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LOCALIZED TIGHT FRAMES ON SPHERES*

F. J. NARCOWICH', P. PETRUSHEV!, AND J. D. WARDT

Abstract. In this paper we wish to present a new class of tight frames on the sphere. These
frames have excellent pointwise localization and approximation properties. These properties are
based on pointwise localization of kernels arising in the spectral calculus for certain self-adjoint
operators, and on a positive-weight quadrature formula for the sphere that the authors have recently
developed. Improved bounds on the weights in this formula are another by-product of our analysis.
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1. Introduction. Frames were introduced in the 1950s by Duffin and Schaeffer
[4] to represent functions via over-complete sets. Let H be a Hilbert space with norm
|l - || and inner product (-,-). In that case, a set {¢,};es is a frame if there are
constants ¢, C' > 0 such that for all f € H

I < DKL < ClfIP.

JET

The smallest C' and largest ¢ are called upper and lower frame bounds. If C' = ¢, we
say the frame is tight. If C = ¢ = 1, then the frame is normalized, and if in addition
[l] = 1 for all j, then the frame is an orthonormal basis.

Frames, including tight ones, arise naturally in wavelet analysis on R™ when
continuous wavelet transforms are discretized. They provide a redundancy that helps
reduce the effect of noise in data, and they have been constructed, studied, and
employed extensively in both theoretical and applied problems [1, 2, 6, 7, 10, 12].

Tight frames are similar in many respects to orthonormal wavelet bases; decom-
posing and synthesizing a signal or image from known data are tasks carried out with
the same set of functions, the ones in the frame or in the basis. A feature that makes
one frame preferable to another is simultaneous localization of the frame functions in
both space and frequency. Frames with this feature have been successfully developed
in R [1, 2].

On S”, the n-dimensional unit sphere in R**!, various types of both wavelets and
frames have been constructed and used; see [8, 13, 16, 21] for references and more
discussion. Tight, well-localized frames are another matter.

The purpose of this paper is to construct and study a class of well-localized, com-
putationally implementable, tight frames on S™. Central to this construction is a key
result of this paper, Theorem 3.5. This result concerns pointwise localization for a
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family of kernels for certain operators on S™; the family depends on a parameter and
localization increases as the parameter becomes small. The frame functions, which
are compactly supported in the frequency domain, are constructed from such ker-
nels. This construction has an interesting connection to wavelet masks, which we will
point out below. Another application of our localization result, one that is essential to
turning the frame functions into a tight frame—that is, a hierarchical, multiresolution
setting—is an improved positive-weight quadrature formula for S, where the weights
have known bounds. This quadrature formula is used for discretization purposes. In
addition to Theorem 3.5, the main results of this paper are Proposition 5.1, Theo-
rem 5.2, and Corollary 5.3. The first of these concerns the approximation power of
the frames, the second shows that the frames are tight, and the third shows that the
frame functions have excellent spatial localization.

The frame functions and quadrature formula are of interest in their own right. In
particular, they can be used in the construction and characterization of many of the
classical Banach spaces, including L?(S™), Besov spaces, and Triebel-Lizorkin spaces
[18]. We mention also that the operator-theoretic approach that we use here may
provide a foundation for extending our results to other Riemannian manifolds.

Strategy. The best way to view our method for constructing frames is to take
an operator-theoretic approach. Let E) be the (right-continuous) spectral family for
an unbounded, nonnegative, self-adjoint operator L defined on a Hilbert space H.
Thus, L = foof) AdEy. On the sphere S™, this will be related to the square root of
the Laplace-Beltrami operator shifted by a constant. For now, that connection isn’t
required.

We wish to decompose the spectral family in a way reminiscent of the decompo-
sition of frequency space used by Meyer [10, 12] in connection with the construction
of his wavelets. For this, we need a function a € C(R), with support in [%7 2], and
satisfying |a(t)|* + [a(2t)]* = 1 on [4,1]. Such a function can be easily constructed
out of an orthogonal wavelet mask mg [2, section 8.3]. In fact, if mg(¢) € C**1, then
a(t) := mo(mlogy(t)) on [1,2], and 0 otherwise, is a C* function that satisfies the
appropriate criteria.

Define b € C(R) by

1 b(t) := L b=l
W) (1) = a(t)a(t), t>1.

Using the properties of a we see that Z;}:_OO la(t/27)|? = b(t/27) if t > 0 and is 0 if
t < 0. Integrating both sides above with respect to dE, and using the spectral calculus
for L, we obtain 37 a(L/29)a(L/27)* = b(L/27) — Eq. Define the operators,

j=—00

(2) Aj = a(L/27),

3) By :=b(L/27),

and note that the relationship derived above becomes ijfoo AjA;f = By — Ej. Fi-
nally, it is easy to show that the strong limit of By as J — oo is |, the identity. Taking
limits above then yields Y7 A;A% =1 —Eo.

We now can use this identity to define decomposition and reconstruction operators
for f € H, which are, respectively,

f—wj=A}fand f=Eof + Z Ajw;.

j=—o00



576 F. J. NARCOWICH, P. PETRUSHEV, AND J. D. WARD

PROPOSITION 1.1. For any a € C(R) satisfying the conditions above, the operator
frame that we have constructed is tight in the sense that

oo

AP = IEf P+ D A FI%

j=—o0

In addition, we have that (wj,wj) =0 for |j — j'| > 2, where w; = A} f.

Proof. This follows immediately from the decomposition and reconstruction for-
mulas above, the properties of a and of the spectral family. ]

Note that the decomposition arrived at above is nearly orthogonal. The level j
decomposition w; is not orthogonal to w;+1, but it is orthogonal to the decomposition
at all other levels.

As we pointed out above, when we deal with the sphere S™, we will take L
proportional to L, := /A2 — Agn, where )\, := "T_l Notation and background
pertinent to this operator, spherical harmonics, and related topics can be found in
section 2.1.

In section 2.2, we show that with this choice of L the decomposition operator A’
is given in terms of a kernel T](gn), &,m € S™, which is a polynomial in £-7n. Using the
addition theorem for spherical harmonics, one can see that the level j decomposition
w;(n) = (f(£), A;(§ - n))s» is a finite sum of spherical harmonics.

In the reconstruction phase, we need to find Ajw;(w) = (w;(n), Aj(w-n))s». The
integrand in this inner product is also a finite sum of spherical harmonics. At this
point, the order of the spherical harmonics is such that we can compute the integral
exactly using a quadrature formula introduced in [14, 15] and, in section 4, developed
into the tool we need here. The point is that the frame functions have the form
VYie(n) = /GeAj(n-§), where the ¢j¢ and ¢ € X are weights and nodes for the
quadrature formula appropriate to level j. The details are given in section 5.

What makes these frame functions special is that they have excellent pointwise
localization properties. These properties follow from the results on pointwise local-
ization of certain kernels, given in section 3.

2. Near-orthogonal spectral decomposition for S™.

2.1. Background and notation for S™.

Centers and decompositions of S™. Let X be a finite set of distinct points in
S™; we will call these the centers. There are several important quantities associated
with this set: the mesh norm, hx = sup,cgn infee x d(,y), where d(-, -) is the geodesic
distance between points on the sphere; the separation radius, gx = %min@éf/ d(&, &'
and the mesh ratio, px 1= hx /qx > 1.

For p > 1, let 7, = F,(S™) be the family of all sets of centers X with px < p;
we will say that the family F, is p-uniform. Unless confusion would arise, we will not
indicate S™, and just use F, to designate a family. The specific sphere S" will be clear
from the context. We will also say that a set of centers X is p-uniform if X € F,.
It is possible to show that for every p > 2 there exist nonempty p-uniform families
for any S™ and that they contain sets of centers X for which hx becomes arbitrarily
small. The result is stated below. For a proof of the facts mentioned here as well as
further discussion, see [19, section 2].

PROPOSITION 2.1 (see [19, Proposition 2.1]). Let p > 2 and let F, be the
corresponding p-uniform family. Then, there exists a sequence of sets X € F,,
k=0,1,..., such that the sequence is nested, X C Xi+1, and such that at each step
the mesh norms satisfy ihX,c <hx,, < %hxk~
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We will need to consider a decomposition of S™ into a finite number of nonover-
lapping, connected regions Re, each containing an interior point £ that will serve for
function evaluations as well as labeling. For example, if X’ is the Voronoi tessellation
for a set of centers X, then we may take R¢ to be the region associated with £ € X. In
any case, we will let X be the set of the &’s used for labels and X = {R, C S™|{ € X }.
In addition, let ||X|| = maxee x {diam(R¢)}. Du, Gunzburger, and Ju [3] construct a
very interesting Voronoi tessellation in which £ € X is the centroid of R¢ € X.

Spherical harmonics. We turn to the situation in which the underlying Hilbert
space is H = L%(S"), with du being the usual measure on the n-sphere. Throughout
the paper, we will let \,, := "Tfl and {Yp, : £ =0,1,...,m =1...d}} be the usual
orthonormal set of spherical harmonics [17, 24] associated with S™, where for n > 2,

2 nw A (41 -2\ oo m—1
DY ‘ An(n —2)!7

(

Denote by H, the span of the spherical harmonics with fixed order ¢, and let II; =
@5:0 ‘H, be the span of all spherical harmonics of order at most L. The orthogonal
projection P, onto Hy is given by

n
dl

(5) Pof =Y {f:Yeum)Yem-

m=1

Using the addition formula for spherical harmonics, one can write the kernel for this
projection as

U4,

dy -
(6) P(n) = 3 Youn &) Ve () = 5P (€ ),
m=1 nwn

where \,, = ”Tfl and PZ(/\") is the ultraspherical polynomial of order A, and degree £.
We regard S™ as being the unit sphere in R™*!, and we let the quantity & -  denote
the usual “dot” product for R**1.

On the sphere, an operator K with a kernel of the form K (£ - n) can be written
as a convolution on S™; that is, Kf = K * f, where

K« f(§) = . K (& - n).f(m)du(n)-
Because of the form of the convolution, these operators commute with rotations.
Depending on the properties of the kernel, one may (and will!) apply these operators
to spaces other than L?(S™).

The spherical harmonic Y7, is an eigenfunction corresponding to the eigenvalue
—(l+mn—1)= I3 — (£ + \,)? for Laplace-Beltrami operator Ag-» on S™. It follows
that ¢ + A, is an eigenvalue corresponding to the eigenfunctions Yz ,, ,m = 1...d},
of the pseudodifferential operator

(7) Ln = VA2 — Age = S (£ + An)Pe.

£=0

2.2. Operator frames and their kernels on S™. We now turn to the oper-
ators A; defined in (2), when the underlying Hilbert space is H = L?*(S") and L is
proportional to the self-adjoint operator L,, given by (7). It is convenient to normalize



578 F. J. NARCOWICH, P. PETRUSHEV, AND J. D. WARD

the L,,’s when n > 2 so that the lowest eigenvalue in the spectrum is in the interval
[1,2). To do that, let j, = logy|An] for n > 2 and let j; = 0. We will work with
L — 27JnL,,. Thus, A; = a(27779"L,,), where the properties of a € C(R) are discussed
in section 1. The spectral measure for 277 L,, is dEy = >eco Pgé()\ —27In (0 + )\n)),
where the P,’s are the projections defined in (5) and have kernels given in (6). We
can write the A;’s in kernel form:

L5 02 a(279¢) cos(£6), n=1, £-n=cosé,
Soa (§2) $2 PO m), n 22, g = logy (M)
The operator By = b(27779=L,,), with b defined in (1), has the kernel
3=b(0) + L 372 b(2770) cos(€h), n=1, £ n=cosb
Sob (572) §22 PO (€, n2 2, o = [logy (M) -

Taking into account the support of a, when n > 2 in these operators it is easy to see
that By = Z}]:o A;jA;. For n =1, the projection Py enters and B, = P0+Z;j:0 AjAj.

We will study and establish various properties of operator kernels similar to these
in section 3. In section 5 we will discuss how these give rise to tight frames on S™ and
discuss approximation properties of these frames.

®)  A(&-n) —{

(9)  Bs(&-m)= {

3. Localization of kernels on S™. We want to study the localization properties
of operator kernels related to the Laplace—Beltrami operator Ag» on the sphere. As
we did earlier, let L,, := \/A2 — Agn and let k(t) € C*(R), with k& > max{2,n — 1},
be even and satisfy

(10) KD ()] < Ce(Q+t)) " forallt eR, r=0,...,k,

where a« > n + k and C,;, > 0 are fixed constants. We remark that all compactly
supported, even C* functions satisfy (10), as do even functions in the Schwartz class
S. Even functions in S satisfy (10) for arbitrarily large k and «. Define the family of
operators
Koo : Zn U+ X))Ps, 0<e<1,
=0

along with the associated family of kernels

=k(0) + L3702 K(el) cos €0, n=1,
€ n(£ : 77) = {

11
- S Rl + M) 52 P (cos 0), m > 2,

cos 6

where cosf =¢-npand 0 <e < 1.

Our aim in this section is to obtain uniform bounds on the kernel K. (¢ - n) for
small e, with the bounds being explicitly dependent on €.

The simple estimates given below in section 3.1 on the terms in the series used to
define the kernels K ,, confirm that, under mild conditions, these series are uniformly
convergent. Let n > 2. Consider the ultraspherical identity [25, (4.7.14)] with A = A,,,

%PZ(A")(:E) = 2)\nP[(i’i’+l)(x). Since A, + 1 = Ao and wy, = A\pyowni2/T, we have,

for £ > 1,
d C+ X, () =14 Xio (Ant2)
S P\t =9 .~ T 7n¥2 ) plAnt2 )
dx {( AnWn ) @) m Ant2Wnt2 -1 (@)
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Multiply both sides by x(e(£+ A,)) and sum on £ from 1 to co. Adjust the summation

index on the right side and on the left use %Pé)\”)(x) = 0 to arrive at the identity
below, which holds even when n = 1:

d

(12) e

K, () = 21K, pyo(z).

3.1. Convergence issues and an L*° estimate on K, ,,. The series defining
the kernels are uniformly and absolutely convergent, by the M-test. This is easy to
see for n = 1. For n > 2, start with the bound [25, (4.7.3) and (7.33.1)]

14 -2
(13) P oso)l < () 77) = ),

and note that

L4+ Xy (+n—2 {+n—1 4
< < n-1,
A ( ¢ )2< ¢ )2(1”)

From this and the assumptions on k(t), the terms in the series satisfy the bound

ﬁ-l—)\n An
|k (e(l+ )\n))|ﬁ‘P€( ')(cos 9)| <

2C,(1+0)nt - 2C, e~ (=1
wn(L4+e(l+M,)* — wp(l+el)o—ntl’

which suffices for the M-test, since a > n + k > n + 2 implies the series on the right
above is convergent. Note that the estimate holds even when n = 1, provided the
terms on the right are properly adjusted.

It is easy to take this a step further and obtain an estimate on || K ,,|loo, Which
we will need later on anyway.

PROPOSITION 3.1. If k satisfies (10), then

3Ck _
3

n

(14) [Kenlloo <

n

Proof. From the series definition of the kernel and the estimate on each term, we
get this chain of inequalities:

= 20, (1)

[ Kepnlloo < -
€ 00 ;wn(l-&-&f)a n+1

20C,.e~(n=1) /Oo 20C,. e~ =Dy
Wn o wn(l+eu)a—ntl

2C.e™" ( 1 )
— | e+
W, a—n

Using € <1 and « —n > k > 2 in the previous inequality and simplifying, we obtain
(14). d

3.2. Integral representations. We now wish to obtain integral representations
for the kernels K. (cos ). We begin with the Dirichlet—-Mehler integral representation
for the Gegenbauer polynomials [5, p. 177],

PZ()‘) (cosh) =

b

2 T(A + $T(0+2)) /7r cos (€ + A)p — An)
0

VT (AN)T(2)) (sin 9)2A—1 (cosh — cosp)l—>
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which holds for any real A > 0. We will take A = A\, = ”T’l, with n > 2 throughout
this section. Multiply both sides of the previous equation by ‘2~

and then simplify

AnWn
to get
L+ X 000 vn(€+)\n)(€+n—2)!/” cos (£ + ) — Ap)
( 5) Anwn ¢ (COS ) é'(SlH G)n—Z 0 (COSH — cos 4,0)1_)‘" )
where
An 1
(16) 22 T'(An + 5)

T i Amwn D )T (20)

Using the expression on the right in (15) in the series definition of K. ,, we get this
representation:

Tn " Cenl¥)
1 K., s0) = — ; )
(17) m(cos 6) (sin §)n—2 /9 (cosf — cos p)l—*n de

where C. ,, is given by the series

Cen(p)

(18) o L+ X))l +n—=2)! [ sin(\,m)sin(f + \,)p, n even,
= Z H(€(£ + >\n)) /! { cos(Anﬂ') COS(@ + /\n)(p, n odd.

We want to put this series in a more convenient form. To begin, the factor
W is the product (£ + A\,)({ +n —2)({ +n—3)--- (£ + 1), which can be
rewritten as

L2t
LA =D T (6 2~ = 1))

r=1

{+ \,, even,
1, odd.

From this, we see that if we define the degree n — 1 polynomial

25+ .
(19) anl(z) — H (22 _ ()\n _ 7,,)2) « { ZSIH(Anﬂ')v Z E‘gfirja

- cos(Ap7),

then we have that

(20) CEJL(SD) = Z K(E(W+ An))@n—1(€ + Ap)

{ sin(f + A\, n even,
=0

cos(f + A\p)p, n odd.

We want to make a few observations about the polynomial @, _1. First, by direct
calculation we have that Q,_1(—2) = (=1)""'Q,_1(2), so that Q,_; is an even
function for odd n and an odd function for even n. Second, the zeros of @, are
located at (), —7) for r = 1,..., | 252 |. This means that the function

T2
oo 285} 153

is even in ¢t and has its zeros at t = £(\, —r) for r = 1...,|\,]. In addition, we
have defined g above so that from (20) we have C. ,(¢) = Y20 9(€ + An).
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We want to apply the Poisson summation formula (PSF),

S rw =Y femw), fw) = /]R F(t)e—tdt,

HEZ VEZL

which holds for “nice” f, to f(t) = g(t + A,). Using the evenness of g and what we
said about its zeros, we see that the left side of the PSF becomes

D9+ ) =2 gl + M) = 2Cc ().

MEZ {=0

Employing elementary properties of the Fourier transform, we can show that

Fw) = () = e M Qo (i R(2E2),
and so the right side of the PSF is

D f@my) =7 3 T Quo ()R ooy

vEL VEZ

- Y ()i (),

VEZ

Equating the two sides of the PSF and dividing by 2, we arrive at the following result.
PROPOSITION 3.2. If k satisfies (10), then for n > 2 (17) holds with C. ,, given
by

(21) Cenlip) = (20)71 Y (=)D Qpy (il ) (£42),

VEZ

In addition, for the n =1 case we have

(22) K. 1(cos) = (2me)~* Z (G2
VEZL

3.3. Estimates on C. ,. We need to obtain bounds on the kernels C. ,, from
the previous section. The key to obtaining these bounds is this result.
LEMMA 3.3. Let s satisfy (10). If 0 < j <n—1 and 0 < r < k are integers, then
ATk} € L' and |w|"|#0)(w)| < ”c% {tik}||Lr.
Proof. Since k € C*, the derivative ;T: {tj KJ} is a linear combination of terms of
the form tPx(9), each of which is bounded by a multiple of (14 [¢[)?T9~%. This is in L'
because « —p—q > a — (n— 1) —k > 1. This allows us to apply standard properties

dﬂ

of the Fourier transform to obtain the formula (—i)™ W& (w) = 4= _{tik}, which
immediately implies the inequahty 0
. . ~ w n—1 __; w\T ~ (45 w
Consider the functlon (ete ) Qn 1(i4 )/ﬁ(“’ir )=2"5=0 € Mjn (£te) /) (ete),
where Q,,—1(z) = Z o qjn?’ is defined in (1

9). From Lemma 3.3, we have that

T . N -1
|(£22)" QuaaligDa(222)| < S35 ezl 1 {6}
< Bn,k),ng_(n_l)v
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where

(23) n k= Z ‘Q7L,]| j<ma‘X dtr {t /{} HLl

Adding the inequalities for r = 0 and r = k and manipulating the result, we get that

2B pe” (WY
A ptw n,k,k
’Qn 1( dy;)/f( c )‘— 1_|_|‘P+"-’|

We can use this inequality in conjunction with the series for C; ,, in (21) to arrive at
the bound

2B, k. —(n-1) Bk e™"
(24) Cen()] < (25>_1zw|k = Zk‘

+27v +2nv
e 1+’% uezl+|%

which holds for all ¢ € R and 0 < ¢ < 1. If we restrict ¢ to be in the interval [0, 7],
then the dominant term in the series on the right comes from v = 0. The other
terms are each bounded above by B, i .c* "((2|v| — 1)7)~*. Summing them and
then estimating the resulting series by an integral gives us

By ke " ke —k 2k —1

< B, k.x€ .
5 r = Pnk,x —
veZpro 1+ | £ k=1

Multiply top and bottom on the left above by 14 (f)k and use 0 < o < 7 and k > 2
to get
Bn,k,ﬁgin 6Bn,k,f~c€7n
= %
1+ (%)

vezppo 1 + |22
Combining this bound with that from (24) yields the result below.

PROPOSITION 3.4. Let k satisfy (10), with k > 2 andn > 2. If 0 < ¢ < 7, then
the kernel Ce,, defined in (18) satisfies the bound

TBp k€ "
(25) |Cenlp)] < —22—.
L+ (%)
In addition, for the case n =1, we have
TB1 et
(26) K. 1 (cos )| < “=LkrE
6
1+(2)

Proof. Only the second inequality requires comment. The proof we gave works
for the n = 1 case because it has the form given in (22), which is essentially the same
as that for the C, ;,’s. ]

3.4. Estimates on K. ,. We now turn to obtaining explicit bounds on the
UDO kernels K, ,, similar to the bound on K, ; in (26). From the integral represen-
tation in (17) and the bound on C; ,,, we have that

7Bn & Yn —-n s 9_ L,g,d
(27) K. n(cos )] < —omknIn® / (cosf) — cosp)“= dgp.
(4

(sin §)n—2 1+ (g)k
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The two values of # that present difficulties are # = 0 and 6 = w. The form of the
inequality above is adequate for the 6 = 0 case, but needs to be reformulated for the
0@ = 7 case. To do that, we begin by denoting the angle supplementary to an angle
o by @&, so throughout this section we will let § = 7 —  and ¢ = 7 — ¢. Changing
variables in the integral on the right above and using sin @ = sin « and cos @ = — cos a,
we have the following reformulation of (27):

TBp k,xYn€ " /0 (cos @ — cos 0)"z" d
s \n— k .
(sm@) 2 0 1+ (Tr;tp)

The next step is to bound both of these integrals. Recall the sum-to-product
identity, cosa — cos 3 = 2sin a+ﬁ sin —O‘, which holds for all @ and 3. Assuming
that 7 > 8 > a > /2 and usmg the fact that “;‘t is decreasing for 0 < t < 7, we
have that

(28) | Ke n(cos )] <

6 < 8sin(37r/4) sin(m/4) _cosa —cosf sma—w sin 75 .
3 /4 /4 T B2-a2 QTW foa =7
and so
n—3 2 .
(29) cosa—cosf) 2 < PE N v 2, <9, o2
32 — a2 1, n>3

Assume that e < 0 < 7/2, and apply (29) to (27) to get the following chain of
inequalities:

K, . 14 - 23(" 5 Bk, Y€ " " (92 - (PQ)";3 dp
| E,n(COb 0)] < gyn—2 k
(sind) o 119
n—2 71./9 2 n—3
3(n—3) _ 0 (t*—1) =
<14-27 7 Bpretne | — —_
- ko Tn® (sm9> 1 1+ (0/e)ktk

3(71, 3)

_ 14275 Bupwyee "(w/2)" 7 / % (2 —1)"7 dt
a (%)’“ 1 tk '

Use 2(6/¢)* > 1+ (0/2)*, change variables of integration from ¢ — 1/t, and note that
because k > max{2,n — 1} > n — 1, the resulting integral on the right is bounded

above by [ (1 — 2" dt = 2"3T(A\,)2/T(2\,) [26, p. 255]. After simplifying, we
arrive at this estimate:

3(n—3)

14 -2 2 Wn_QBn,k,m’YnF()‘n)z/F(z)\n)E—n
1+ (2) '

| Ke pn(cosB)| <

The messy quantity in the numerator can be simplified considerably. This requires
employing the definition of 7, in (16), the formula for w,,, the familiar properties of the
I-function, along with the less familiar duplication formula [26, p. 240], /7['(22) =
22710 (2)I'(2 + 1), and manipulating the expressions involved. The result is that

Wn—1 272

4T Y

3(n—3)

272 "2y, T (M) /T(2\,) =
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Thus we can rewrite the previous inequality, which holds for ¢ < 6§ < /2, as

—n

Twn—1Bn k.
K. (cos )] < —2n1Bnikn_
: 2y/7(1+ (4)F)

If we now apply (29) to (28), with 0 < 6 < 7/2 (or, equivalently, 7/2 < 6 < 7),
then

TBupsne™™ [0 (0% = ¢2)"7 dp
Kenleost)| < Tkl 2 f 5
(sm ) 0 1+ (Tr;tp)

3(n—3)

14-277 Bugwyne ™™ [0 %  ginos
< SRS Dl L[ gy ap,
(14 (%) )(sing)—2 Jo

Carrying out manipulations analogous to those for the previous case, we obtain

—-n

7w’ﬂ—1BnkH
K, ,(cosf)| < ————" ¢
Henleos O = 4+ (@9

The final case concerns 0 < 0 < . For such 6, we have, from the L* bound in
(14), that

1 k
[Kenleost)] < 20memn < 3% (*‘ ) >gn< 6 e

4

e "< £ —_——c "

o S e \THF)T ST (O

which, when combined with (22) for n = 1, gives us the main result of this section.
THEOREM 3.5. Let k satisfy (10), with k > max{2,n —1}. If 0 < § < 7, then

the kernel K. ,, satisfies the bound

ﬁnkn —
30 K. n(cos)| < ——=—¢c™",
( ) | s,( )|—1+(g)k
where
7B]_’]g),§ an = 17
(31) Br ks = { max{%, %} if n > 2.

We conclude this section with an application of this theorem to obtaining a bound
on the L' norm of K. ,,(¢-n), with 7 fixed. By the Funk-Hecke formula [17, Theorem
6], this norm is given by

/ K e (€ - 0)|du(€) = wns / K< (cos )| sin™ " 6 db,
Sn 0

which is of course independent of 1. For that reason we will drop any reference to 7
and denote the norm by || K. ,||1. Here is the bound we want.
COROLLARY 3.6. Let n > 1. If  satisfies (10), with k > max{2,n}, then

||K5,TIH1 < 2wn71ﬁn,k,/€'
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Proof. By Theorem 3.5 and the remarks above, we have

T T sin™ "' 6 df
K.l < wne / K. ,(cos0)|sin® 1 0do < B rwn— 5*”/ _—
1Kenll2 L | K< n(cos 0 BnkwWn—1 0o 11 (OF

The integral on the right side above can be estimated this way:
/” sin" "1 0 do o /“/5 tdt
—— < —_—
o 1+ (9H* o 1+tk

1 0o
dt
n n—1 n
<e {/Ot dt+/1 tk+1—n}<2€'

The corollary then follows immediately from the estimate. 1]

3.5. Operator properties of K. ,,. We now turn to the operator properties of
Ke,n. Our first result is calculating the norm of the map of K., : LP — L9. After
that we will prove a lemma showing that for certain x the operator K., will be a
reproducing kernel on II;,. We will close the section with a result showing that for
such k and € < (L + A,)~! the norm of f — K., f is comparable to the distance from
f to Il in appropriate norms.

THEOREM 3.7. If k satisfies (10), with k > max{2,n}, then, for all 1 < p < 0o
and 1 < ¢ < oo, the operator K¢, LP(S™) — L(S™) is bounded and its norm satisfies

||K5,n| p,q S 2wn71ﬂn,k,n(4wn71€n)_(%_%)+7

where B k. 15 defined in (31) and (x)1 = x for x > 0 and (z)+ = 0 otherwise.

Proof. The operators are all of the form K. ,, * f and so, for the (p, q) pairs (1,1),
(00, 00), (00,1), all satisfy || K. pn* fllg < | Kenll1]lfllp- By the Riesz—Thorin theorem
[28, p. 95] and Corollary 3.6, we then have for 1 < ¢ <p < 00

”KE,n' pa = ||K6,n||1 < 2wn 1Bk, k-

For the pair (1,00), we have || K¢, * flloo < || Kenlloollfll1- By (14) and (31), we have
[Kenlloo < 5Bnkme™, and so [|Kep # fllo < 58nkne "I fl1. Apply the Riesz-
Thorin theorem to the pairs (p, q), where Il] =(1—-t)a+tand % = (1 — t)a, where
O<t<landO<a<l,( ,i) and (1,00) to get

1
a

(1 =\ .
HKs,n”p,q § (Qﬁn,k,nwn—l)l K (Zﬂn,k,ng ) :2wn—1ﬂn,k,n(4wn—15 ) t-

Since%:(lft)ath:%th,t: . Thus, for ¢ > p, we have

1_1
P q

_(1_1
Kenllp.g < 2wn—1Bn,k,x(4wn—1") =a),

Putting the last inequality together with that for ¢ < p yields the result. 0

The following lemma is obvious.

LEMMA 3.8. Let L > 0 be an integer and let 0 < ¢ < (L + \,) 1. If k satisfies
(10), with k > max{2,n—1}, and if k(t) = 1 on [0, 1], then K. (£ n) is a reproducing
kernel on Iy, the space of spherical harmonics having degree at most L.

Remark 3.9. Let L > 0 be an integer. If we choose ¢ so that L = |[e= — ), ],
then by combining the previous theorem and lemma we get a familiar result about

harmonic polynomials: If S € II,, then ||S]|, < CnL”(%_é)JfHSHp.
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We let Ep(f), denote the distance of f € LP(S™) to Iz, i.e.,
(32) Bu(f)y = jnf [f = I,

COROLLARY 3.10. Let x satisfy (10), with k > max{2,n}, and in addition
suppose k(t) = 1 on [0,1]. If f € LP(S"), 1 < p < o0, and ¢ < (L + \,)7 !
then

(33) If— K, * f”p <(1+ 2wn—1ﬂn,k,ﬁ)EL(f)p'

Also, for 1 < p < oo or, if p= o0, for f € C(S"), we have lim. o K. ,, * f = f.

Proof. By Lemma 3.8, then K., *S = S if § € II;. It follows that f —
K.pxf={I+K)(f—S5). From this and Theorem 3.7, we have that ||f — K., *
fllp < (14 2wn—18n k)|l f — Sllp. Taking the infimum over all S € I}, yields (33).
That lim. o K. » * f = f follows from (33) together with the fact that the spherical
harmonics are dense in L? for 1 < p < oo and in C(S") in the usual L* norm [24,
section IV.2]. O

The estimate in (33) is useful for obtaining rates of approximation, simply because
rates of approximation by spherical harmonics are well known for many classes of
functions; see, for example, Rustamov [23]. For further discussion, see the remarks
following Proposition 5.1.

4. Quadrature on S™. To do the discretizations required to construct tight
spherical frames in section 5, we need a strengthened version of the quadrature formula
given in [14, 15]. There are two reasons for this. First, the earlier quadrature formula
applies to a partition of S™ that is restricted. Second, it utilizes a set of centers that
is not a general set of scattered points, but rather a set that has been “culled” from
one. Our aim is to use the results obtained in section 3 to produce an improved
positive-weight quadrature formula that avoids these restrictions. Indeed, out of this
will also come strengthened versions of the inequalities derived in [14].

4.1. Marcinkiewicz—Zygmund inequalities. In this section we wish to give
Marcinkiewicz—Zygmund type inequalities. These inequalities provide equivalences
between norms defined through integrals and discrete norms stemming from sampled
points and certain weights. Here, instead of polynomials, we will work with functions
of the form K., * f for f € L'(S™).

The place to start is with a decomposition of the sphere into a finite number of
nonoverlapping, connected regions R, each containing an interior point £ that will
serve for function evaluations as well as labeling. For example, given a set of centers
X, one can form the corresponding Voronoi tessellation, and then take R¢ to be the
region associated with £ € X. In any case, we will let X be the set of the £’s used for
labels and X = {R: C S"| €& € X}. In addition, let ||X|| = maxeex {diam(Re)}.

The quantity that we wish to estimate first is the magnitude of the difference
between the continuous and discrete norms for g = K., * f,

Ex = |lgllh = Y_ [9()In(Re)],
feX

where we assume that f € L1(S™). It is straightforward to show that

Bx < 3 [ 1ot~ g@lduto) < s (@111

fex
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where Fr x(C) := > ccx fRs |Ken(n-¢) = Ke (€ ¢)|dp(n), which is the quantity we
need to estimate.

Choose ¢ to be the north pole of S® and let # be the colatitude in spherical
coordinates; set 6, = cos™'(n- () and 0 = cos™*(¢ - ¢). Denote by 02’ and 6,
respectively, the high and low values for 6 over R¢. Using (12) for the derivative of
K., we can write F. x({) as

F. x(¢)=2m Z /Ra

cex

en
/ K. pt2(cost)sintdt|du(n)
0¢

< 2772 (Re) / | K¢ nta(cost)|sint dt.
£eX
Divide S™ into M = |n/||X||| equal bands in which (m — 1)n/M < 0 < mn/M,
m = 1,...,M. To avoid trivial situations and simplify later inequalities, we will
assume that M > 3. Call these bands By,...,By. Each R¢ can have nontrivial
intersection with at most two adjacent bands, because diam(R¢) < ||X| < 7/M. So
if R¢ C By U By, then (m —1)7/M <6, < 0+ < (m+ 1)m/M. In addition, the
sum of the contributions from all R C By, U Bm+1 is bounded above by the quantity
m4l

M
I, :=2mp(By U Bm+1)/ | K¢ nt2(cost)|sint dt,
1

v

where p(By, UBpt1) = wp—1 me o sin™ ! tdt. Tt follows that F. x(¢) < Zm 1 Im-

From Theorem 3.5, if we assume k& > n + 2 > max{2,n + 1} and if we use various
linear approximations to the sine, we have

m41 m41
M T M t

(34) Iy < 27wn_1Bnio ke "2 / t"tdt

 —1
AKT*W

dt.

t
m}\zlﬂ' 1+ (E)k

For 2 <m < M — 1, we can bound the first integral by 2% (mﬁﬂw)n_l. In the second
integral, we divide and multiply the integrand by "~ 1, and replace the t"~! in the
denominator by its lowest value. The result is that

mte TH(OF " \m=Dr) o, TH(OFT

Putting these two bounds together yields

Ar? m+1\""! T
I, < —w ,15 +2.k, E_n_2 () / ——dt.
m M n n K m— 1 TnIV;lTr 1+ (é)k
—_————
Sgn—l

Summing both sides from m = 2 to M —1, taking account of intervals appearing twice
in the sum, and doing some obvious manipulations, we obtain

™

8 23 e =t
Z I < U w 1ﬁn+2,k7ﬁ/ —dt

= 14 tk
8mw23n— 1wn,1 R A 4723w, _1
< dt < .
Me ﬁn+2 k n/ 1 n tk Me n+2,k,k

<3/2
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We now need to estimate ;. From (34) we have

3 g2 w or \ "2
I < n” w20/ M) L tdt < 21 (== o2
1SN W 1( 7T/ ) 0 1+ (ﬁ)k m Me ﬂ +2,k,

We arrive at the estimate

or [ 1 /27 \"™!
Fe,X(C) < 27"'0‘}1;—1,Bn-‘,-2,k,f-iﬁE {271 (]\48) + 3”} .

To finish up, we want to put our inequalities in terms of the ratio || X||/e. Since we
have assumed that M > 3, we have that 7/M < 3[|X|. Using this in the previous
inequality and simplifying, we arrive at

X| 3 (8"
F. < 167 - 3" tw,_15, NH 14— [ =1 )
,x(0) T Wn—1Pn+2,k, 5 + 5 \ "oz

We remark that if ||X|| < e < 1, then the assumption that M > 3 is automatically
fulfilled. In addition, the right side of the inequality above is independent of (, so it
holds for the left replaced by sup;cgn I, x(¢€). Finally, the inequality itself simplifies
considerably. We collect all these observations in the result below.

PROPOSITION 4.1. Let k satisfy (10) with k > n + 2, and for f € L*(S") let
g =K., f. If X is the decomposition of S™ described above and if ||X] < e <1,
then

(35) loll — 3 10(6) (Re)| < 167 87w, 1B I 1.

fex

This result leads immediately to a version of the Marcinkiewicz—Zygmund in-
equalities for S™. This result extends an earlier result proved in [14, Theorem 3.1]. As
we noted at the start of the section, the earlier result held only for restricted classes
of decompositions.

THEOREM 4.2. Let L > 0 be an integer and let 6 € (0,1). If X is the decompo-
sition of S™ described above and S € Il then there exists a constant s, > 1, which
depends only on n, such that

(36) (L= 8)ISIh < >~ [S©ln(Re) < (1 +6)|IS]h

cex

holds whenever || X || < §s; (L + A\,) 7!
Proof. Let k satisfy (10), with & > n 4+ 2. In addition, require k(t) = 1 for
€ [0,1]. Choose € = (L + A,)~'. By Lemma 3.8, S = K., * S, and so if we take
f=58and |X]| <e=(L+A,)"! <1 in Proposition 4.1, then g = K., * S = S
there. Manipulating the resulting expression in (35) then gives us

IS = eex [SE©In(Ee)|
Sp, = sup < 167 - 3nwn—1ﬁn+27k,n y
(L+2) [ XS
where the supremum is over all X and L > 0 such that ||[X| < (L+\,)~! and clearly
depends only on n. Now, let

(37) Sp = max{1,§,} < max{1, 167 - 3"wn—108n+2.kx}-

If we further restrict || X|| so that || X|| < s, (L + \,) "%, then (36) follows. O
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4.2. Positive-weight quadrature for S™. Our aim is to extend the quadrature
formula in [14, Theorem 4.1] to more general sets of centers and decompositions than
the restricted class covered there. Even more important for us here is obtaining
upper and lower bounds on the positive weights. For the restricted case covered in
[14], upper bounds were given in [15], but nothing was said about lower bounds, which
we need for constructing tight-frames on S™.

There is an important map associated with II;, and the decomposition X and the
corresponding finite set X. Let |X| be the cardinality of X. We define the sampling
map, Tx : I — RIXI by TS := (S(€))eex. From Theorem 4.2, it follows that if
| X] < és, (L + Ay)~! holds and if TS = 0, we have that ||S|; = 0 and, hence,
S = 0. The sampling map, which is linear, is therefore injective. Moreover, if we let
the subspace Vi, = T'xIl;, C R'X‘, then the inverse map Tgl : Vi, — I is of course
linear. Also, we will let Sx = (S(§))eex-

Since our interest here is in weights for quadrature, we start with the linear
functional ® : II;, — R given by

®(S) = . S(m)dp(n), S €1l.

Let ®x(Sx) = ®(Tx'(Sx)) = ®(S). If Sx > 0, then |S(¢)| = S(€) for € € X, and so
from (36) we have that

= 3 S@ur| < IS — Y S©u(Re)| < 702 3 S@n(Ro),

geX EeX ¢ex

provided only that || X|| < s, }(L + A,,)~!. For any 6 < 3, this implies that

— > SOuRe) < oS ZS

geX §€X
From this, we see that the linear functional
1—26

(38) Ux(Sx) = ®x(Sx) — - Z S(E)n(Re)
Eex

is positive on the cone 0 < Sx € Vg, which itself is contained in the positive cone of
RIXI,

There are two facts we will take account of. The first is that the positive cone of
V7, is contained in the positive cone of RIX|. The second is that the vector (Deex,
which is in both cones, is an interior point of the positive cone of RIX!. By the Krein—
Rutman theorem [9], there exists a positive linear functional ¥x that extends ¥x to
all RIXI. Consequently, there exist weights e > 0 such that ¥y (z) = D eex QeTe.
Using this and ®x(Sx) = ®(S) in (38), we obtain

1-26
(39) B(S) =D ceS(E), ce=ag+ T—on
£ex

(R§)7 ag 2 0.

This is of course a positive-weight quadrature formula on S™, with weights bounded
below by 1=22 i(R¢).
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We want to get upper bounds as well. To do that, we let L' = L%j and fix § € X.
If S € Iz, then S? is in 1. The quadrature formula (39) then implies that

ISI13 = ®(5%) = D ce(S5(6)* > ce,(S(60))*.

feXx

Choose S(n) = Ze OE VY00 Yem(&0) = ZZ 0 H)‘"P (fg 7), which is real

valued Using the orthogonality of the Y ,,’s, one can show that ||S||3 = S(&) =
Ze 00 ”)‘ (HTZL_Q). From the previous inequality, (13) and (4), and the fact that
dim HL/ = dzj‘l (17, p. 4], we get cg, < wy/d} ", where L' := | L/2|. We summarize
these results below.

THEOREM 4.3. Adopt the notation of Theorem 4.2. In particular, s, is given
by (37) and depends only onn. Forany 0 < 6 < % and any integer L > 0, if
| X[ < &8s, (L + A\)™Y, then there exist positive weights ce, & € X, such that the
quadrature formula

(40) F)dpa(n) = 3 e f(€)
g cex
is exact for spherical harmonics in Ily. Also, the weights satisfy the bounds
1-26
(41) T M) S ce < d"+1’ L'=|L/2].

The theorem just proved starts with L and puts conditions on the decomposition
X. The centers in X play a secondary role, serving as labels for regions in X’ and as
evaluation points in the quadrature formula.

It’s useful to turn this around and have the centers X play the primary role. To
do that, we need to make the assumption that we are considering only p-uniform
X; that is, for some fixed p we assume that the mesh ratio hx/gx = px < p. We
will take the X = Xy to be the Voronoi decomposition associated with X. For this
decomposition, we have hx < ||Xy|. Also, since the smallest distance between two
points in X is 2¢x, every B¢ € Xy contains a spherical cap with center { and radius
qx > hx/p; hence, u(R¢) > wyp—1(2/m)" " 1p™™h% /n. Applying Theorem 4.3, we
arrive at this result.

COROLLARY 4.4. Adopt the notation of Theorem 4.3 and let X be a p-uniform
set of centers. If hx < s, (L + \p) ™%, then the quadrature formula (40) holds with
weights satisfying

o (1=26\ _,. . Wn
@ e (R )t s 2 -lu),

L’

Set 6 = 1/4. To get a better idea of how the weights are bounded in terms of
h = hx or L, note that by (4) we have d},* ~ % In addition, if we take L as
large as possible, but still consistent with the condition that hx < 6s, (L + \,)~!
then L ~ h~!. In that case, we see that

(43) ce = O{h"} = O{L ™},

where the constants hidden by O are dependent only on the dimension n.
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So far we have only addressed the existence of positive weights, along with bounds
on them. In fact, the existence of such weights implies the feasibility of solving a
quadratic programming problem that produces weights minimizing Zfe x cg, subject
to constraints. Thus it is possible to numerically compute the weights. For more
details, see [14, section 4.3].

5. Tight frames on S™. In this section, we discuss three important features of
the operator frames on S™ introduced earlier in section 2.2. The first is the approx-
imation power of these frames in various spaces. The second is how to turn them
into tight frames for S™. This requires discretizing them using the quadrature results
from the previous section. The third and final feature is their excellent localization
properties.

We will turn to discussing the approximation power of these operator frames,
after a brief word about notation. Throughout this section, the operators A; and By
are their kernels A; and Bj, which are defined in section 2.2. The function b(¢) is
defined in (1). We assume that the function a(t), whose properties are discussed in
section 1, is in C*(R).

PROPOSITION 5.1. Let k > max{n, 2}, and let b be defined by (1), with a € C*(R).
If f € LP(S™), 1 < p < o0, and if L > 0 is an integer such that 277 =in < (L +\,)7 %,
then

(44) If —=Bsfllp < CornEr(fp, Er(f)p == distre (f,111).

Also, for 1 < p < oo or, if p= o0, for f € C(S"™), we have limj_, Bsf = f.

Proof. Apply Corollary 3.10 with k = b, k as above, and &€ = 277/, ]

The proposition implies that B;f approximates f to within an error comparable
to Er(f)p, which is that for the best approximation to f from II;, in LP. Much work
[11, 20, 22, 23, 27] has been done on estimating this error for various smoothness
classes and spaces. This work allows us to obtain rates of approximation when f has
additional smoothness requirements. A typical result [11] is this: If f € LP(S™), with
[ fll, = 1, belongs to a smoothness class W;*(S"), which is analogous to a Sobolev
space, then Ep(f), ~ L~®. Choosing f similarly and taking L ~ 27, we get a
corresponding result for our case: || f — By fl|, ~27%7.

We now turn to constructing tight frames on S™. The quadrature formulas from
section 4.2 will play a pivotal role in their construction; we will also require a se-
quence of sets of centers to use in conjunction with them. Let p > 2 be fixed. By
Proposition 2.1, we can find a sequence of sets of centers {X; € F,}72, such that X
is nested and such that the mesh norm h; := hy, halves going from j to j + 1; that
is, hj11 < h;/2. In what follows, assume that the X;’s form such a sequence.

Recall that on S™, the frame transform f — w; = K;‘f takes the form w;(n) =
Arf(n) = (f(C), Aj(C - m))r2sn)- Because A;(C - n) is a spherical polynomial with
degree less than 2717»*1 the function w;(n) is a spherical polynomial of degree less
than 2/+Jn+1 In the reconstruction formula this then contributes the term

Ajwy) = [ Ay mus (mdutn).
The product A;(w-n)w;(n) is a spherical polynomial having degree less than 27714
Qi+intl — 9i+int2,

We can integrate this eractly using the quadrature formula (40), with L =
27+in+2  First of all, the condition on the mesh norm h in both Theorem 4.3
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and Corollary 4.4 is that h < &s,'(L + \,)~', where § € (0,1/2) is arbitrary.
Choose § = 1/4 to be definite. For n = 1 (the circle), we have Ay = 0 and
71 = 0, and the condition is h < 651712*j’2 = 51712’3'*4. For n > 2, note that
20 Fint2 N < 2F2| N\, | + N\, < 2973),. The condition for n > 2 is then fulfilled if
h < 8(Ansp) 127973 = (A\,8,) 127775, Tt is clear that these conditions can be met
by using the sets X;.

Let the quadrature weight corresponding to the center £ € X; be denoted by c¢; ¢,
so that

(45) Ajwi(w) = D ciedi(€-wwi(w) = > (f,v5e)5e
¢eX; €eX;

where

(46) Yie(n) == \/cieAj(n- &), £ € X,

is the analysis frame function at level j. The frame function ;¢ is computable:
A; is known and, as we noted at the end of section 4.2, the weights can be found
numerically. We can now prove this result.

THEOREM 5.2. Let k > max{n,2}, and let A; be the kernel in (8), with a €
CK(R). If f € O(S™) or, for 1 <p < oo, if f € LP(S™), then

F=Y" (e,

j=0¢eX;

with convergence being in the appropriate space. In addition, if f € L*(S™), the frame
{Wjetjez, cex; is tight:

W:{ =l A DP + 2500 Ceex, (58, n=1,
Dic0 eex, (Fi e, n>2.

Finally, the frame functions have vanishing moments that increase with j, and are
orthogonal on nonadjacent levels.
J

Proof. From (9) and (45), for n > 2 we get By f = ijo dex,-<f’ Vie)je.
By Proposition 5.1 this converges to f in all of the spaces mentioned. To prove
that the frame is tight, just observe that for f € L2(S"), we have (B;f,f) =
Z}I:o dexj |<f, 1/’j,§>|2~ Taking the limit as J — oo then yields the equation for
|| fI|?. The statement concerning vanishing moments follows from the structure of the

Aj’s, and the orthogonality between nonadjacent levels is proved in Proposition 1.1.
The n = 1 case has a projection Py in By, where Py projects onto the constants. The

effect of this is to add a term to the series for || f||%. |
Our last result concerns the localization properties of the frame function defined
by (46).

COROLLARY 5.3. Let k > max{n,2} and let ;¢ be given by (46). If 6 :=
cos™(n - &), then for all @ € [0, 7] there are constants C and C', which depend on k,
n, and a, such that these hold:

|’(/)Jyf<"7)| =14+ (2J+Jn G)k an | J(n §)| =14 (2J+jn 9)"3
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Proof. Use Theorem 3.5, with x = b and ¢ = 277/=J» to bound Bj;(¢ - 1), and

again, with k = a and e = 27779 to bound A;(n-&). Next, use L = 2979 +2 in (43)
to see that c¢ = (9{2’“”“”}, where the constants depend only on n. To bound %, ¢,
use the bounds on A; and c¢ in (46). O
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