Oy,

1
5.1 ——d(£,0) < |x(§) —x(0)| <2Vd d (&, ¢).
(5.1 a (€, 0) = 1x(&) —x(@©)I .0
Here | - | denotes the Euclidean norm in R*! and d(-, -) is the geodesic distance on
Sd C Rd+1

Weset M := [2+/de~"] and divide the equilateral simplex 7; into M¢ equal equilateral
subsimplices of side length L = +/2/M. We denote by Rl the set of all spherical
simplices obtained by applying the inverse map x~! to the simplices defined above. We
similarly define the set X! of the “centers” of all spherical simplices in Rl by applying the
inverse map x ! to the mldpomts of the corresponding Euclidean s1mphces After these
preparations, we define Ri as the set of projections onto B¢ of all spherical simplices
from R} and we similarly define X

It is straightforward to show that an equilateral Euclidean simplex with each side
of length L contains the ball of radius L/+/2d(d + 1) centered at its midpoint and is
contained in a ball of radius < L/ /2 with the same center. Then (5.1) yields that the
corresponding spherical simplex contains the spherical cap centered at its center and of
radius L/(2d~/2(d + 1)) and is contained in a spherical cap with the same center and
radius < ~/2dL < 2/d /M < e. This establishes property (ii) of Lemma 5.2 for the
spherical simplices in R!. Also, we have #X! = #R! = M? < (4/de™")".
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Repeating this procedure with all other initial simplices, we establish the existence of
the desired partition R,. [ ]

The following lemma contains additional information about the partition R, from
above.

Lemma 5.3. Let R, be as in Lemma 5.2. Then, for any & € X,
(5.2) |Rg|5=/ ldx ~e?/1 —|E2 ~ (V1 — |2 + )
R;

and

(5.3) m,(Re) == / w, (x)dx ~ (1 — | = sdw“—(g) ~el(1—|E]2 + &)**.
Re wo (%)

Here the constants of equivalence depend only on d and 1.

Proof. To prove (5.2) we use Lemma 5.2. Hence property (ii) in Definition 5.1 yields
(5.4) |Re| ~ |Be(e)]  and  d(§,3BY) > c*e.
We can assume without loss of generality that £ lies on the positive x;-axis, i.e., § =
(£1,0,...,0)and 0 < & < 1. The boundary 9 B; (¢) of Bg(¢) is given by the equation
x1&1 + /1 — |x|2V/1 — €2 = cose. A simple manipulation of this identity shows that
0 B¢ (¢) is the ellipsoid

(x1 — & cose)?

1 =&

From this it follows that | Bg ()| ~ el /1 — |E|? (using that sine ~ ¢) and then (5.2)

follows.
We now turn to the proof of (5.3). There are two cases to be considered.

+x3+...+x} =sin’e.

Case 1. u > % Denote R, := R: N {x € B¢ : |x| < |£|}. It is easily seen that

IR7| ~ |Re| ~ &?\/T — €2 Then

/R wy, (x) dx > / W (X) dx = w, ()R | ~ w,(§)ey/1— €12 = e(1 — )"
§

Ry

Since £ is in the center of R¢ by construction, we have /1 — |[§|> > ce. Hence, for
x € R C Be(¢), inequality (4.9) shows that

w,(X) < V1= &2+ )™ < cw, (&),

which yields

/I; wy, (x) dx < cw, (§)|Re] ~ wy(§)e /1 — §]2 = e?(1 — |E[))".
3
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Case2.0<pu <
we again get (5.3).
Finally, using (5.4) we obtain /1 — |§|2 > sinc*e > ce which implies the last
equivalence in (5.3). The proof of the lemma is complete. |

5. Denote R := R: N{x € B : |x| > |£|}. Proceeding as above

Theorem 5.4. There exists a constant ¢ > 0 (depending only on d ) such that for any
n > 1 and a set X, of almost uniformly e-distributed points on B¢ with & 1= ¢°/n, there
exist positive coefficients {Ag}ecx, such that the cubature formula

fOydx ~ Y he f(E)
B4 E€X,
is exact for all polynomials of degree < n. In addition,
e ~ W3 §) ~ (1= [§P)" ~ myu(Bg(e))

with constants of equivalence depending only on n and d. Here m, (E) := fE wy (x)dx.

Note that when & = 0 the cubature formula of Theorem 5.4 can be derived from the
cubature formula on S9! from [12], [13], [15] by applying [20, Theorem 4.2].

Assume that X, (with associated partition R ) is a set of almost uniformly e-distributed
points on B¢ (see Definition 5.1), where ¢ = 8/n withn > 1 and § will be selected later
on. We introduce the following weighted £;-norm for functions defined on B:

(5.5) 1f ey = Y 1FE)Imu(Re).

§eX;
Also, recall the notation ||f||L}L = fllerw, .4y = de | f(x)|w,(x)dx.
We need a couple of additional results.

Lemma 5.5. Ifg € I1¢, then

560 gl = lgle )l < Z/ lg(x) — g&)lwy,(x) dx < c*Sllglly,
geX, Y Re

and hence

(5.7) (1= D)ligly < gl < A +c)ligllyy.
where c* depends only on d and .

Proof. Let £} be the operator from (4.29). Using that g = £} g and the fact that R, is
a partition of B? (see Lemma 5.2), we obtain

lglly = gl ol < Y /R 18(x) — (&) w,,(x) dx
&

§eXe

IA

>[I - L llgm o) dyu, o dx
tex, /R JBY

IA

gl sup D [ ILECey) = LEGE, y)w,(x) dx.

veBd gex, v Re
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By Proposition 4.7 with z = x, it follows that
ILy (x, ) — Ly (§, Y)wu(x) dx
Re
- and™d(x, &)w, (x) dx
T SR YW X)W y) (L nd(y, )k

Choosing k sufficiently large (k > d + p will do) we apply Lemma 4.6 with p = 1 and
use that d(x, &) < Sn~lforx e R to obtain

sup » [ ILE(x, y) — LA, y)|w,(x) dx

YGBJEE?Q R
wy(x)dx -
Bt Wy (5 X)W, (n; y)(1 + nd(y, x))k —

The lemma follows. ]

< con

The Farkas Lemma. A variant of the well known in Optimization Farkas lemma will
play an important role in the proof of Theorem 5.4.

Proposition 5.6. Let V be a finite-dimensional real vector space and denote by V* its

dual. Letuy, uy, ..., u, € V*and suppose u € V* has the property that u(x) > 0 for all
x € Vsuchthatuj(x) > Ofor j =1,2,...,n.Thenthereexista; > 0,j =1,2,...,n,
such that
(5.8) u= Zajuj.

j=1

For the proof of this proposition, see, e.g., [1].

Proof of Theorem 5.4. First, we choose § := 1/3¢*, where ¢* is the constant from
Lemma 5.5. In applying Proposition 5.6, we take V := I1¢ and {u i} to be the set of all
point evaluation functionals {J¢ }zcx, -

Let the linear functionals u and u, be defined by

u(g) = /Bd gw, () dx  and () i=u(@) —y Y gE)m,(Re).
§EX,

Since ¢*§ = 3, the left-hand side estimate in (5.7) yields

1
ga
(5.9) lgllzy < 3llgllercxy, & €5

Suppose g € I"Iff and g(&¢) > O for all £ € &.. Then using (5.6) with ¢*§ = % and (5.9),
we obtain

(@) = gl = D | 18(x) = g@lwu(x)dx < c*sligllzy < 3lglle
geX, / Re
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and hence u(g) > %”g”l}L(Xg)' Choose y := % Then since g(&) > 0, £ € X, we obtain

u,(g) =u(g) — %||g||eji<;¢) > %||g||eh<xg> > 0.

Applying Proposition 5.6 to u,,, there exist numbers ag > 0, § € A, such that

uy(g) =y  acg),  gell,

§eX;

and hence

(@) =Y (ac + imu(R))gE) = Y heg(®),  geTly.

EeX, EeX,

Therefore, the linear functional ) . . Az g (&) provides a cubature formula exact for all
polynomials of degree n.

Clearly, ¢ > m,(R¢)/3 and the estimate Az < cm,(R¢) follows from Lemma 5.3
and Proposition 5.7 below. [ ]

The last ingredient in bounding A¢ from above is the following general result that is
of independent interest.

Proposition 5.7.  If a positive cubature formula

(5.10) /Bd fOw,(x)dx ~ Y ae f(E), e >0, &<,

§eX;

is exact for all polynomials of degree < n, then
Gl ke <en” W &) =en V1 - EP+n7)*, Ee X,

where ¢ > 0 depends only on yu and d.

Proof. Recall the kernel K,,,(w,,; x, y) defined in (1.3). Evidently, K,,(w,; §,&) > 0

and
(K (wyi; X, MPw, (0) dy = Ky (wy; X, X).
Brl
Let m = |n/2]. Then it follows that
Ko (wy; €, n)T / [Km<wu;s,x>]2 1
A Ay | S = i LA s dx = —
£= 2 ”[Kmm,t;s,s) i Kt | O TR s

neXe

Hence, the stated result is a consequence of an upper bound for [K,, (w,; x, x)]7!, to be
established in Proposition 5.9 below. [ ]

In order to establish the needed upper bound for [K,, (w,; x, x)]~" we now construct
a family of well-localized polynomials.
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Lemma 5.8. Foranyk,m > 1 and & € B? there exists a polynomial P; € Hgkm and
a constant ¢* > 0 depending only on k and d such that P:(§) = 1 and for 0 < y <k,
x € B?,

¢ 3 (/T EP +m~")
+mdE x)* T (JT=xP+mYyrA +mdE x)*

(5.12) 0< Pe(x) < a

Proof. Let ¢(9) := (sin(m6/2)/m sin(9/2))**. Evidently, ¢ is a trigonometric poly-
nomial of degree less than km, g(0) = 1, and

(5.13) 0540 = 57 ¢ 0] < 7.

mlo)*’
For 0 < o < 7, we define the algebraic polynomial Q,(¢) by

g0 —a) +q6 +a)
0y(cosB) = I+ qQa)

It is readily seen that deg Q, < km, Q,(cosa) = 1, and

c
5.14 0<0, H< ——— 0<6<m.
(5.14) < Qq(cos )_(1+m|9—a|)2k b2
Also, Q> is even and

c
<
+ mlarccost — mw/2))* T (1 + mlt)?*’

(5.15) 0 < Qrpp(®) < a 7] < 1.

Without loss of generality we may assume that £ = (§,,0,...,0) with0 < & < 1. We
choose @ € (0, 7/2) so that &, = cosa. Then (5.14) gives

(5.16) 0<Qa lr] <1,

C
= i, o

whered; (&1, t) := arccos(&1t++/1 — 512\/ 1 — £2) is the univariate version of the distance
d(-,-) (see (4.7)). We define

Pe(x) i= Qu(x1) Qupp(Wx2 + -+ 4 xJ).
Clearly, P; € T1%,,,, P:(§) = 1 and, by (5.15)~(5.16),

c

, € B,
F )+ md EL )%

5.17 0<P
(5.17) =< E(x)f[(l

where x, := (x2, ..., x4) and |x,| := (x% + - —I—xj)l/z.

It remains to show that P¢ obeys (5.12). To this end, we first show that
(5.18) d(§, x) < 2(Jxi| + di (61, x1)).
Denote briefly x,, := (x1, 0, ..., 0). We have

dE,x) =d(§, xo) +d(xe, x) = d (51, x1) +d(xo, X).
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Our next step is to prove the inequality

(5.19) d(xs, x) < 2|x4.
Evidently,
d(x,, x) = arccos({x, x')) = arccos(x; + V1— xlzx/l —xf x5 — - —xJ).

One easily verifies the inequality arccost < 24/1 —¢,0 <t < 1, and hence (5.19) will
be established if we show that

(=2} = V1=xV1—x} = 0P < |l

Denote briefly a := ,/1 —x{ and b := |x,|. Then the above inequality is equivalent

to a® — ava? — b? < b* or av/a? — b — (a* — b*) > 0. But the latter inequality is
apparently valid since

b2 / 2 _p2
ava? — b2 — (a* —b*) = INAT T > 0.
a-++a?—b?

Thus (5.19) is established and hence (5.18) holds. Combining (5.17) with (5.18) gives

c

< d
OSPE(X)§(1+md(%',x))2k’ x € B4,

(5.20)

which is the first estimate of Pe(x) in (5.12).
To prove the second estimate in (5.12) we need the estimate

2 -1
1 - 1—&E7+m

<c , x € BY,
I +md(, x) 1 —|x]2+m™!

(5.21)

which apparently follows by inequality (4.9) in Lemma 4.1 (see also (4.22)).
Finally, applying (5.21) in (5.20), we get the second estimate in (5.12), which com-
pletes the proof. [ ]

The function A, (x) := [K,(w,; x, x)]7! is the so-called Christoffel function, which
has the following characteristic property [4, p. 109]:

(5.22) Ay(x) = min / [P(y)]zwﬂ(y) dy, x € BY.
P(x)=1,Pel¢ Jpd

The localized polynomials in Lemma 5.8 give an upper bound for the Christoffel function,
used in the proof of Proposition 5.7.

Proposition 5.9. Forany u > 0 and d > 1 there exists a constant ¢ > 0 such that

(5.23) An(x) < en W, (n; x), xeB! n>1.

|
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Proof. Write k := [max{d/2, u}] + 1 and let n > 4k (the case 1 < n < 4k is
trivial). Set m := [n/2k]. By Lemma 5.8 there exists a polynomial P,(y) € H‘,f such
that P, (x) = 1 and (5.12) holds with y = u and &, x replaced by x, y. Then, by (5.22),
(5.12), and Lemma 4.6 with p = 2, we infer

W, (m; x)w, (y) dy
gt Wy(m; y)(1 +md(x, y)*

cm_dWM(m; x) < cn_dWM(n; X). |

Ap(x)

IA

/ [P Pwa(y) dy < ¢
Bd

IA

For the construction of our frames, we will need the following result which is an
immediate consequence of Lemma 5.2 and Theorem 5.4.

Corollary 5.10. There exists a sequence {Xj}]?'io of sets of almost uniformly &;-distrib-
uted points on B® (X == X)) with ¢; = c®27772 and there exist positive coefficients
{Aeleex, such that the cubature

(5.24) /B FEw ) dx ~ YA f(E)

§ek;

is exact for all polynomials of degree < 27+2. Moreover, re ~ mu (B (277)) and #X; ~
2/ with constants of equivalence depending only on d and .

6. Localized Polynomial Frames (Needlets) in L>(B9, w,)

‘We will apply the general scheme, described in Section 2, for construction of polynomial
frames in Li = Lz(Bd, w,,). To this end, we will utilize the localized polynomials from
Theorem 4.2 and the cubature formula from Theorem 5.4 (see Corollary 5.10).

Let @ satisfy the conditions

(6.1) aeC®0,00), a=>0, suppa C [3,2],
(6.2) at >c>0, if ref[i 3],
(6.3) aw+a =1, if re[3.11.

For the construction of such functions, see, e.g., [15].
We introduce a sequence of polynomial “kernels”: Lo(x, y) := Py(w,; x, y) and (see
Section 4)

&) . v )
Lj(x,y) ::Z“(F> Py(wy; x, y), j=L2....
v=0

We now define the needlets (frame elements) by

Ye(x) = /he - Lij(x,6)  for £eAX, j=0,1,...,
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where X is the set of the knots and the A¢’s are the coefficients of the cubature formula
(5.24) from Corollary 5.10. We write X' := [JiZ) A; (see Section 2) and define the
needlet system W by

Vo= {Ye}eex.

Denoting

(M*ﬂ@%=f

Li(x, ) f(wu(y)dy,
Bd

we get as in (2.7) the semidiscrete needlet decomposition of Li:
o

f=) LixLjxf for felL}.
j=0

It readily follows by (2.10)—(2.11) and Corollary 5.10 that the needlet system W is a
tight frame in L :

Theorem 6.1. If f € L, then

]

F=Y 0 fvee = ) (fivel¥e inL

j=0 £eX; geX

and

1/2
nm4=(2]mwmﬁ .

teX

Remark 6.2. We restricted our attention here to the needlet decomposition of Li only,
however, much more is true. In [9] we show that the needlets from this paper can be
used for characterization of LfL(Bd) (1 < p < oo) and the more general weighted
Triebel-Lizorkin and Besov spaces on the ball with weight w, (x).

We finally show that each needlet v has faster than any polynomial rate of decay
away from its “center” £ with respect to the distance d(-, -) on B¢. This property of the
needlets is critical for using them for decomposition of spaces other than Li.

Theorem 6.3. For any k > 0 there exists a constant ¢, > 0 depending only on k, |1,
d, and @ such that, for§ € X;, j =0,1, ...,

2jd/2
(6.4) [Ve(x)] < ck x € B¢,

VW27 ) (142 d(x, &)

Proof. Estimate (6.4) follows readily from (4.11) (see Theorem 4.2), taking into ac-
count that A¢ < c2779W, (27; &) for & € X;. ]




Localized Polynomial Frames on the Ball 147

Corollary 6.4. For (0 < p < oo, we have

zjd 1/2=1/p
(6.5) ”1;05””1 <c (m) y 3;' € /Y]

In particular, ||\ || 2 =¢ which shows that estimate (6.4) is sharp (in a sense).

Estimate (6.5) follows readily by (6.4) and Lemma 4.6.
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