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Abstract

A discrete system of almost exponentially localized elements (needlets) on the n-dimensional unit
sphere S” is constructed. It shown that the needlet system can be used for decomposition of Besov and
Triebel-Lizorkin spaces on the sphere. As an application of Besov spaces on S", a Jackson estimate for
nonlinear m-term approximation from the needlet system is obtained.
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1. Introduction

A basic principle in harmonic analysis is to represent functions or distributions by simple
elements (building blocks). The ¢-transform of Frazier and Jawerth [4,5] and Meyer’s wavelets
[8] provide such building blocks on R". The almost exponential localization and simple structure
on the frequency side of the frame elements of Frazier—Jawerth and Meyer’s wavelets makes them
a universal tool for decomposition of spaces of functions and distributions on R".
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Our primary goal in this article is to develop similar building blocks on the unit sphere S"
in R"*! (n > 2). The structure of the function spaces on S” is different and more complicated
than on R” due to the fact that there is no dilation operator on S" and the rotation group on S" is
much more complicated then the shifts in R”.

The spherical harmonics provide a basic vehicle for representation and analysis of functions
on S”. However, they can be effectively used for decomposition of functions only in L?(S").
If P, is an appropriately normalized Gegenbauer polynomial of degree v, then P, (£ - n) is the
kernel of the orthogonal projector onto the space H,, of all spherical harmonics of degree v on S".
Consequently,

Kn(E-m) =) Py

v=0

is the kernel of the orthogonal projector onto the space of all spherical polynomials of degree
< m. The poor localization of K,, (£ - ) is a major obstacle in using the spherical harmonics for
decomposition of function spaces other than L?.

A key fact [11] is that any kernel of the form

e¢]

AN 1) =Za(%>m@~n), (L1

v=0

where a is a compactly supported C* function with suppa C (0, co) has nearly exponential
localization, namely, for any k > O there is a constant ¢, > 0 such that

ckN"

R IE N -

[AN(E -] <

Here d (&, n) is the geodesic distance between &, n € S".

The role of the kernels Ay (& - 1) is two-fold. First, these kernels enable one to properly define
the Besov spaces ng (B-spaces) and the Triebel-Lizorkin spaces F},, (F-spaces) on the sphere
(in analogy to Peetre’s approach [12] to spaces on R").

Second, they give us a tool for constructing extremely well localized elements (building
blocks) on the sphere. The almost exponential localization of our building blocks prompted us
to call them needlets. The construction of the needlets is based on a Calderén type reproducing
formula. Another important ingredient for the construction of a discrete system of needlets on S”
is the cubature formula from [9,11]. If we denote the analysis and synthesis needlets by ¢, and
Yy, (see Section 3), where 1 belongs to a countable set X’ of points on the sphere (also an index
set), then every distribution f on S" (f € §’(S")) has the representation

£=> {fonvy.

neX
The needlets enjoy the following properties which make them a handy tool on the sphere:

(a) Eachneedletis a zonal polynomial, i.e. a function of the form g (£ - ), where g is a univariate
algebraic polynomial.
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(b) Each needlet is “compactly supported and infinitely smooth” on the frequency side, namely,
it is of the form (1.1) with a a compactly supported C°°-function.

(c) Each needlet ¢, or v, is localized around a certain point (center) n € X and is rapidly
decaying away from this point (with rate as in (1.2)).

(d) The needlets are semi-orthogonal, namely, every two of them which are from levels at least
two levels apart are orthogonal.

Although the needlets do not form a basis, they behave like a basis. In [11], among other
things, it is shown that when ¢, = v, the needlet system {yr,},c x is a tight frame for L2(S™).

In this article we show that the needlet system can be applied to obtain norm characterizations
of function spaces covered by the Littlewood—Paley theory on S", in general, Besov and Triebel—
Lizorkin spaces. These include the L? (S") spaces, 1 < p < 0o, the Hardy spaces H” (S") spaces,
0 < p < 1, and the Riesz potential spaces. We have the following characterization of the Triebel—
Lizorkin space ng onS", wherea e Rand 0 < p < 00,0 < g < 00:

ag
. feF,".
LP

1/q
171l pga ~ H ( 2 LGy, ¢n>|nGn<~>]‘1)

neX

Here G, is a spherical cap on S" centered at n € X of geodesic radius ¢27/" if n € X; the
jthlevel in X (X = ;5 ;) (Section 4). For the Besov space B,? on S", where o € R and
0 < p,q < oo, we have

00 1/p7a\ /9
||f||ng N <Z|:2j((¥+n/2n/[7)< Z }<f7 wﬂ)}l’) :| ) , f c ng’

Jj=0 HEXJ'

where {py},ex; are the needlets of level j (Section 5). These results are analogous to the funda-
mental results of Frazier and Jawerth [4,5] (see also [6]).

Atomic and molecular decompositions of Besov and Triebel-Lizorkin spaces on the sphere
can be developed similarly as on R”, where the approach of Frazier—Jawerth [4,5] can be utilized.
These can be used in showing that the Besov and Triebel-Lizorkin spaces on the sphere used in
this paper are the same as the ones induced by the more general definition of Besov and Triebel—
Lizorkin spaces on manifolds given in, e.g., [20]. We do not go in this direction since the sole
purpose of this paper is to develop the needlet system. An important motivation for this work is
the application of Besov spaces on the sphere to nonlinear m-term approximation from needlets;
we prove a Jackson estimate for approximation in L, 0 < p < oo (Section 6).

The organization of the paper is as follows. Section 2 contains some preliminaries, including
localized kernels on the sphere, cubature formulae, maximal inequalities and basics of distrib-
utions on the sphere. In Section 3, we introduce the needlet system and give some of its basic
properties. In Section 4, we show that the needlets can be used for characterization of the Triebel—
Lizorkin spaces on the sphere. In Section 5, we show that the Besov spaces on the sphere can be
characterized via the needlet system. In Section 6, we apply Besov spaces to nonlinear m-term
approximation from needlets. In Appendix A, we place the proofs of some lemmas from previous
sections.

Throughout the article, we use the following notation. I7,, denotes the set of all univariate
algebraic polynomials of degree < m and I7,,(S") denotes the set of all spherical polynomials
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of degree < m. For any set E C S", 1 denotes the characteristic function of E and | E| denotes
the Lebesgue measure of E. The geodesic distance on S" is denoted by d (&, n), i.e. d(&,n) :=
arccos& - 1, where & - 1 denotes the inner product of &, n € S". We use the notation B, (r) :=
(¢ € §": d(&,n) < r}. Positive constants are denoted by ¢, c1, ¢, ... (they may vary at every
occurrence), A &~ B means c1A < B < ¢B, and A := B stands for “A is by definition equal
to B”

2. Preliminaries
2.1. Localized polynomial kernels on the sphere

Let P, be the orthogonal projector onto the subspace H, of all spherical harmonics of order v
on S". As is well known the kernel of P,, is given by

n—1
2 9

v+ A

PHE -, A=
o, D€

Py -n)=

2.1)

where w, denotes the hypersurface area of S. Here P} is the Gegenbauer polynomial of degree v
normalized with P}(1) = (”J’ZA_I) [18, (4.7.1), p. 81]. We refer the reader to [10,16] for the

%
basics of spherical harmonics.

Consider now a kernel (polynomial) of the form
> %
Ay (x) =§&<N)Pv(x) (2.2)

with “smoothing function” a obeying the following definition.

Definition 2.1. A function a is said to be admissible if a € C*°[0, co) and a satisfies one of the
following two conditions:

(2) suppd C [0,2],a(t) =1 on [0, 1], and 0 < a(r) < 1 on [1, 2]; or
(b) suppa C [1/2,2].

Our development in this article heavily relies on the fundamental fact that every polyno-
mial Ay as above has nearly exponential localization around zero.

Theorem 2.2. [11] Let a be admissible. Then for every k > 0 and r > 0 there exists a constant
ck.r > 0 depending only on k, r, n and a such that

n+2r

(1+ Nk’

dr
‘ AN(COSQ)‘ < Chyr 0 [0, r]. 2.3)

dx”

The dependence of ci on a is of the form cx = c(k, r, ) maXo<m<k la" || foo.
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This estimate is proved in [11]. It also follows from the general result in [7] on the spectral
properties of elliptic operators. It was simultaneously extended for Jacobi polynomials in [1,14].
For reader’s convenience we next state the result for Jacobi polynomials. Denote

Ly(o) = COZ&<L> Qj+a+B+DI(+a+p+1D) PP (), 2.4)
=0

N FrG+8+0D

where ¢®:=T(B+1)/T(¢ + B +2) and P;“’ﬁ) (x) are the classical Jacobi polynomials [18,
Chapter I'V].

Theorem 2.3. [1,14] Let a be admissible and assume that @ > 8 > —1/2. Then for every k > 0
and r > 0 there exists a constant ¢ > 0 depending only on k, r, a, 8, and a such that

dr N2a+2r+2
‘ 0 €0, 7]. 2.5)

L | < ckr—a
dxr LNEOSO| S Cr g

Since [18, (4.7.1), p. 81]

PG—1/2) TO+20) Lo 1p5 1)

Pi(x) = —F g
2y TW+Ar+1/2)

(x),

then withao =8 =A — 1/2 we have Ay = a)n_lLN. Consequently, (2.5) yields (2.3).
Reproducing kernels. Assuming that a is admissible of type (a), we define
ad v
’CN :ZZ&(N)P\H N:1129"" (2'6)
v=0
We next give some basic properties of the kernels Iy (& - 7). We begin with two definitions.
Nonstandard convolution on S”. For functions @ € L>[—1, 1] and f € L1(S"), we write
© €)= [ 0€-0)f@)du(o). @)
Sn

Best polynomial approximation on S"”. We let E,, (f), denote the best approximation of f €
LP from IT,,(S"), i.e.

Em(f)p = ge]i[nf(‘S

I =gl 2.8)
Lemma 2.4.

(a) Ky is a polynomial of degree < 2N and Ky defines a reproducing kernel for Iy (S"), that
is, Ky x g =g for g € [Iy(S").
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(b) Forevery k >0 andr > 0 there exists a constant cx , > 0 such that

Ch.r Nn+2r

(1+Nd(E )k’

dr
' Ky - )’ E,neS". (2.9)

dx”
(c) Forany f € LP(S"), 1 < p < o0, we have Iy x f € T[Ty (S™),

ICN * flle <cll flle,  and N f =Ky * fliLe < cEn(f)p. (2.10)

Proof. Part (a) of the lemma is obvious since a(v/N) = 1 for 0 < v < N. Estimate (2.9) follows
by (2.3). The first estimate in (2.10) is immediate from (2.9) when p = 1 and p = oo; the general
case follows by interpolation. The second estimate in (2.10) is a consequence of the first one
and (a). O
An easy consequence of the above lemma is the following classical inequality.
Proposition 2.5 (Nikolski inequality). For 0 < g < p < oo and g € I[Ny (S"),
gL < eN"Ma=1P g g (2.11)

For future use we next give one more property of Cy.

Lemma 2.6. Suppose w,n,&1,6 €S" and d(&j,n) < c*N7, j=1,2. Then for any k > 0 there
exists a constant ¢y such that

d(&, &)NH!

K ED—-K . <ogp———. 2.12
|Kn(w-&1) — Kn(w-&)| Ck(1+Nd(a),n))’< (2.12)
Proof. Let G* := (& € S": d(£, n) < c*N~!}. Evidently,
|Kn(w- &) — Ky(w-&)| < Sup’_ICN(CU E)’Iw §1—w- &l (2.13)
From Lemma 2.4(b) with k replaced by k + 1, we have
d . ( é—) _ Ck+l,1N”+2
il w-8)| <
dx N (1+ Nd(w, £))FH1
and hence
cN"+2)
IC . 2.14
hAVEISES é)‘ (1 + Na(w, )<+ 219

To estimate |w - & — w - &, we let 0] :=d(w, &1) and 65 :=d(w, &). Then
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lw-& —w-&|=|cosb — cosbs|
=2[sin((01 — 62)/2)||sin((61 + 62)/2)|
< (1/2)161 — 021161 + 02|
= (1/2)]d(@, &) — d(@, £)|(d(@, &) +d(, &)

and hence
- & — w-&| <dE &) max{d(@, &), d(w, &)} < cdE1, &) [d@.n) + N7'].
Substituting this and (2.14) in (2.13), we obtain

cd(&1, &)ld(@,m) + NN cd(g), )N

Ky (&) — Ky (- &)| < (L + Nd(w. )] S U+ Nd(w, pF’

which completes the proof. O
2.2. Cubature formula on S"

For the construction of our discrete systems of building blocks (needlets) we will need a cuba-
ture formula on S” exact for all spherical polynomials of degree N. One of the main difficulties
in constructing cubature formulae on the sphere is the lack of uniformly distributed points on S".
We will use as a substitute sets of almost equally distributed points which we describe in the
following.

Lemma 2.7. For any 0 < ¢ < 27 there exists a partition R of S* consisting of spherical sim-
plices and a set X, C S" (consisting of their “centers”) with the properties:

i) S"= UReRg R and the sets in R do not overlap (R} N RS =@ if Ry # R»).
(ii) For each R € R, there is a unique n € X; such that B,(c*e) C R C By(¢), where By (r) :=
{§eS"dE n<r
(i) #X, =#R, <™.

Here c* and c¢** are constants depending only on n.

For the proof of this simple lemma, see [11].
Definition. A set X, C S" which along with an associated partition R, of S” has the properties
of the sets X, and R, of Lemma 2.7 will be called a set of almost uniformly e-distributed points
on S".
Theorem 2.8. There exists a constant c® > 0 (depending only on n) such that for any N > 1

and a set X, of almost uniformly e-distributed points on S" with & := c¢® /N, there exist positive
coefficients {cy},ecx, such that the cubature formula

/ fEApE ~ Y enf()
Sn

neXe
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is exact for all spherical polynomials of degree < N. In addition, c,, ~ N™" with constants of
equivalence depending only on n.

This theorem is given in [11] and is a slightly improved version of the result from [9].
For the construction of our needlets (Section 3), we will use the following result which is an
immediate consequence of Lemma 2.7 and Theorem 2.8.

Corollary 2.9. There exists a sequence {X; }?‘;O of sets of almost uniformly ¢ ;-distributed points
on S" (Xj 1= Xe;) with ¢j 1= c®27172 and there exist positive coefficients {entnex; such that
the cubature

/ fEApE ~ Y ey f() (2.15)

sn nEXj

is exact for all spherical polynomials of degree < 2/%2. Moreover, cy X 27" and #X; ~ 2Jn
with constants depending only on n.
Furthermore, there exists a constant c1 = c1(n) such that if we denote

Gy:=By(ci27/)={ €S dE <27}, neX; (2.16)
then S" C U,]EXJ, Gy and only finitely many (< c(n)) sets {G}ex; may intersect at a time.
Also, we denote

xe=Jax;. (2.17)

and we will assume that X consists of distinct points (X will be used as an index set).
2.3. Maximal inequality

We denote by G the set of all spherical caps on S", i.e. G € G if G is of the form: G :=
(€S d(E,n) <p}withneS*and p > 0.
Let M be the maximal operator, defined by

1 s 1/s
MfE) = sup (E f | (@) du(w)> . tes (2.18)
G

GeG: £€G

We will need the Fefferman—Stein vector-valued maximal inequality (see [15]): if 0 < p < oo,
0 <g < 00,and 0 <s <min{p, ¢}, then for any sequence of functions fi, f2,... on S"

(%) 1/q
<Z|f./(-)|”>
j=1

<c , (2.19)

Lr

H <,§[Msfj(.)]q) 1/q

Lr

where c =c(p, q, s, n).
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For later use, we record the following estimate of MSILGH(E ):fors >0and ne X; (j >0),
we have

1
(L+27dE, m)/s’

M1, (§) ~ §es’, (2.20)

with constants of equivalence depending only on s, n, and ¢; (from (2.16)). This equivalence
follows by straightforward calculations.

2.4. Distributions on S"
We will use the standard notation:

D% := 8'“"/8?1 ~~-8:f1', where @ = (a1, ..., 0np 1), o] =+ 4 gt

For a function ¢ defined on S”, we denote by E¢ its extension to R”*1\ {1} defined by E¢ (x) :=
¢(x/|x|) and then

D¢ := D*(E¢)|sr.

Let S := C*°(S") be the set of all test functions on the sphere. The topology on S is defined by
the semi-norms

P(¢):= Y |D%|.. r=0.1,.... 2.21)

Joe|=r
It is well known that the spherical harmonics of degree v are eigenfunctions of the Laplace—

Beltrami operator Agn (Age f := AEf|gn, A := 32/8x12 4+ 4 82/8x,2,+1) with eigenvalues
—v(v +n — 1). The topology in S can be equivalently defined by the semi-norms

PX(¢):=|ALo| . r=0.1..... (2.22)

The space S’ := S&'(S") of all distributions on S” is defined as the space of all continuous
linear functionals on S (S’ is the dual of S). The pairing of f € S’ and ¢ € S will be denoted by
(f.¢) := f(¢), which is consistent with the inner product (f, g) := [s, fg§du in L*(S").

We now extend the nonstandard convolution defined in (2.7).

Definition. If f € S’ and @ is a univariate function such that @ (£ - n) belongs to S as a function
of n (or £), we define @ * f by the identity

D x f(§):=(f,D(E - 0)), (2.23)
where on the right f acts on @ (£ - 1) as a function of 7.
Lemma 2.10.

@ IffeS and ®E -o) S, thend * f € S.
b)) IFfeS, &E -0 cS, andp €S, then (@ x f, ) = (f, D * p).
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© If feS and D& - o), W (& -0) €S, then
U@k f(§)=(V(E o), D(e-0))x f. (2.24)

@) If feS and ® € Iy, then ® x [ € I1,(S"), and moreover, if ® € span{P,?‘H, . P,f‘},
then @ x f € I, (S") © IT{ (S").

This lemma follows by standard arguments and the proof will be omitted.

As was mentioned above, Py from (2.1) defines the kernel of the orthogonal projector onto Hx
and, therefore, f =Y 30 Py * f for f € L>(S").

It is well known that ¢ € C*°(S") if and only if

IP,x @l 2 <cx(w+ 1)K v=0,1,..., forall k.

Consequently, the topology in S can be equivalently defined by the norms

P (¢) == Z(v +DPyxpll2, r=0,1,.... (2.25)
v=0

2.5. Semi-discrete decomposition of S’

Define

oo
®):=Py and qs,-;:Za(z;)—l)Pv, j=12 (2.26)
v=0

where a satisfies the conditions:

aeC®[0,00), suppacC[1/2,2], (2.27)
la@)| >c>0 ifte[3/55/3] (2.28)
aty+a@y=1 ifre[l/2,1]. (2.29)
Hence
a2 =1, tell,00). (2.30)
v=0

It is easy to construct a function a satisfying (2.27)—(2.29). Indeed, it is well known that there
is a function g € C°°(R) such that supp g C [1/2,2] and g(¢) > 0 on (1/2,2). Then the function

A Q)
a([) = )
8(2t) +g(1) +g(1/2)

where 0/0 := 0, satisfies (2.27)—(2.29).
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By Theorem 2.2, @; has the following localization:

2in
|¢](éﬂ)‘<(1+;‘fdw, é,neS", Vk. (2.31)
Lemma 2.11.
(@) If f €8/, then
f=) ®xf inS. (2.32)

j=0
) If feLP(S"), 1 < p< oo, then (2.32) holds in LP.

Proof. By (2.30) it follows that if ¢ € S, then ¢ = 2710 @; x ¢ in §. Using this (2.32) follows
readily.

For the proof of part (b), we observe that Zﬁ':o D¢ =Ky*¢ with Cp := Zf‘:() ®;, where
KC¢ is a kernel with properties similar to the properties of Ky in Lemma 2.4, because of (3.4).
Consequently, Zﬁ:o Pjxf— finLP, 1<p<oo. O

3. Needlets: definition and properties

Let a, b satisfy the conditions:

&,I;GCOO(R), suppa, suppl;C[l/2,2], 3.1
am|, [bw)|>c>0 ifre[3/s,5/3l, (3.2)
anb(ty+anbr) =1 ifte[l1/2,1]. (3.3)
Consequently,
o0
> a2 ) b2 ) =1, te[l,o0). (3.4)
v=0
Lemma 3.1.

(a) If a satisfies (3.1), (3.2), then there exists b satisfying (3.1), (3.2) such that (3.3) holds true.
(b) There exists a function a > 0 satisfying (3.1), (3.2) such that

At +a* =1, tre[l/2,1], (3.5)

and hence

doar(2 V) =1, tell, o). (3.6)
v=0
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This is an easy and well-known lemma. There is a clear connection between the a’s, b’s and
wavelet masks. In particular, one can use Daubechies wavelet masks to construct a variety of a’s
and b’s that have interesting properties (see [11]).

Assuming that a, b satisfy (3.1)—(3.3), we define

oo N v )
®g:=Py and q§j:=Za F P,, j=12,..., 3.7
v=0
and
ad v
¥ =Py and lI/j::Zb<2j—l)Pu, ji=1,2,.... (3.8)
v=0

Further, for n € X;, we set

@y(§) == /ey @j(§-n) and Yy(§) = /ey W5 -m). (3.9

Here X is the set of the nodes and the c¢)’s are the coefficients of the cubature formula
from (2.15). Note that ¢, ~ 27/". Recall that X' := U?io X, which will be used as an index
set (see (2.17)).

The functions @; and ¥; inherit all properties of the @;’s defined in (2.26). In particular (see
(2.31) and also Theorem 2.2),

Ckzjn

m, s,UESn, Vk, (310)

@), [wiE n| <

and hence

c2in?
(I+27dE m)F

lon @], ¥ ®)] < £eS", Vk. (3.11)

Recall that d(&, n) is the geodesic distance between & and 7.
The tremendous localization of ¢, and v, is the reason for calling them needlets. Moreover,
according to their further roles, we will call {¢;} analysis needlets and {,} synthesis needlets.
We will need estimates for the norms of the needlets. We have for 0 < p < oo,

|@jCe-m|,, ~[wie-m|,, =2 "P and gyl ~ ¥yl ~ 27027V (3.12)
Moreover, there exist constants cf, cg > 0 such that
in/2
lonlloosy@a-in:  1Wnlloes @iy = 5272, (3.13)

See the proof in Appendix A.
The following proposition provides a discrete decomposition of S” and LP(S") via needlets.
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Proposition 3.2.

(@) If f €S/, then

f=) Wixixf inS (3.14)
=0
and
f=Y (fron¥y inS. (3.15)
neX

() If f € LP(S™), 1 < p <00, then (3.14), (3.15) hold in LP. Moreover, if 1 < p < oo, then the
convergence in (3.14), (3.15) is unconditional.

Proof. (a) By the definition of ®@; and ¥; it follows that ¥ * @y =Py and

0]

v=0

Now, as in the proof of Lemma 2.11, (3.4) yields (3.14). '
To establish (3.15), we note that ¥;(§ - n)®; (w - n) is a polynomial of degree < 2/ +1in 5 and
applying the cubature formula from Corollary 2.9, we obtain

Ui ®j(w- ) =/‘1’j(é'n)¢j(w'n)du(n) =3 ¥iE B =Y vyE)eyw).

g neX; ne;

Consequently,

lIlj*q_)j*fz Z(fﬂﬂn)l/fn,

neX;

which along with (3.14) implies (3.15).

(b) The proof of (3.14) in L? is similar to the proof of (2.32) in L?. Then (3.15) in L? follows
as above. The unconditional convergence in L?”, 1 < p < 0o, follows by Proposition 4.3 and
Theorem 4.5. O

Remark 3.3. Suppose that in the above construction b=aanda >0.So, ais as in Lemma 3.1.
Then @; = ¥; and ¢, = Y. Now (3.15) becomes f =",y (f, ¥y)¥y. It is easily seen [11]
that this representation holds in L? and

12
||f||Lz=(Z|<f,wn>|2> . fel’ (3.16)

nex

This shows that {,: n € X} is a tight frame for L?(S™). For more details, see [11].
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4. Triebel-Lizorkin spaces on S"

In analogy to the classical case on R” (see [5,6,19,20]) the Triebel-Lizorkin spaces on S" can
be introduced by using Littlewood—Paley decompositions via the kernels @; defined in (2.26).
We assume that a satisfies (2.27), (2.28).

Definition 4.1. The Triebel-Lizorkin space ng =F gq (S"), where ¢ e R, 0 < p < 00, 0 <
g < 00, is defined as the set of all f € S’ such that

< 00. .1
Lp

00 1/q
1f 1l pea 2= H (Z(z“f|cbj * f(-)|)q>

Jj=0

Here the £9-norm is replaced by the sup norm when g = co.

Remark. As will be shown in Theorem 4.5, the above definition of Triebel-Lizorkin spaces is
independent of the specific selection of a satisfying (2.27), (2.28) in the definition of @ in (2.26).

Proposition 4.2. The Triebel-Lizorkin space F;‘q is a quasi-Banach space which is continuously
embedded in S’ (F;fq — 8.

Proof. We will only prove that F,‘fq <> &’. Then the completeness of F,‘;‘q follows by a standard
argument using in addition Fatou’s lemma and (2.32).

We only prove the embedding F,? < & whenever the functions {@,} in Definition 4.1 are
defined by a function a which satisfies (2.29), in addition to (2.27), (2.28). In Theorem 4.5 it will
be shown that the definition of F ,‘fq is independent of the specific selection of 4.

Let f € F,?. By Lemma 2.10, @, x f € IT,;(S") © IT,;>(S") and hence for ¢ € S

2J
/ @ % [)E) Y (Pyx¢)E)dp()

sn v=2/-2

(@) f.)] =

2J
<S29P|®jx fller Y Pyl < 277N f ]l pua P,

p=2J-2

ifr >n/p —a+ 1. Here P*(¢) is the norm from (2.25) and we used Proposition 2.5. From
above it follows that

(o) <D (@) % £ @) <cll fll puo P (),
j=0

which gives the desired embedding. O

We next show that the Triebel-Lizorkin spaces on S” can be viewed as a generalization of po-
tential spaces (generalized Sobolev spaces) on S", in particular, the L? (S") spaces, 1 < p < oo.
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The potential space HY := HY (S"), a > 0, 1 < p < o0, is defined as the set of all f € S’
such that

o
1f 1l =Y 0+ D*Pyx £ <oo, (4.2)
v=0 Lr
where P, is from (2.1).
Proposition 4.3. We have the following identification:
2
F;‘ ~HP, aeR, 1<p<oo, 4.3)
with equivalent norms, and in particular,
FP~H) ~LP, 1<p<oo. 4.4)

We give the short proof of (4.3) in Appendix A.
The following identification of the Hardy spaces H”(S"), 0 < p < 1, on the sphere can be
proved in a standard way:

FP~HP, 0<p<l, (4.5)

with equivalent norms.

The proof of (4.5), however, is much longer and will be omitted. It uses atomic and molecular
decompositions of Hardy spaces on S" (see [2]) and the boundedness of Calderén—Zygmund
operators. It follows along the lines of the proof of the corresponding theorem for wavelets in [8].

4.1. Needlet decomposition of Triebel-Lizorkin spaces

Let {X j}ﬁio be a fixed sequence of sets of almost uniformly &;-distributed points on S"
(X :=X;) with g := ¢®27/72 as in Corollary 2.9.

Definition 4.4. The Triebel-Lizorkin sequence space ff,“’ is defined as the set of all sequences of
complex numbers s = {s,},ex such that

< 0. 4.6)

1/q
”s”fgq = H < Z[|Gn|—a/n—1/2|sn|1Gn(,)](1>

nex

LP
Here the G;’s are the spherical caps introduced in (2.16).

Assuming that {¢;} and {v,} are two sequences of analysis and synthesis needlets associated
with {X; }?‘;O (see (3.7)-(3.9)), we introduce the operators:

o analysis operator: Sy : f — {{f, on)}nex;
o synthesis operator: Ty : {sy}ycx — ZneX Sp¥ry-
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We next give our main result about Triebel-Lizorkin spaces on the sphere. It is an analogue
of the fundamental result of Frazier and Jawerth from [5].

Theorem 4.5. If a € R and 0 < p < 00, 0 < g < 00, then the operators Sy : F,‘fq — fgq and
Ty :fgq — ng are bounded and T, o S, = Id. Consequently, assuming that f € S', we have
f e FyY ifand only if {{f, ¢y)} € £,7 and

11 pa ~ [{4F on) o ~ (4.7)

00 1/q
(Zzafq >l <p,,>wn(-)|q)

Jj=0 neX;

LP
Also, the definition of F,‘fq is independent of the specific selection of a satisfying (2.27), (2.28).
For the proof of this theorem we need several lemmas whose proofs are given in Appendix A.

Lemma 4.6. If k > n + 1, then for £,n € S"

1 c2-in
. . du(o) —————— 4.8
/ (1+2/d(E, o) (1 +2/d(n, o))k e (1+2/d(E, m)* @9
Sn
and
1 c
Z : : < : (4.9)
= (1+2/d(n,0)k(1 +2/d(w, o))k ~ (1427d(n, w)k
J
with ¢ = c(n, k).
Definition. For any collection of complex numbers {s; },cx;, we define
sp= ) ___ =l ne X, (4.10)
! (1+27d(o, n)*
UEX]'
where k > 0 is sufficiently large and will be specified later on.
Lemma 4.7. Suppose g € I1,; (S") and let a; := SUPs G, |g(&)| and
by = max{ Jnf (2@ € Xjr, GuN Gy # (Z)}, neXx;.
Then there exists r > 1, depending only on k and n, such that
ay~by, nedxj; (4.11)

with constants of equivalence independent of g, j, and 1.
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Lemma 4.8. Suppose s > 0 and k > nmax{l1, 1/s}. Let {bw}weX j =0, be a set of complex
numbers. Then for n € X

bi1c, (&) <cMS( > |bw|11cm)<s), Ees”, (4.12)
a)er

with ¢ = c(k, s, n).
Lemma 4.9. Ifk > n/s, s >0, and n € X}, then

2in/2
(1+27d(E, myn/s’

Mty (&) ~ M (1Gy 17 16,) () ~ Ees, (4.13)

with ¢ = c(k, s, n).

Proof of Theorem 4.5. Suppose ¢ < co. The proof in the case g = oo is easier and will be
omitted. Fix 0 < s < min{p, ¢} and k > nmax{1, 1/s}.

We first observe that since M () & MS(|G,7|’1/2]1(;W) (Lemma 4.9), then the right-hand-
side equivalence in (4.7) is immediate by applying the maximal inequality (2.19).

Let {®;} be from the definition of Triebel-Lizorkin spaces, defined in (2.26) via a function a
satisfying (2.27), (2.28) (the same as (3.1), (3.2)). Then by Lemma 3.1(a) there is a function b
satisfying (3.1), (3.2) such that (3.3) holds true as well. Define {¥;} using b as in 3. 8) and let
{¢y} and {yr,} be the corresponding needlets defined as in (3.9). Assume also that {(15 1 {llf 1,
(@4}, {w,,} is another needlet system, defined as in (3.7)—(3.9).

We will first prove the boundedness of the operator T, :£,7 — F,?, where

Tys = Z sty
neX

Let s = {s;},cx be a finitely supported sequence and set f := les. The semi-orthogonality of
the needlets yields

j+1
Bixf= Y > su®irVy, XK=
u=j—1weX,

Then for n € X;_; UX; U X1, we have, using (3.10) and (4.8),

| %0y (©)| = /cn| | $uln-0)®j(E-0)du(o)

§n
< it / _ L
(1+27d(n, o)1 +2/d(E, 0))*
Sn

du(o)

c2in/?

S U+ 2dGE mF 19
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Let XY(n) :={o € X; 1 UX; UXj11: Go NGy # B}, where X_; := . From above we obtain,
for & € Gy,

Jj+1

n/2 $
@5 f @< 30 Y e

pu=j—lweX,

Jj+1

in/2 [Sel
<@y ) Z(1+2“d(0 o))k

u=j—loeX(nNX, weX,

<c Y 1Gol T2y (1G |~ 27,

oeX(n)

where s is defined in (4.10). Hence

1/q
(Ztea e Plsilic,0F ) | =elisih g
Lr

neX

1 fllpoo <

Applying now Lemma 4.8 and the maximal inequality (2.19), we obtain

1/q
(ZMS(|G,7|—“/”—”2|sn|ncn(-))") H <cltsplga. @415
LP

neXx

[Nl pee < €

We now turn to an arbitrary sequence s € f;lq. Estimate (4.15) holds with an arbitrary a (in the
definition of {&;}) satisfying (2.27), (2.28). So, assume for an instant that 4 satisfies (2.29) as
well. Then we can use Proposition 4.2 which was proved with such a’s. Therefore, by (4.15),
Proposition 4.2, and the fact that finitely supported sequence are dense in ff,‘q it follows that

Tlﬁs = Zne xSy 1},7 is well defined in S’. Finally, by a limiting argument it follows that (4.15)
holds for all sequences s € f,%. Thus the operator T} :f,? — F,? is bounded.
We next prove the boundedness of the operator S, : ng — f;q. Let f € ng. For n € &}, let

Ay = sup |®;* f(§)| and B, :=max{ inf |&; % fE)]: @ Xjyr, Gwmcﬂéw}.
£eGy £eGy

By Lemma 2.10, <D x f € I1,;(S") and applying Lemma 4.7, we can select r > 1 (r =r(k, n))
so that A} <cBy, 77 € &;. Then

[(foom)| < clGyl'2| @« ()| < c]Gyl2 Ay < c|Gy|' AL < clGyl'* B

and hence

H(f on g <

(Zz«xm( 3 Ayl ) )w

neX;

LP
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(S )

Jj=0 nedX;

(izajq/\/zs( > Bn]lgn>q>l/q

j=0 neX;

<c (Zzwq( 3 Bylg ) )W

neX;

N
o

IN
o

where we used Lemma 4.8 and the maximal inequality (2.19).
Let

My :=§ierg”|5,~ x f(€), o€Xjp

For n € Xj, we denote X, (n) :={w € Xj4,: Gy, N G, # V). Note that #X;,(n)
Since r depends only on k and n, then for n € X; and w € X1, (), we have

mey

_ _ k
B,= max my <c Z (1+21+’d(a),0))k_cm‘”’

)‘E‘Xj+r(77) oeX;,
jAr

c=c(r,n),

and hence

Bylg,<c Y. milg,. &eS"
werJrr(U)

We use the above and again Lemma 4.8 and the maximal inequality (2.19) to obtain

00 1/q
||{(fv‘/’n>} f,“"<c (Zzam< Z " ]10) )
j=0 neXji, Lr
00 q 1/q
<c <ZMA(20[J Z m,,]l(;n> )
Jj=0 neXjtr Lr
[e¢] q 1/q
<c (Z(zal Z mn]l(;n) )
j=0 neXji, Lr
00 1/q
[
j=0 LP
where we also used that
> myle,(€) < £ed;.

NEX)qr

< c(r,n).
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Hence the operator S, : F,? — £,7 is bounded.

The identity Ty o S, = Id is immediate from Theorem 3.2.

It remains to show that the definition of the Triebel-Lizorkin spaces is independent of the
specific selection of a satisfying (2.27), (2.28). Assume that {®;} and {5]-} are two sequences
of functions defined as in (3.8) by two different functions a satisfying (2.27), (2.28). Using
Lemma 3.1 as above, there exist two associated needlet systems, say, {®;}, {¥;}, {¢y}, {¥,} and
{5]-}, {l1~/j}, {9y}, {IZ,]}. Let us denote for a moment by ”f”Fﬁq(‘P) and ||f||ng((z~,) the F-norms

defined by using {®;} and {5 1, respectively. Then by the above proof it follows that
£ o @y < e[ {(f: @Yoo <l f Il pan .

Consequently, the definition of qu is independent of the specific selection of a satisfying (2.27),
(2.28) in the definition of the functions {®;}. O

5. Besov spaces on S”

In our treatment of Besov spaces on the sphere, we will use the approach of Frazier and
Jawerth [4] (see also [6]). We refer to [12,19] as general references for Besov spaces.

Definition 5.1. The Besov space By,? := B,?(S"), where o € R, 0 < p, g < 00, is defined as the
setof all f € &’ such that

oo 1/q
||f||ng = (Z(Zaj||¢j * f”Lp)q) < 00, (GR))

j=0

where the £9-norm is replaced by the sup-norm if g = oo. Here the kernels {@;} are defined
in (2.26) with a satisfying (2.27), (2.28).

It follows by Theorem 5.5 that the above definition of Besov spaces is independent of the spe-
cific selection of a. Further, the Besov space qu is a quasi-Banach space which is continuously
embedded in §’. The proof of this is similar to the one for Triebel-Lizorkin spaces and will be
omitted.

We need the following embedding result.

Proposition 5.2. If « > 0 and 0 < p, g < 00, then ng is continuously embedded in L7, i.e. each
fe ng can be identified as a function in L? and

IFller < cll fll gea- (5.2)
The proof of this proposition is standard and easy and will be omitted.
5.1. Characterization of Besov spaces via polynomial approximation
We now want to make the connection between our treatment of Besov on the sphere and L?-

polynomial approximation on the sphere. Recall that E,,(f), denotes the best approximation of
f € L? from IT,,(S™) (see (2.8)).
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Proposition 5.3. I[fa > 0, 1 < p < 00, and 0 < g < 00, then f € B,? if and only if

00 1/q
1 f gea =1 f e + (Z(z"ny(f)p)q> < 0. (5.3)
j=0
Moreover,
I gaa 2 1L/ 1L g (5.4)

Proof. Suppose that the polynomials {@;} are defined by (2.26) with a satisfying (2.27)—(2.29).
Let f € qu. Then f € L? (Proposition 5.2) and by Lemma 2.11 f = Z?O:o ®@;* fin L?. Since
®; x f €Il,;, we have

o0
Ex(f)p< Y 9% fler. m=0. (5.5)

j=m+1

A standard argument employing (5.5) and Proposition 5.2 leads to the estimate || f ||’§aq <
4

cll fIl paa.
P
In the other direction it is simpler. For g € IT,;— (j > 2), we have using Lemma 2.4, @ x f =
@; * (f — g) and hence again by the same lemma, ||®; * f||Lr <c||f — gllLr. Consequently,

IPj* fllLr < cEyj2(f)p, j=2, and ||Pj* fller <cllflire.

From this, we obtain at once ”f”BZ" < c||f||gaq. O
P

5.2. Needlet decomposition of Besov spaces

We again fix a sequence {X /};’10 of sets of almost uniformly ¢;-distributed points on S"
(X :=X,,) with £j := ¢°27/~2 as in Corollary 2.9.

Definition 5.4. The Besov sequence space b%?, where o € R, 0 < p, ¢ < 00, is defined as the set
of all sequences of complex numbers s = {s,},cx such that

o 1/pmq\ /4
||s||b¢;q = <Z|:21(a+n/2n/p)< Z |Sn|p) :| > < 00 (5.6)
j=0 V]EX]'
with obvious modifications when p = oo or g = o0.
In the next theorem, we assume that {®@;}, {¥;}, {¢,}, {¥,} is a needlet system (see (3.7)—

(3.9)). We also recall the analysis operator Sy : f — {{f, ¢y)},ex, and the synthesis operator
Ty {splpex — ZneX Sy
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Theorem 5.5. If o € R and 0 < p, g < 00, then the operators Sy : By? — b7 and Ty, :b},7 —
ng are bounded and T, o S, = Id. Consequently, assuming that f € S', we have f € ng if
and only if {{f, ¢,)} € b%q and

o r 1/pa\ M/

[P A <Z[2w ( N LA II’Zp) } ) . 6D
Jj=0 neX;

Furthermore, the definition of ng is independent of the choice of a satisfying (2.27), (2.28).

To prove Theorem 5.5, we need two additional lemmas.

Lemma 5.6. If {sy},cx; is a set of numbers (j 2 0), 0 < p < 00, and k > nmax{1/p, 1}, then

) 1/p
< 62—111/17( Z |sn|1’> , (5.8)

neX;

P
(I+27d¢ k|,

with ¢ = c(n, k, p).
This lemma is an immediate consequence of Lemma 4.8 and the maximal inequality (2.19).

Lemma 5.7. If g € I1,;(S") and 0 < p < 00, then

1/p )
<Z Suplg(€)|p> < 2P gl (5.9)

T]EX/' €Gmn
where the G’s are defined in (2.16) and ¢ = c(p, n).
The proof of this lemma is given in Appendix A.

Proof of Theorem 5.5. We first note that the right-hand side equivalence in (5.7) follows imme-
diately by (3.12).

We proceed further similarly as in the proof of Theorem 4.5. Suppose p, g < oo. In the other
cases the proof is similar. Let {@;} be defined by (2.26) via a function a satisfying (2.27), (2.28).
Then by Lemma 3.1 there is a function b satisfying (2.27), (2.28) such that (2.29) holds true
as well. Define {¥;} using b as in (2.26) and let {¢,} and {v,} be the corresponding needlets
defined as in (3.9). Assume also that {5 it {l1~/j}, {9y}, {IZ,,} is another needlet system, defined
as in (3.7)-(3.9).

We will first prove the boundedness of the operator T¢ : b‘;q — B;‘q, where

Tv;s = Z s,,t},].

neX
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Let s = {sy},ex be finitely supported and denote f := les. By the semi-orthogonality of the
needlets

j+l1
Z Z 5@ x Yy, A :=0.
u=j—lneky,

Then for n € X;_1 UAX; U X1, we have exactly as in the proof Theorem 4.5 (see (4.14))

Czjn/Z

[®5 % @< T aE R

Applying Lemma 5.6, we infer

Jj+1 Iy | Jj+1 1/p
2 § : /L i(n/2—
”(p *f”Lp XC 2]?!/ § : (1+2Jd( n))k C2]<n/ ") z i ( § |s77|p> .
u=j—1neky, n=j—1 " neX,

Substituting this estimate in the definition of || - || Bu» We obtain
11 ga < e[t} - (5.10)

Finally, as in the proof of Theorem 4.5, we use the continuous embedding ng <> & and a
limiting argument to conclude that T&s € &' and (5.10) hold for an arbitrary sequence s € b%q.

It remains to proof the boundedness of the operator S, : B, — b},?. Let f € B,?. Using the
definition of @; and ¢,, we have

©r . . 1/pq4q\ /4
”{(f,(p)}”bzq <C<Z|:2-/(Cl—n/p)< Z’¢]*f(n)|p> ] ) ] (511)
Jj=0 Y]GXj
By Lemma 2.10, 5]- * f € I1,; and then, using Lemma 5.7,
_ 1/p ) _
(Z’(Dj*f(ﬂ)‘p) <P\ Djx fliLr.
nex;

This estimate coupled with (5.11) gives
[{<s- @)l poe < el F1lga- (5.12)

Consequently, the operator S, : B, — b},? is bounded.

The identity Ty o S, = Id follows by Theorem 3.2.

Finally, one repeats the argument from the proof of Theorem 4.5 to show the independence of
the definition of Besov spaces of the specific selection of a satisfying (2.27), (2.28). O
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6. Application of Besov spaces to nonlinear approximation on S”

Our goal in this section is the development of nonlinear n-term approximation from needlet
systems on S".
For simplicity, suppose that {,},cx is a needlet system with ¢, = ¥, defined as in (3.7)—

(3.9) with b =a, a >0, and a satisfying (3.5), i.e.
A2 ~2 _
A +aten=1, tell/2,1].

Hence {v,} are real-valued.
We let ¥, denote the nonlinear set consisting of all functions g of the form

8= Zan¢na

neA

where A C X', #A <m, and A is allowed to vary with g. We denote by o,,(f), the error of best
LP-approximation to f € L?(S") from X, (best m-term approximation):

on(f)p:= inf If =zl

Here and in the following, we use the abbreviated notation || - || , := || - || L (s)- The approximation
will take place in L?, 0 < p < o0.

In the following we will be assuming that 0 < p < 0o, o > 0, and 1/t :=a/n + 1/p. Denote
briefly BY := BZ*. By Theorem 5.5 and (3.12) it follows that

1/t
11132 ~ (Z [(F. ) ||;> : ©.1)
nex

The embedding of BY into L? will play a critical role in our development here.

Proposition 6.1. If f € B, then f can be identified as a function f € L? and

LAy < | DA O]| <cllfllse. (6.2)
neX P
We now state our main result in this section.
Theorem 6.2 (Jackson estimate). If f € B, then
am(f)p <em || f || pe, 63)

where ¢ depends only on «, p, and the parameters of the needlet system.

The proofs of Proposition 6.1 and Theorem 6.2 rest on the following lemma.
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Lemma 6.3. Let 0 < p < oo. Suppose F := Zneg \ayyry|, where £ C X, #£ < m and
layynll, < A forall n € E. Then

IF|l, < cAm'/P. (6.4)
Proof. Let 1 < p < oo (the case p < 1 is trivial). Choose 0 < s < min{l, p} and k >
nmax({l, 1/s}. By the hypothesis of the lemma, (3.12), and the fact that |G,| ~27/" if n € X},
it follows that

lay| < cA2IMPYD e A|GVPTVP D ek (6.5)

By Lemma4.9, [y, (§)| < c M (|Gl _1/211(;”)(5). We use this, (6.5), and the maximal inequality
(2.19) to obtain

IFl, <c| Y M(layllGyl~"1g,)

ne&

-1
<cAH > 1GyI V1,
p neg p

Denote G := ,cg Gy and G(§) :=min{|G,|: n € £, £ € G} (G(§) =0if £ ¢ G). Evidently,
if £ € G, for some w € &, then

o
> (1Gul/IGyN)? <327/ <o < o0
ne€, £€Gy, |Gyl =G| V=0
Hence
D16, P16, () <a1GE) TP, Ees
ne&
Consequently,

1/p
IFll, <cA|g@& 7], =cA<fg(5)‘ldu<s)>
G

1 l/p
<cA Z — / 1g dp =cA#HE)P <cAm'P. 0
|Gyl !
e& Sn
Proof of Proposition 6.1 and Theorem 6.2. Denote briefly

00 1/t
N(f) = (ZH(ﬁ UV ||;> and  ay = (f. ¥).
j=0

Assume N (f) > 0. Let {a,; ¥y, }?11 be a rearrangement of the sequence {a, ¥ },cx so that

”am "pm ”p = ”ar/zwnz ”p =
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Set Sy 1= Y1y ay; Yry;. We will show that

If = Smll, <cm™/"N(f), m>1. (6.6)

Case 1.0 < p < 1. Since T < p, we have

‘ D lan; ¥, O

j
which yields Proposition 6.1 in this case.
To estimate || f — Sy, ||, we will use the following inequality: If x; > x > --- >0 and 0 <
T < p, then

1/t

1/p
< (Z lla, ¥y, ||5) < (Z llay, ¥y, ||;> =N(f)
P J J

00 1/p 00 1/
( Z xf) Sml/”_l/f(Zx;) . (6.7)
j=1

j=m+1

For completeness the proof of this simple inequality is given in Appendix A. Using Proposi-
tion 6.1 and (6.7) with x; := ||a,,j ‘ﬁn_/ |, we obtain

00 oo} 1/p
If— Sm”p < Z |an_/]/f’l_i(')| < ( Z ||a7]j¢'lj”§>
j=m+1 P j=m+1
00 1/t
<m!/r=l ’(Dmmm;) =m™"N(f),
j=1

which proves (6.6) in Case 1.
Case 2. 1 < p < oco. We first note that the argument that follows with m = 0 (Sp = 0) gives

Proposition 6.1 in this case. So, we will use Proposition 6.1 in the proof below.
Denote

Ty 1= (s 27N < llag, ¥y, 1p < 27N,
Then

U 2o =1 llag v, 1, > 274N ()}

v<p

and hence, by the definition of N (f),

Z#Jv < #( U Jv> <2MT, (6.8)
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Consequently,

#I, <Y #I, <217 (6.9)
v

Let m > 0 and denote M :=)_

Ju- By (6.8), M <2™". Let Fy :=3 i lan; ¥y, |. Using
Lemma 6.3 and (6.9) we obtain

u<m

o0 o0 o
Lf=Sullp<| D Ful < D WFullp<c Y 2ANHHI)Y?
n=m+1 p n=m+1 pn=m+1

o
<eN(f) Z —n(=1/p)
pn=m+1

SeN(f27"TEP L 2N ().
Consequently, || f — Sjanrqll, < c27mT/n N ( f) for m > 0, which yields (6.6). O

The grand open problem here is whether the following Bernstein type estimate holds:

Igllpe < cm®/"

llgll, forge Xy, 1<p<oo. (6.10)
The validity of this estimate along with the Jackson estimate from Theorem 6.2 would enable one
to obtain a complete characterization of the rates (approximation spaces) of nonlinear m-term
L?-approximation from the needlet system {1,,} via Besov spaces and interpolation (see e.g.
[13D.

Needlets as well as wavelets are not suitable for nonlinear m-term approximation in L.
Nonlinear approximation in BMO(S") should be considered instead. It is also appropriate to
consider nonlinear m-term approximation from needlet systems in the Hardy spaces H? (0 <
p < 1) on the sphere. Jackson estimates for nonlinear m-term approximation from needlets in
BMO and H? similar to (6.3) can be proved. We do not present such estimates here since we
lack the corresponding Bernstein estimates for a comprehensive theory.

Appendix A

Proof of (3.12), (3.13). By (3.7), (3.8) it readily follows that
[@jto-m| 2~ |¥jo-m] . ~2"2. (A1)
Fix 1 € S" and denote briefly F (§) := @; (& -). The estimate || F||.» < c2/"1~1/P) is immediate
from (3.10). _
In the other direction, consider first the case when 0 < p < 2. Since ||F|;2 = 2/7/2 and

| Fllze < 2" from (3.10), then

. 2 2— in(2—
2" |F I3, < IFIL IFIL <2/"CP)F|7,
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and hence
| Fllpp ~ 2/, (A.2)

If 2 < p < 0o, then using Holder’s inequality and (A.2) with p < 2, we have

2" < / |FI>dp <|\Flieo|IFllz,, < cllFlpe2/™?
Sn

and (A.2) holds again. The other equiv_alences in (3.12) follow from above and (3.9).
From (3.10) we have |¢y |10 < €22 From this and by (3.10) we obtain, for 0 < p <7

2~ jn

c2
7 dn(é)

2 2
O<er < ||‘P77||L2 < ”(Pn”LOO(Bn(p))’Bn(/O)‘ + / m

S\ By (p)

C//

+W’ 2k>n,

2
<p” ”‘pU”L"O(Bn(p))

where ¢/, ¢” > depend only on n, k, and ¢;. Choose p = cf2_-/ so that

o )

(1+ CT)Zkfn < ?

Then from above ||¢, ”im(Bn(CTTf)) > ¢2/" which yields (3.13). We estimate the L°°-norm of v/

exactly in the same way. This completes the proof of (3.12), (3.13). O

Proof of Proposition 4.3. For a sequence ¢ = {¢;} ;>0 with ¢; = £1, we define

. ac szja R t
e =2y 1)&“(?)

j=1

and we let g9 := {1, 1, ...}. Evidently,
o0 ) o0
Zsjzf“qu * f = ng(v)(v + 1Py x f.
j=1 v=I
It is readily seen that forr =0, 1, ...,
[mP @] o <) <00 and [ (1/me) V@) ooy o) <€) <00 (A3)

By [17] this yields that m (for any ¢) and 1/m,, are L”-multipliers (1 < p < 00), and conse-
quently

o0 o0
Zz/’%,- « fl ~ Z(v+ )P, * f (A.4)
j=0 Lr v=0 Lr
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and

<c Z(v + 1D¥P, * f (A.5)

v=0

e .
ZstJO‘(Dj x f

j=0

LP Lp

for any &; = £1. Then a routine argument using Khintchin’s inequality involving Rademacher
functions yields

D+ Dy f

v=0

<c ; (A.6)

Lp

00 1/2
H (Z(Z“f@j * f|)2>

LP

e [ fllpe < el fllgp-
To prove the estimate in the other direction, we denote

gui= Y 20%®;x f withZ = {40+ pu: £=0,1,..}\{0}, p=0.1,2,3.

jez}

Let b(r) := a(t/2) + a(t) + a(2t). Evidently, b € C*, suppb C [1/4,4], and b(t) = 1 if t €
[1/2,2]. Write

me (1) == Z 8/l;<#>

jezyt
If we denote

Z 8j2j“¢j*f=:Zthv*f,

.
JEL}; v

then
Togui= Y £20%0 % f=> me(Wh,P,x f.
jeZI v
It is easy to see that ||t’m§fL(t)||Loo <c¢(r) <oo for r =0,1,... and hence mg , is an

L?-multiplier (see [17]). Therefore, ||T:gullLr < cllgullLr. On the other hand, from the defi-
nition of g, and T.g,, we have T2g, = g,.. Therefore,

> &2 dix f

jeZﬁ

lguller < cllTegullLr =c¢
Ly
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for any ¢ = {¢;}, ¢; = £1. Now again the well-known argument using Khintchin’s inequality
gives

( > (@0« fl)z)l/z

jezyt

lgullLr <c sclflipe, w=0,1,2,3.

Lp

This along with (A.4) implies || f{| z» < [IPo* fllzr + Zizo lguller < cllfllpe. O
Proof of Lemma 4.6. Let &, € X; and & # n. We denote
Sg:={oeS" d0,§)>dE n)/2} and S,:={oe€S": d(o,n) =dE n)/2}.

Evidently S" =S¢ U S,,. We have

du(o) / du(o)
a

< :
g (142/d(E, 0)*(142/d(n, o))k (1+2/d($ )k +2/d(n, o))
&

c2-Jn
S +2/dE )k

We similarly estimate the integral over S, and then (4.8) follows.
To prove (4.9), we observe that G, := B, (c127/) and |G, | ~27/", n € X} (see (2.16)). Then

(1+27dE, m) ™  <clh,n) inf (1+2/dE, 0)) " forgeS”, neX;
oeGy

and hence

2-in du(o)
> a3 < T3 Frwans
S (L420d(E o)k (1 +27d(n, o)k S/ (1427d(E, o)k (1 +2/d(n, o))k

Now, (4.9) follows by (4.8). O
Proof of Lemma 4.7. For the proof of this lemma we need the following technical lemma.

Lemma A.l. Let g € [1,;(S"), j > 0 and let k > 0. Suppose &1,& € S" and d(§,,n) < c*2=J
(v=1,2) for some n € X;. Then

g (@)

(1 +2d(w, n)*’ (AD

|g(51) — g(82)| < c2d (&1, &) Z

where c is independent of g, j, &1, &, and n.
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Proof. Assuming that d > 0 is an admissible function of type (a) (see Definition 2.1), we define

o] v, .
ICj::Zd<§>Pv, i>1. (A.8)

Thus KC; is actually K from (2.6) and Lemma 2.4 with N = 2/ and hence K ; has the properties
of Ky; from Lemmas 2.4 and 2.6. In particular, K; x g = g since g € I1,;(S"), and K;(w - ®)g €
I,j+2 (S"). Therefore, using Corollary 2.9, we obtain

g(6) = / Kj@-§)g@ dp@) =Y coKjw-§gw). &eS". (A.9)

sn (UGXj
By Lemma 2.6, we have

cd(§1,§)2/0+D

i€ = K- 8| < i amr

Combining this with (A.9), we obtain

|g(&1) —g(&)| < Z co|Kj(w-&) — Kj(w-&)||g(@)]

a)EXj

_ g ()]
< c2/dE, A+ 27d(w, gk’
c2/d(& 52)0)62); (1+2/d(w, n)k

J

which completes the proof. O

We are now prepared to prove Lemma 4.7. Evidently, a, < b, + d,, where
dy = sup{[g(€) — g(&)|: 61,6 € Gy, d(€1,&) <1277}

with G :={§ € S": d(&,7) <127/ +2¢/27/7"}. Here ¢y is the constant from (2.16). Note
that G, C G; ifoeXj, and G, NG, #0.
Fix &, & € G§ with d(&1, &) < ¢127/7". Then by Lemma A.1,

g ()]

g6 —s@| <2 Y G

wed)

and hence

_ lg(@)]

d, <c27" E -_

1€ (1+2/d(w, )k
wGXj

From this and the definition of d; (see (4.10)), we infer
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) B 1 1g(w)]
dy Sc2 Z (L+2d(o,m)* 4 Z (1 +2d(, o)

1

= J§;|g(w)|j£: (1 + 2d. F(1+ 2d(@,0)F
- 8@)| oyt
<2 w;\, —(1 2de. ) =c"27"a,,

where we used Lemma 4.6. Therefore, a b* +c%27" a, * with ¢® independent of r. Selecting r
sufficiently large, we obtain an < cbj; . The estlmate in the other direction is trivial. O

Proof of Lemma 4.8..Let n € ;. Define X = {w € &: 2/d(w,n) < c1} and Xym =
{w € X a2m-l g 2/d(w,n) < 2™}, m = 1,2,..., where c¢| is from (2.16). Evidently,
#X, &~ 2"". Write

Gym={6€S" dE n < (2" +1)277}.

Clearly, UweX G C Gy and |Gy | A~ 20"=D" if m < cj. Set y :=min(1, 1/s}. Then

N

2 (1+2/d(w m)* S 3 ol g w( 2 lbwlx)

weXy m weXy m weXy m

s\ 1/s
<62—mk+mn(l )/)+mn/S(|G | / ( |bw|]le($)> )
n.m X,

we
nm n.m

<c2_m(k_"(1+l/s_y))/\/ls< Z |bw|1Gw>(§)

weXy m

< cz—m(k—nmax{l,l/S})Ms< Z |bw|]l(;m>(§), Ee G77’

wedX;

where for the first estimate we used Holder’s inequality if s > 1 and the s-triangle inequality if
s < 1. Summing over m =0, 1, ... we obtain (4.12). O

Proof of Lemma 4.9. Note first that the right-hand side equivalence in (4.13) is immediate
from (2.20). The estimate

M c2/n/2 -~
< ; ’
@S i myr <€
follows easily by (3.11).
‘We next show that
Czjn/Z
My (§) = £eS". (A.10)

(1+27d(E, /s
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By (3.13), 1¥yll Los B, (c2-4)) = ¢52/"/2 Let w € B,(c§27/) be such that

¥ @)] = 1¥yll oo s, 527y = €527, (A.11)
We now claim that there exists a constant ¢ > 0 such that
W (©)] = (c5/2)2"72, ifd(w, &) <27/ (A.12)

Indeed, evidently

1 nin
wez)(.mgcs/-mdﬂ@)<0<oo,

We apply Lemma A.1 to ¥, € IT,; (S") using the above and that ||y, || L~ ~ 2in/2 (see (3.12)) to
obtain

[Yy (&) — Yy ()| < 272 Vace, y), &es".

This and (A.11) readily imply (A.12) for sufficiently small ¢ > 0.
Using (A.12) and (2.20) we obtain

c2in/2 c2in/2
. = - )
(L+2/dE, o)/s ~ (1+27d(E, n)/s

My (§) = (5 /227" P Mg o0-i)(€) >

where we also used that d(w, ) < cg 2~J. Thus (A.10) holds and this completes the proof of the
lemma. O

Proof of Lemma 5.7. Fix 0 <s < min{p, 1} and k > n/s. We introduce the notation:

ay == sup |g(&)], my = inf [g(&)], by :=max{m,: w € Xj4r, G, N Gy # 0},
£eG, §eGy

where r > 1 is from Lemma 4.7. We use Lemmas 4.7, 4.8 and the maximal inequality (2.19) (for
a single function) to obtain

1/p ' '
< Z Sup ’8(5)‘1)) <2/ Z aple,| <c2/"P Z biig,
neX; € neX; Ly neX; Lp
< c2inp /\/ls( Z bnllcn> < c2inlp Z bylc,
neX; L neX; Lr

Now, exactly as in the proof of Theorem 4.5, we have

bylg,(E)<c Y. mblg, (),

wer+r (m
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where X, (n) :={w € Xj;,: G, N Gy # @}). Note that #X;,,(n) < c¢(r,n). Using this,
Lemma 4.8, and (2.19), we infer

Zb,ﬂlgn <c Z milc, <c ./\/lx( Z mw]le)H
r]er Lr a)EXH_, Lr a)er+, Lr
<cl Yo molc,| <clgler
wEXj+r Lr

and the lemma follows. O
Proof of inequality (6.7). We shall use the obvious inequality
a®*b* " <(a+b), if0<a<sanda,b>0, (A.13)

which is immediate from (a/b)* < (a/b+ 1)* < (a/b+ 1)°. Now, seta := 1/t — 1/p, s :=
1/t >a,a:=mx},and b := Z?O:mﬂ xjt.. Applying inequality (A.13), we find

m>

00 1/p 00 1/p 00 I/p
— 1—
IR O YR RS (D o
j=m+1 j=m+1 Jj=m+1
00 1/t
=m @bV <m Y (a+b)T <m™ ij’ . O
Jj=1

Remark. We recently learned from one of the referee’s reports about the existence of a paper by
F. Dai, which has some overlapping with this paper and we would like to acknowledge here. We
refer the interested reader to [3].
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