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Rational bases for spaces of holomorphic functions in the disc

G. Kyriazis and P. Petrushev

ABSTRACT

A new method for construction of bases for general distribution spaces is developed. This method
allows the freedom to prescribe the nature and properties of the basis elements. The method
is deployed to the construction of bases consisting of rational functions of uniformly bounded
degrees for Besov and Triebel-Lizorkin spaces of holomorphic functions in the unit disc. In turn,
this is utilized to give a new proof of Pekarski’s direct estimate for rational approximation of
holomorphic functions in H?.

1. Introduction

The main purpose of this paper is to construct bases for spaces of holomorphic functions in the
unit disc D in C consisting of rational functions of uniformly bounded degrees. Such a basis
will be of the form

R={Rq:Q € Q},

where the index set Q consists of dyadic subintervals of [0, 1], quite like Meyer’s two hump basis
for H?(D) constructed out of periodic wavelets [10]. Each element R of R will be a rational
function of degree at most K that is fixed. Targeted spaces are the Hardy spaces HP (D) and the
more general Besov spaces B, , and Triebel-Lizorkin spaces F};  of holomorphic functions in D.

The primary motivation for this undertaking lies in the theory of rational approximation of
holomorphic functions in D. Pekarskii [15, 16] proved remarkable direct and inverse estimates
for rational approximation in H? (D) which involve Besov spaces and allowed him to completely
characterize the rates of rational approximation in HP?(D). We refer the reader to [14] for
in-depth discussion and analysis of these results. The construction of a rational basis as
described above will enable us to give another proof of Pekarskii’s direct estimate and shed
some additional light on rational approximation of holomorphic functions.

To achieve our goal of constructing rational bases for spaces of holomorphic functions, we
first develop a general method for construction of bases by ‘small perturbation’ of ‘nice’
existing bases. The idea is to approximate the elements of an existing basis, say, {Gg}
by the elements of the new basis {Rg} following two simple principles: localization and
approximation. The localization of the new basis is measured in terms of the size of the inner
products (Gg, Rp), while the approximation is measured by the size of the inner products
(Gg — Rg,Gp). Technically, it boils down to constructing {Rg} so that the operator with
matrix ((Gg — Rg,Gp))q, peo has sufficiently small norms on ¢*(Q) and on the sequence
‘smoothness’ space of interest (for example, Besov or Triebel-Lizorkin sequence space). This
method is rooted in our previous work on bases [6, 7, 17] where bases were constructed for
Besov and Triebel-Lizorkin spaces on R™. In [8], this method was developed for construction of
frames in a general setting and applied to the construction of frames of small shrinking support
on the sphere.
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In our specific implementation of the method here, we approximate Meyer’s two hump
wavelet basis functions, denoted by {G}, by appropriate rational functions {Rg} of uniformly
bounded degrees on T' = dD. The key observation is that the H? projection of the 1-periodized
version of a rational function of the form 1/(1 4 2?)™ on R or its shifts extends to a rational
function on D with poles outside D. This allows us to mediate between rational functions
with poles outside D and rational functions on R and achieve the needed localization and
approximation properties of the new system.

An important background component of our development is the identification of the Besov
and Triebel-Lizorkin spaces B, , and Fj of holomorphic functions in D as spaces of
distributions on the unit circle T obtalned by Oswald [12]. We further improve on this result
by obtaining a characterization of these Besov and Triebel-Lizorkin spaces in terms of Meyer’s
two hump wavelet basis [10], quite in the spirit of the wavelet characterization of Besov and
Triebel-Lizorkin spaces on R (see, for example, [5, 10]).

Our main result asserts that under some conditions on the parameters of our rational basis
R, it can be used for decomposition of the Besov and Triebel-Lizorkin spaces B, , and F}
of holomorphic functions in D. As an application of this result, we prove a direct estimate
for n-term approximation from our rational basis for HP which involves certain Besov spaces
and as a consequence we obtain another proof of Pekarskii’s direct theorem [16] for rational
approximation in HP.

The paper is organized as follows. In §2, we review Besov and Triebel-Lizorkin spaces
of holomorphic functions in D and their identification as spaces of distributions on 7' from
[12]. In §3, we give the definition of Meyer’s two hump wavelet basis for H? and use it for
decomposition of Besov and Triebel-Lizorkin spaces on T'. In § 4, we develop our general method
for construction of bases. In §5, we construct our rational basis and show that it can be used
for decomposition of Besov and Triebel-Lizorkin spaces. In §6, we prove a direct estimate for
n-term approximation from our rational basis in H? and as a consequence we prove Pekarskii’s
direct estimate from [16].

Notation. We shall use the notation T:={z€C:|z|=1} and T:=R/Z; |z —y| =
min,ez | — y + n| will denote the distance on T or on R when dealing with 1-periodic functions.
Positive constants will be denoted by ¢, cq, ¢/, ... and they may vary at every occurrence. Also,
a ~ b means cia < b < cza.

2. Spaces of holomorphic functions in the unit disc

2.1. Definition of Besov and Triebel-Lizorkin spaces

Here, we review Besov and Triebel-Lizorkin spaces of holomorphic functions in the unit disc
D in C. We refer the reader to [13, 19, 20] for the theory of the classical Besov and Triebel—
Lizorkin spaces on R™ and T". We begin with some notation. We let A = A(D) denote the set
of all holomorphic functions in D and for f € A(D) we shall denote

1/p 1 1/p
1f ()l == (JI . f(?"Z)Iple|> = <27TL |f(re* ™) P dt) , 0<p<oo

and

150z = s 17(72).

The Hardy space H?, 0 < p < oo (see, for example, [22]) is defined as the set of all f € A(D)
such that

I Flls = Tan £} r < oc.
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For a function f € A(D) with Taylor series expansion f(z) =3_ f(n)z", we set

JPf(z) = Z(nJr 1)Pf(n)z", BeR.

n=0

For B > 0, this is called the Weyl derivative of f of order (.

DEFINITION 2.1. (a) Let s € R and 0 < p,q < oo. The Besov space (B-space ) Bj, =
B;,(A) is defined as the set of all functions f € A( ) with finite semi-norm

1 1/q
1155, = (Jo(l =) f ()1, dr) if ¢ # o0

and

Bs._ = Sup (lfr)B*SHJﬁf(%)HLp if g =00
o<r<1

(b) Let s€ R, 0 <p< oo, and 0 < g < oo. The Triebel-Lizorkin space (F-space ) Fj, =

F;,(A) is defined as the set of all f € A(D) with finite quasi-norm

/]

1 1/q
s, = H ([ a=nempepar) if g # o0
0 I

and

s =
F}m

/]

sup (1 —r)7=°|J7 f(r)]
0<r<1

In the definition of all of the above quasi-norms, §:= s+ 1.

Observe that in the above definition, it suffices to require 5 > s. For such a selection of 3, the
respective quasi-norms are equivalent. For this and other properties of the B- and F-spaces,
we refer the reader to [2, 12].

It will be important for our further developments that the Besov and Triebel-Lizorkin spaces
of holomorphic functions defined above can be identified as spaces of distributions on the unit
circle T'= {z : |z| = 1}, which should be viewed as their boundary values.

We denote by D, the class of test functions ¢ : T'— C of the form

1
271'190 Z ¢ 27mn9c e [0’ 1)’ with é)(n) — J ¢(e27rim) 6727rinac da:,

n=0 0
such that
Po(p) :=sup(n+1)"|p(n)| < 0o for all r>0. (2.1)
n=0
The locally convex topology in D, is defined by the norms P,., r =0,1,.... The space of

distributions D!, is defined as the set of all bounded linear functionals on Dy. The pairing
of feD/ and ¢ € D+ will be denoted by (f,®) := f(¢), which is consistent with the inner

product f, fo e2™®) g(e2mir) dz on T.
The above definition readlly implies that for any f € D/ there exists r >0 such that
I{f,d)| < & Pr(¢) for all ¢ € Dy, which yields

1f(n)] < c(n+1)", n>=0, where f(n):= (f,e2™ne), (2.2)
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This in turn leads to the conclusion that for any f € D',

f= Z f(n) e2minT i Dg_. (2.3)

n=0

Therefore, for any f € D!, there is a holomorphic function f € A(D) (the extension of f) such
that

f(z)= Zf(n)z”, |z| < 1. (2.4)

n=0

Conversely, for any function f € A(D) with at most polynomially growing Taylor coefficients
(like in (2.2)), there is a unique distribution f € D’, with the same Fourier series coefficients.

New convention. To simplify our notation, from now on we shall use the notation ¢(z) and
f(x) instead of ¢(e2™®) and f(e?™®), and consider the functions defined on R and 1-periodic,
that is, defined on T := R/Z. For instance, the class of test functions D, will consist of all
functions ¢ : T — C of the form

o(z) = Z q?)(n)eQm‘mc with é(n) ::J o(z) e~ 2mins dz,

n>0 0

such that P,.(¢) < oo for all r > 0, where the norms P, are defined in (2.1). It is easy to see
that the topology on D, can be equivalently defined by the semi-norms

No(@) = (16|, 7=0,1,....
By (2.3), it follows that for f € D and ¢ € D,

(f.0) = 3 Fm)an),

n>0

where the series converges absolutely.

As already indicated in §1, when dealing with 1-periodic functions on R we shall use the
distance |x — y| = mingez | —y +nl on R or T.

As usual for ¢ € Dy and z € R, we denote by 7, the translation operator 7,¢(-) := ¢(- — )
and we set ¢(-) := ¢(—-). These definitions extend by duality to D . In particular, for f € Dy

and ¢ € Dy we define the convolution of f with ¢ by f* ¢(x) := f(7.(¢)). It is easily seen
that f * ¢ € Dy and

(@)= f(n)(n) e, (2.5)

n>0

2.2. Equivalent definition of Besov and Triebel-Lizorkin spaces

Here, we give an equivalent definition for the B- and F-spaces, introduced by Definition 2.1,
in terms of distributions on T. We shall essentially follow the development of these spaces in
[12]. Let ¢ € C™0, c0) satisfy

suppp C [0,2], ¢ =0, ¢(t)=1ifte]0,1]. (2.6)
Set ¢1(t) := ¢(t) — ¢(2t) and note that supp @1 C [3,2].
Let the trigonometric polynomials ®; be defined by

Qo(z) ;=1 and @;(z):=» @127 w) ™, j>1. (2.7)
v=0
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DEFINITION 2.2. (a) Let s € R and 0 < p,q < co. The Besov space B, = B, (D)) is
defined as the set of all f € D/, such that

- 1/q
I£llss, = { D219 % fllz,) < 00, (2.8)
j=0
with the usual modification when ¢ = co.
(b) Let s€ R, 0 <p< oo, and 0 < g < oco. The Triebel-Lizorkin space F;, = Fy (D)) is
defined as the set of all f € D/, such that
- 1/q

Fr = ||| Do@71®5 % £ < o, (2.9)

Jj=0

/]

Lr
with the usual modification when ¢ = oc.

One of the main results in [12] asserts that Definitions 2.1 and 2.2 essentially define the
same spaces.

THEOREM 2.3 [12]. With the identification from (2.3)=(2.4), the Besov spaces from
Definitions 2.1 and 2.2 are the same with equivalent norms. The same is true for the
Triebel-Lizorkin spaces from Definitions 2.1 and 2.2.

Several remarks are in order.

(1) The spaces B,, and F, are in general quasi-Banach spaces and Banach spaces if p,q > 1.
(2) In the definition of the Besov and Triebel-Lizorkin norms above, ¢; can be replaced by
any ¢ € C*[0,00) with the properties that supp ¢; C [0, K] and
[p1(t)] 2 ¢c>0 foro+e<t< K —e¢,
where 0 <6 <1, K>1,¢e>0,and 2(§ + ) < K — e. The resulting norms are equivalent.
(3) The spaces B;, and F,, are continuously embedded in D', that is, for any f € B, there

exists k > 0 such that [(f, ¢)| < ¢ fl| s, Pr(¢) for all ¢ € D, and the same holds for F,,.
(4) The Hardy space H? can be identified as FSQ with equivalent norms when 0 < p < oco.

2.3. Additional background material

The maximal operator My, 0 < t < oo is defined by

My (x) = sup <1 | v dy> " (2.10)

I>z |I |
where the sup is over all intervals I of length |I| < 1.
The Fefferman—Stein (see [18]) vector-valued maximal inequality will play a prominent role:
if 0<p<o0,0<qg< o0, and 0 <t < min{p,q}, then for any sequence of functions {f,}>2
on T,

oo 1/q o0 1/q
(Z Mtfu(~)|"> <ec (Z Ifu(~)|"> : (2.11)
v=1 I v=1 I

An estimate on (M,1y)(x) will be needed for an arbitrary interval I C R of length |I] < 1,
where 1 is the 1-periodic extension of the characteristic function on I.
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LEMMA 2.4. For any interval I = [a,b] of length b —a < 1,
(MiLr)(@) ~ (L 1] e —a]) ", (2.12)

where |z — a| :== min, ez |z — a + n|.

This lemma is trivial and the proof will be omitted.

2.4. Localization of trigonometric polynomials

The nearly exponential localization of trigonometric polynomials with coefficients obtained
from sampling of smooth compactly supported cutoff functions will be needed.

LEMMA 2.5. Given ¢ € C*°(R) with supp ¢ C [¢,d] and n > 1, we write
O(x) := Z@(V/n) e, (2.13)
VEZ

Then for any r > 0 and o > 0, there exists a constant ¢ > 0 such that

80 (@) < e’ (L +nla) 7, o] < 4. (2.14)

This lemma is well known and follows by the fact that ¢, the inverse Fourier transform of the
function ¢ above, belongs to the Schwartz class S(R) of rapidly decaying C'*° functions on R.
For the proof, one just applies the Poisson summation formula as in the proof of Lemma 5.9.
We omit the details.

3. Decomposition of B- and F-spaces via the two hump basis

3.1. Two hump wavelet basis

We next introduce wavelets with two humps following closely Meyer’s construction from [10].
As in [10], given f € L*(R) we denote by f its Fourier transform, defined by

f(ﬁ) = JR f(z) e " da. (3.1)

Let U := {2//2¢)(27x — k), j, k € Z} be Meyer’s orthonormal wavelet basis for L?(R). We recall
that v is a real-valued function with the properties

ves®) withswpidc {e: 5 <l < T}, (3.2)
B(1 - 2) = (), |
dolbE )P =1, ¢#o0. (34)
JEZ

From (3.3), it follows that ¢ (z + %) is even. It is convenient to write
b(E) = w(e)e e,
where w(§) = (- + 3)(€) is also real valued and even.

Set

gin(@) =223 "2 (@ +0) —k), 0<k<2,j>0.
LEL
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It is not hard to see that the family {1} U {g;x:0 <k < 27,5 > 0} is an orthonormal basis
for L?(T). These are the 1-periodic Meyer’s wavelets [10]. Then g; (z) + g;.x(—2) is even and
noting that g; x(—2) = g k(1 — ) = g; k- (x) with &* = 29 — k — 1 we conclude that the family

G:={1}U{gjx +gir:0< k<271 j>0}

is an orthogonal basis for the subspace of even functions in L?(T).

Following Bochkarev’s idea from [1], Meyer constructed a basis for H? by projecting the
elements of G onto H2. More precisely, using the Poisson summation formula it readily follows
that

gj,k(l') —9-J/2 Z@(zﬂ.yz—j) eQﬂ'il/(.’t—kQ*j).
VEZ

Set
Gj,k(I) = 27.j/2 Z 12)(27ry27j) (627Til/(:1:7k2_j) + 627-[-1'1/(‘,1‘,7]6*2—_]))

v>0
) . 2um 1 .
:2ﬂﬂ§ U2 = k+ = mive 3.5
V>0W( o )COS( 2 < " 2>>6 ’ (3:5)

for 0 < k <2/~ j>0. This is the orthogonal projection of 9j.k + gj k= onto H?(T). Note
Goo(z) = —e®™@. In addition, let G_1 o(z) := 1. Then the family

{(Gir:0<k<271 j> -1}

is an orthonormal basis for H2. Furthermore, as is shown in [10] this is an unconditional basis
for H? for 0 < p < oo and a Schauder basis for the algebra of holomorphic functions in the
open unit disc which are continuous on the closed unit disc.

We next introduce more compact and convenient notation. Let

Q= [k/2,(k+1)/2), k=0,...,277 =1, j>1, (3.6)

and if Q = @ 1, then we let z¢g := k/27 denote the left end of @ and £(Q) := 277 is its length.
Also, if Q@ = Qjj, then we set Q* = Qi+, where k* :=29 — k — 1.
We define for j > 1,

Q;, ={Qjr:0<k< 2j_1}, Q;- ={Qjr :0< k< 2j_1} ={Q":Q € Q;},

Vj = Q; U Q% and we also set Qo = Q1 := {[0,1]}, Q5 = Q* := (). Note that Q; N Q} = 0.
Finally, we define

Q=) 9 and V=] V. (3.7)

jz-1 jz—1

In what follows, we shall identify any pair of indices (7, k) with the respective dyadic interval
Qjr = [k/27,k +1/27). Then we can write

G=1{Go:QeQ}. (3.8)

Observe that by Lemma 2.5 it readily follows that the basis elements G have a two hump
nearly exponential localization: for any o > 0, there exists a constant ¢, > 0 such that for any

Qe Q,
T c —1/2 |z — 2] - |z — 2 -
|Go()| < col(Q) ((1+— w0 ) +—(1+»€WQ)) ). (3.9)




RATIONAL BASES FOR SPACES OF HOLOMORPHIC FUNCTIONS 441

It is also not hard to estimate the norms of Gg. Indeed, ||Gg|lL2 = 1 by construction. This
and (3.9) lead to

1Gollre ~ £(Q)~Y2HP for 0 < p < oo; (3.10)

see, for example, the proof of Proposition 5.12.
We next show that G is a decomposition system for D, and D/, .

ProrosiTiON 3.1. For any ¢ € Dy,

¢=> ($.Gq)Gq inDy, (3.11)
QEQ
and, hence, for any f € D,
f=> (f£Gq)Gq inD,. (3.12)
QeQ

Proof. Since G is a basis for H? to prove (3.11), it suffices to show that the series in (3.11)
converges in the topology of D, .

Let r > 0 and choose £ > r + 1. Using (2.1) and (3.5), if @ = Qjx, 0 < k <2771, j > 0, then
we obtain

(6. Go)l <2792 > [d(2m27)|[dw)|
27 /3<v<2i+2/3
2P Pe(9) Y (1)< 27T VAP(g),
27 /3<v<2i+2/3
and evidently |Gg(n)| < 279/2+1¢)(2rn277)|. Hence,
> [6.Go)llGo(n)] < 27"Vl (2mn2)|Pe(9).
QEQ;
From this and (3.2), we infer
(n+1)7 > [($.Go)llGo(n)] < 277 VI(2mn27)|Pe(g), n > 0.
QEQ;

Further, we use again (3.2) to obtain

sup(n+1)" 3" 37 [(6,Go)IGom)] < cPu(@)sup 3 277D (2mm2 )|

n=0 n=0

Jj=2N QeQ; =N
< P(p)2 N 50 as N — oo,
which readily implies the convergence in D of the series in (3.11). |

3.2. Main assertion

In order to show that G is a basis for Besov and Triebel-Lizorkin spaces, we need to introduce
their sequence counterparts.

DEFINITION 3.2. (a) Given s € R and 0 < p,¢ < oo, the space b, := b5 (Q) is defined as
the set of all complex-valued sequences h := {hg}gecg such that

a/p\ V4

(o)
by = Z 9i(s=1/p+1/2)q Z lholP < 00, (3.13)
Jj=-1 QeQ;

|7

with the usual modification for g = oc.
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(b) Givens € R, 0 < p < o0, and 0 < ¢ < oo, the space f,, = f,;,(Q) is defined as the space
of all complex-valued sequences h := {hg}geco such that
- 1/q
Il = [ { D 27 > llhalla()] < 00, (3.14)
j=-1 QEeQ; o

with the usual modification for ¢ = co. Here 1¢g := £(Q)~'/?1,.
We next use the above sequence spaces to establish the claimed decomposition result.

THEOREM 3.3. (a) Let s € R, 0 < p,q < co. Then any f € B, has a unique representation
f=72co(f)Gq whereco(f) = (f,Gq), (3.15)

QeQ

and the convergence is in the distributional sense; the convergence is unconditional in the
quasi-norm of B, if p,q # oo. Moreover,

1fllBs, ~ l(ce(F))e

b5a(0)- (3.16)

(b) Let se R, 0 <p < 00,0< q< oo. Then any f € F;, has a unique representation
f=> co(f)Gq where co(f) = (f,Gq), (3.17)

QeQ

and the convergence is in the distributional sense; the convergence is unconditional in the
quasi-norm of Fy if g # oo. Furthermore,

£z, ~ ica(F))el

F34(Q)- (3.18)

This theorem is quite close in spirit to the developments in [3-5, 10, 19]. For completeness,
we provide the essential parts of its proof in the following. We shall need several lemmas.

LEMMA 3.4. For any o > 0, there exists a constant ¢, > 0 such that

) % Go(x)] < ¢o2"?((1+ 2|z —2ql) ™7 + (1 +2"|z — zq-

)79, (3.19)

for Q€ Q,, j—2<v<j+1, and @ xGo(x) =0 for Q € Q, whenever v > j+2 or v <
j—3. Here Q, :=0 if v < —1.

Proof. Let Q =Quk, j—2<v<j+1,j>1, and v > 0. By the definitions of ®;, G¢ in
(2.7), (3.5), and by (2.5) we get

—v ~ H 7 27TM mip(r—x
®;* Go(r) =2 /QZ¢1(2j—1)¢<2v> e?rin(zTac)

nz=0

) _
+2 Y0 (5 )¢<M> ATt i F() + F'(2).
nz=0

27—1 Qv

Set (&) := @1(2V*j+1§)z[)(27r§). Clearly, g € C*(R), suppg C [%, %]7 and all derivatives of
g can be bounded by constants independent of j,v since |v — j| < 3. On the other hand,
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@1 (/29" D) (2mp/27) = §(11/27). Therefore, by Lemma 2.5, we get
|F(2)] < 27/2(1+ 2"z — 2q]) 7,

and the same estimate with z¢ replaced by xg+ holds for F*. These two estimates yield (3.19).
In the case when j = 0 or v = —1, estimate (3.19) holds trivially.

Also, ®; *Gg(x) =0 for Q € Q,, v > j+2, or v < j— 3, since in this case § =0 with §
from above. U

DEFINITION 3.5. For a collection of complex numbers {hq}qecy,, we set

hiy = > ( | (3.20)

PeV; 1+ 2zp — aql)™

Here x > 0 is a sufficiently large parameter that will be selected later on.

LEMMA 3.6. Suppose t > 0 and let {hq}qey,, j = 0 be a collection of complex numbers.
Assume k> 1/t + 1 in the definition (3.20) of hig. Then

hhlg() <eMy | - |hpllp | (2).

Pcy;

This lemma is essentially the univariate version of [4, Lemma A.2] and its proof will be
omitted.

LEMMA 3.7. For any t > 0, there exists a constant ¢ > 0 such that for any trigonometric
polynomial g of degree at most n (n > 0) one has

lg(y)]
sup —————— < c¢(Myg)(z), z=e€T.
P T nfe — g7t S M)

This lemma is well known; its version for entire functions of exponential type is given in [19,
Theorem 1.3.1]. We omit the proof.

Proof of Theorem 3.3.  'We shall only prove part (b) of this theorem in the case when g < oo;
the proof in the case ¢ = oo and the proof of part (a) are easier and will be omitted.

Choose the constants ¢, x, o so that 0 <t < min{p,q}, x > 1/t +1,and 0 > k. Let f € F},, .
Then by Proposition 3.1, f =35 o(f,Gg)Gq in D). Denote briefly cq = (f,Gg) and let
us extend the sequence (cg)geo to QF by setting co+ := cq.

From above and (3.19), we get

1) f(@)] = | Y @@ Gola)| < D> > egll®; x Gol)]

QeQ J2<rv<j+1 QeQ,

. ov/2 el n cq|
j2§l/<j+1 QEZQV (1+27|z —zql)7  (1+2%[z —20-|)7

21//2 |CQ‘ )
¢ Z Z (1+2V|x_xQ|)U

J—2<vsy+1 QEV,

/N
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For any @ € V;, we denote Wq :={P € U, s, cji1 Vo : PNQ # 0}, where V, := 0 if v <0.
Note that #go < 5. Then it follows from above that

@)« f@)| <e Y hlpx), z€QeV;
PeWq

Here 1p := ¢(P)~'/?1p is the L?-normalized characteristic function of P. We now insert the
above in (2.9) and use Lemma 3.6 and the maximal inequality (2.11) to obtain

_ q\ 1/q
1l <c[{ 22 ]2 X2 3 ir)
7>0 QeV; PeWq
L Lr
_ q\ 1/q
<ell[ D [27 > chlal)
720 QEV;
L Lp
_ q\ 1/4q
Sell[ Do M 27> Ieqliq | ()
§=0 QeV;
L Lr
_ q\ 1/q
<c| (D129 Y leqlig < dl(eq)ellfs, o)
720 QEV; I
L P

Thus, [|f[lr;, < cll(cQ)q
in the norm of F},, .
We next prove an estimate in the opposite direction. Put

£2,(Q) which readily implies the unconditional convergence in (3.17)

v

U (x) = 21/1(27r1/2*7) 2T i >0 and W_y(x):=1.
v>0
From properties (3.2)—(3.4) of ¢ and remark (2) after Theorem 2.3, it follows that
1/q

mr, ~ | DS @ D . (3.21)

j>—1

/]

Lr

Observe that \ilj * f is a trigonometric polynomial of degree < %Qj and for @ € Q;,

[(f,G)l = 279720 x f(aq) + U = f(zq-)

<2 (sup 10 1)+ sup 195 ).
yeQ yeQ”
Using the above and Lemma 3.7, we get

S, Go)ie() <e 3 [sup - f<y>|11@<~>}

QeQ; Qev; WEQ

gcl [ % £ (9)

sup

! y q
yet (1 + 29|z — y||)1/t] s [Mtqq}j * (=)
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Further, we use the definition of || -

fs, in (3.14) and the maximal inequality (2.11) to obtain

1/q
I GaNllgs, = ||| Do 2% D I, Go)llo()
j=z—1 QeQ; I
1/q
<e|l| Do 2 UM+ f)())
j=—1
L,
1/q
el DY« () <l flles, -
j=z—1
Lr
Here for the last inequality, we used (3.21). ]

4. General scheme for construction of bases

4.1. The setting

Assume that H is a separable complex Hilbert space (of functions) and D C H is a linear
subspace (of test functions) furnished with a locally convex topology induced by a sequence of
norms or semi-norms. Let D’ be the dual of D consisting of all continuous linear functionals on
D. We also assume H C D’. The pairing of f € D’ and ¢ € D will be denoted by (f, ¢) := f()
and we assume that it is consistent with the inner product (f,¢g) in H. We give some typical
examples:

(a) H = L*R"), D= S(R") the Schwartz class on R", and D’ = &' the dual space of all
tempered distributions on R";

(b) H = L*(R"), D = S (R") the set of all functions ¢ in the Schwartz class S(R™) such
that [ ¢(z)z™ =0 for € Z7, and D’ its dual;

(c) H = H?(T) the Hardy space of boundary values of holomorphic functions in the unit
disc D, and D := D and D’ := D/, as described in §2.

Our next assumption is that L C D’ with norm || - ||, is a quasi-Banach space of distributions,
which is continuously embedded in D’. Further, we assume D C H N L and D is dense in H
and L with respect to their respective normes.

We also assume that £(Q) with norm || - [|4g) is associated to L, a quasi-Banach space of
complex-valued sequences with domain a countable index set Q. Coupled with a basis ¥, the
sequence space £(Q) will be utilized for characterization of the space L. In addition to being a
quasi-norm, we assume that [| - [|;(g) obeys the following conditions.

(i) For any sequence (hq)geg € £(Q), one has [|(hq)ll«e) = (IhoD)ll«e)-
(ii) If the sequences (hg)geco,(9g)oco €4(Q), and |hg|<|gg| for Q€ Q, then

)
1(hQ)lleco) < cll(9Q)le(o)-
(iii) Compactly supported sequences are dense in £(Q).

4.2. Construction of bases for spaces of distributions

4.2.1. The old basis Given spaces D C H C D', L, and ¢(Q) as described in §4.1 with Q
a countable index set, we assume that ¥ := {¢)g : Q € Q} C D is an orthonormal basis for H,
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that is, (¢g,¥p) = dgp for Q,P € Q, and for any f € H,
F=Y (fivQibein H and |fllu =[I((f,ve)elle@):- (4.1)

QeQ
We also assume that U is a basis for the space L in the following sense: every f € L has a
unique representation in terms of {¢g}geco and

F=>" (fvQ)e, (4.2)
QEQ
where the convergence is unconditional in L, and
allflle <I{f;va)alleo) < cllfllz, (4.3)

for some constants ¢y, co > 0.

REMARK 4.1. 1In (4.1)—(4.2) and throughout the rest of this section when we write ‘in H’
or ‘in L’ it will always mean that the convergence of the respective series is unconditional in
H or in L. For unconditional convergence and bases, we refer the reader to [9].

4.2.2. Construction of a new basis Our idea is to first construct, by perturbing ¥, a new
basis © = {0g : Q € Q} for H with elements 6o € H and then to show that under some
additional localization and approximation conditions, © is a basis for L. Since ¥ is a basis
for H, we have

6o =Y (0. vp)p in H. (4.4)
PeQ
Denote by A the transformation matrix
A = (aqpr)q.pea; aqr = (0g,vp). (4.5)

Our key assumption is that the operator A with matrix A is bounded and invertible on ¢2(Q)
and then A~! is also bounded on £2(Q). Observe that if

D = (dgr)q.reo = ((Yq = 0q.¥r))q.reo; (4.6)
then D = I — A and, therefore, A~! exists and is bounded on ¢?(Q) if
IDle2(0)r2() < 1. (4.7)

This is our main assumption in constructing © as a Riesz basis for H. The gist of our method
is to approximate 1o by ¢ in such a way that D satisfies (4.7).
We shall show that under these conditions © is a Riesz basis for H. To proceed, let

A~ =: (bgp)g,reo; (4.8)
and define
éQ = Z@,(bFU Q € Q. (49)
P

Since (A™1)* = (bpg)g,.peo is the adjoint matrix of A~! and
AT e (@)me2(0) = 1A le2(@)mrz(@) < o0,

each row vector of (A~1)* belongs to £2(Q) and hence ¢ from (4.9) is well defined and g € H.

Clearly, bpg = (0g,vp) and hence (¢p,0q) = bpq. i
We set © := {0g : Q € Q}. Then it is easy to see that the pair (©,0) is a biorthogonal
system in H, that is, (fp,0q) = dgp. Indeed,

(0p,0q) = Zle<9P>'¢1> = ZaPlbIQ = (AA Y pg =dpo.
i i
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PROPOSITION 4.2. If A,A~', AT (A=1T are bounded on (?(Q), then © (with dual ©) is
a Riesz basis for H, that is, for any f € H,

f=> (f0g)0q inH (4.10)
QeQ
and
cllfla < 00)qlle o) < callflla- (4.11)

Proof. Tt is well known that (see, for example, [21]) a necessary and sufficient condition for
© C H to be a Riesz basis for H is that O satisfies the following conditions.

(i) The system © is complete in H (the closed span of © is all of H);
(ii) There exist constants ¢/,¢” > 0 such that for any compactly supported sequence h =
(hg)geo one has

Nhllezio) < || D habo| < ¢lhlleo). (4.12)
QeQ H
We shall first prove that for any Q € Q,
vo =Y (g, 00)0r =Y boifr in H. (4.13)
IeQ IeQ

To this end, we shall utilize this lemma.

LEmMMA 4.3. The operator Th := ZQEQ hgtq is well defined and bounded as an operator
from (?(Q) into H.

Proof. Let h = (hq)geco be a compactly supported sequence of complex numbers. Then by
the boundedness of AT on ¢2(Q) and (4.1) we have

ITh||a = <Z hQ9Q,¢P> =l D_ holbq.vp)

QeQ plleco) QeQ

< AT 2 0p2 ()l lle2cg) < cllhllez(g)-

Pllez(Q)

Since compactly supported sequences are dense in £2(Q), it follows that the operator T is
bounded as an operator from ¢?(Q) to H. It also follows that for any sequence {hg} € (*(Q),
the series } oo hflg converges unconditionally in 2(Q).

We now prove (4.13). Since A™! = (bgp)g,peo and [[(A™1)T|2(0)—e2(0) < 00, we have
(bor)r € *(Q) and applying Lemma 4.3 it follows that gg := ZIGQ borfr is a well-defined
element of H. On the other hand,

(90:¥p) =Y bar(fr,¢p) = Y borarr = (A" A)gp = dgp,
IeQ IeQ

yielding go = 1¢. Hence, (4.13) holds.

As a basis, ¥ := {¢)g} is complete in H and now (4.13) implies that © := {fg} is complete
in H as well.

We now turn to the proof of (4.12). Let h = (hg)geo be a compactly supported sequence
of complex numbers. Then by Lemma 4.3, [| > ocghqfqllu < c|[hlle(g), which gives the
right-hand-side estimate in (4.12).
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For the other direction, denote f := ZQthQaQ- As was shown above, the system © :=
{00}, defined in (4.9), is the dual of © and hence for Q € Q,

ho = (f.0q) = <f, mewP> =Y beo (f,vp),

PeQ PeQ
which yields

12lle2(0) < AN lez(@)me2 (@) I(F> ) Pllez (@) < cll flla-

Here, we used the boundedness of (A~1)T on ¢?(Q) and (4.1). Thus, (4.12) is established and
hence © is a Riesz basis. This in turn implies (4.10) and (4.11). O

Our next aim is to show that under some reasonable conditions on A and A~! the system
O is an unconditional basis for L.

THEOREM 4.4. Let A and A~! be bounded on ¢*(Q) and assume that the operators AT
and (A=HT with matrices AT and (A~1)T are bounded on ¢(Q). Then © (with dual ©) is a
basis for L in the following sense: each f € L has a unique representation in terms of {0g}oeco
and

=Y (1.0, (4.14)
QeQ

where by definition (f,0) :== 3" peolfsvp)(Yp, 0¢) and the series converges unconditionally
in L. Furthermore, there exist constants ci, ce > 0 such that

allflle < I(/.0e))allee) < callfllz for f € L. (4.15)

Proof.  We first prove the right-hand-side estimate in (4.15). Let f € L. Then by (4.9),
(Y,0p) = bop and using that (A~1)7 is bounded on ¢(Q), we get

< (Z bPQ<f7'(/}P>>
Qlle

PcQ PeQ

£, 6e)llece) = (Z <f,wp><wp,éQ>>
Qlle(o) (@
<A™ e@)—e l(F va))allae) < cllflle, (4.16)
where for the last inequality we used (4.3). Thus, the claimed inequality is confirmed.

We next deal with the left-hand-side estimate in (4.15). For this, we first prove that the
operator Th:=3 5o hqlq is well defined and bounded as an operator from /(Q) into L.
First let h = (hg)geo be a compactly supported sequence of complex numbers. By (4.4), we
have g = > p agpyp and hence

Th="Y hobg= > | agrhq | vr.

QeQ PeQ \QeQ
Then by (4.3) and the boundedness of AT on £(Q), we obtain

ITh|L <ce|[| Y agrho < AT yo)ymec) [1Plle) < cllbllee)- (4.17)
Qeo plle

By condition (iii) on £(Q), compactly supported sequences are dense in £(Q), and hence the
operator T' can be extended uniquely as a bounded operator from ¢(Q) to L. More precisely,
from above and conditions (i)—(iii) on ¢(Q), it follows that for any sequence h = (hg)geo €
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0(Q) and any € > 0, there exists a finite set of indices F C Q such that for every index set
F' C Q\ F we have

Z hQGQ < e.
QeF’ I

This readily implies (see [9]) that the series 3, o hgflg converges unconditionally in L. Thus,
T is a well-defined and bounded operator from ¢(Q) into L. Assuming that (4.14) is valid, using
(4.17) we obtain the left-hand-side estimate in (4.15).

It remains to show the validity of (4.14). We define a new operator U on L by

Uf:= Z <fa 0Q>9Q'
QeQ
By (4.16), we have ((f,00))oco € £(Q) for f € L. Then from the boundedness of the operator
T it follows that the operator U is well defined and bounded on L. On the other hand, by
(4.10), Uf = f for f € H and hence for f € D, but D is dense in L. Therefore, Uf = f for
f € L, that is, (4.14) holds true. O

5. Rational basis for B- and F-spaces on the disc

In this section, we utilize the scheme from § 4 for the construction of a basis consisting of rational
functions of uniformly bounded degrees for Besov and Triebel-Lizorkin spaces of holomorphic
functions in the unit disc. Our basis will be of the form {Rg}geo, where the index set Q is
the family of dyadic cubes defined in (3.7).

5.1. Construction of the new basis

Let
1
O(z) = EI rER, neN (5.1)
and denote
K
Ok = {9 10(z) = c,®(az+b), ¢b, ER, a> 0} . (5.2)
v=1

Obviously, Ok C Ra,k(R), where R, (R) is the set of all rational functions of degree (order)
at most n on R with real coefficients.

For future references, we denote by R, (D) the set of all rational functions R of degree (order)
at most n which are holomorphic on D, that is, the poles of R are outside D.

The gist of our method is to construct a rational basis for spaces of holomorphic functions in
D by taking the H? projections of the periodized appropriate rational functions from Ry (R)
for some fixed K.

The first step of this scheme is to approximate Meyer’s mother wavelet ¢ and its derivatives
by a rational function on R.

PROPOSITION 5.1.  Suppose that 1) is the function from (3.2)—(3.4) which generates Meyer’s
orthonormal basis of L?>(R). Given N,n € N, M > 0 with 2n > M, and & > 0, there exist K > 1
and 0 € Ok such that

(i) M@)o (@) <e(l+[2)™, 0<r<N+2

() JR 2"0(z)dz =0, 0<r<N. (5-3)
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For the construction of a function 6 as above, we refer the reader to [6, Theorem 4.1] (see
also [8, Theorem 3.8]).

We are now prepared to define the elements of our rational basis. Just as in the construction
of the two hump wavelet basis of H?(T) (see (3.5)), we define for each Q = Q; € Q; (0 < k <
2771 > 0) a function Rg on T by

RQ(m) . 9—i/2 Z é(2ﬂ_1/27j)(e27ril/($fk:2_j) + e27ri1/(z7k:*2_j))7 (5.4)
v>0

where k* =27 — k — 1 and we set Rg(z) :=1if Q = Q_1,. Here 6 is the Fourier transform of
6. Then

R:={Rg:Q € Q} (5.5)

is our new system on T. The parameters N, M, n, € of R will be selected in Theorem 5.2.

5.2. Main result

In the following, we let 7 := 1/ min{1, p} in the case of B-spaces and J := 1/ min{1,p, ¢} for
F-spaces. Now, we can state our main result.

THEOREM 5.2. Suppose s € R, 0 < p,q < oo and let R :={Rqg}geo be constructed as
above with 0 satistying (5.3), where N > max{s,J,J —s—1} and M > N + 1. Then we
have:

(a) Each Rg € R extends to a rational function in Ri (D) for some fixed K < oo.

(b) If ¢ > 0 is sufficiently small (depending only on N and M), then the system R has a
dual system R such that (R, R) is a Riesz basis for H?*(T) and unconditional basis for Bj,
and F,, in the sense of Theorem 4.4. In particular, every f € B, or f € F;, has a unique
representation

f=7>_ do(f)Re, (5.6)
QeQ
where do(f) == (f, Rg) := > peolf:Gp)(Gp, Rg) and the convergence is unconditional in B;
or I, Furthermore, if f € B, or f € F;,, then we have

q’
1fllBs, ~ I{de(f)e

q

@ or Iflles, ~ Ido(Nells ) (5.7)

respectively.

REMARK 5.3. (a) The roles of {s,p,q} and {N, M,e} above can be reversed, that is, the
conditions on the parameters of the basis R can be considered as conditions on the indices
{s,p, ¢} under which the conclusion of the theorem holds.

(b) Using the identification from (2.3) and (2.4), one can immediately extend the elements
of R to D to obtain a rational basis for the F- and B-spaces of holomorphic functions on D.
In the future, for example, in § 6, we shall denote this basis by R again.

We shall carry out the proof of Theorem 5.2 in several steps, showing first that the elements
of R are rational functions.
5.3. The basis elements are rational functions

In this subsection, we prove part (a) of Theorem 5.2 (see Proposition 5.6). To this end, we
need some preparation.
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Denote by P,, the set of all univariate algebraic polynomials of degree at most n.

LEMMA 5.4. Let ®(z) = 1/(1 + 2?)", n € N. Then there exists a polynomial P € P,,_; such
that

d(z) = e 1 P(|z|), (5.8)

where ® is the Fourier transform of ® (see (3.1)).

Proof. Since @ is an even function, ® is also even, and hence it suffices to establish (5.8)
for £ > 0 only. Changing the variables, we get

~ 1 i eiy
D(x) = J e gy = 2L J ——dy. 5.9
@)= T P @) (5.9)
Let . ‘
eZZ e'LZ

(z) = (22 + 22)" - (z —iz)"(z +ix)"
Fix > 0 and for R > z, let v = v be the curve consisting of the segment [—R, R] on the real
line and the arch of the circle |z| = R in the upper half plane. By the Residue Theorem,

! j £(2) dz = Res(f; ix),

2mi

where Res(f;ix) is the residue of f at iz given by

n—1
Res(f;ix) = =1, ZILI?E o (z —iz)" f(2)
B 1 i dn—l eiz
T e den t \(z i) )
Using Leibniz’s formula, there exist constants a, € C, v =0,...,n — 1 such that
n—1
Res(f;ix) = e Z a,z” " (5.10)

v=0

Writing

R iy ™ iRe' ; p it
e e 1Re
dz = ——dy + | L,
L f(z)d= LR @2+ 2 Y J-o (22 + R2e2it)n
we observe that the second integral above tends to zero as R — oo and letting R — oo we
arrive at

e . .
kady = 2mi Res(f;ix). (5.11)

Finally, putting together (5.9)—(5.11) we get
n—1
d(z)=e" Z ez’
v=0
for some constants cg,...,c,_1 € C, which completes the proof. ]

LEMMA 5.5. Let P €P,,_1,n € N and a € C. Then there exist constants by, ...,b,_1 € C

such that
n—1 v+1
> P(m) (z)mzb(afz> .2 < al. (5.12)
v=0

m=0
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Proof. Putp,(x):=((x+1) - (z+v))/vforv>1and py(x) := 1. Clearly, the polynomi-
als po, . . ., pn—1 are linearly independent and p, (m) = (mj ). Therefore, there exist coefficients
b, € C,v=0,...,n—1 such that

n—1
:Zby(m+”)7 m € L. (5.13)
14
v=0

On the other hand, the identity (1/(a — 2))*) = v!/(a — 2)**! implies that for |z| < |al,

s (3) -0 T -2 (e

n>v

Using this and (5.13), we obtain

S ro (3 =0 X (") G- ()

m=0 v=0 m=0

which confirms (5.12). O

We are now prepared to show that the new system R = {Rg : Q € Q} (defined in (5.5))
consists of rational functions of uniformly bounded degrees.

PROPOSITION 5.6. FEach element Rg of the new system R extends to a rational function
from Ro, ik (D).

Proof. Let Q= Qji € Q; (0 <k <2771 > 0). From the definition of Rg in (5.4), we infer
that Rg can be extended in D as

Rq(2) = Hjk(2) + Hjp-(2),
where
Hjp(z) =27/23 " (2mm27) e 2™mk2 7 om |z < 1 (5.14)
m=0
and k* := 27 — k — 1. Observe that from the decay of 0, it follows that the last series above
converges absolutely for |z| = 1. Thus, it suffices to show H;x(z) € Rk if 0 < k < 27.

Since 0 € Ok, then 0 is of the form 0(x) = 25:1 ¢, ®(ax + 5,) with o > 0 and ¢, 8, € R.
Applying the Fourier transform and Lemma 5.4, we get

K K
(&) = a'0(¢/a) Y e, P/ = a7t e EIP(Ig]fa) Y e, e /NE (5.15)
v=1 v=1
where P € P,,_1, and hence
K
ij(z) —9-i/2 Z -l 6727rm2_-7a_1p(27rm27ja71) Z ¢, ei2mm277 (B, /a—Fk) ;m
m=0 v=1
=97/ Z “ N PErm27iaY) . S "
exp{2m2=ia~! — 27279 (B, /o — k)}

m=0

We set a, := exp{2772_3a_1 —i27279(B,/a — k)} and apply Lemma 5.5 to obtain

K n—1 r+1
Hjp(z)=2" J/QZQ cl,ZP27rm2 Ta~ <> ZZ%”C”( — ) ,

m=0 v=1r=0
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for some 7, ..., vn—1 € C. Observe that |a,| > 1. Therefore, H; ; € R,k (D), which completes
the proof. |

5.4. Almost-diagonal operators
For the proof of Theorem 5.2, we need to study the boundedness of almost-diagonal operators

on the sequence spaces by, := b, (Q) and f5, = f;,(Q).

DEFINITION 5.7. Let A be a linear operator acting on by, or f,, with associated matrix
(agpr)g,peco- We say that A is almost diagonal if there exists ¢ > 0 such that

sup lagp|
Q,peo ws(Q, P)
where for Q € Q; and P € Q;, 4,5 > —1,
w0(Q, P) = 2095 min{2l-D(1+0)/2_gl=i)(T+5/2-1/2))

< 00,

1 1
— — , 5.16
X ((1 +2m1n{z,j}|xQ 7$P|)‘7+6 + (1 +2m1n{z,j}|xQ — Tpn )J+6> ( )
with J := 1/ min{1,p} for b7, and J := 1/ min{1,p,q} for f;,.

Note that above we use our earlier convention |z — y| := min,cz | — y + n/.
We claim that almost-diagonal operators are bounded on by, and f,,. More precisely, with
the notation

lagp|
Alls = sup —=——, 5.17
1Al = e, @, P) 47

the following result holds.

PROPOSITION 5.8. Suppose s € R, 0 < g < 00, and 0 < p < oo (0 < p < oo in the case of
b-spaces) and assume ||A||s < oo for some § > 0. Then there exists a constant ¢ > 0 such that
for any sequence h := {hq}qeg € b5,

[|AR

b, < cllAs]lh

b;q7 (518)
and for any h 1= {hq}qeo € fpy:
| A

f3a < CllAs[1R]

The proof of this proposition is quite similar to the proof of [4, Theorem 3.3]. We omit it.

5.5. Estimation of inner products

Our next step is to estimate the decay of |(Rg,Gp)| and [(Gg — Rg, Gp)| away from the main
diagonal. To this end, we need some preparation.

LEMMA 5.9. Let h € C%*(R) satisfy the following conditions for some N >1 and M >
N +1:
J 2"h(z)de =0, 0<r<N, (5.20)
R

W ()| < AQ + Jz))™™, r=0,1,2. (5.21)
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If
= Z (2mvn =t e ™ n > 1,
v20

then
l9(x)| < cAn(1+n|z))™N, |a] < 3. (5.22)

Proof. Formally,
€K (©) = (<) | (a7 h(a)) ™ e da,
R
and hence, using (5.21) and the assumption M > N + 1, we get

|£\2\h(r><5)|<JR|(x h(2)"|dz < cA for 0< 1 <N,

which implies
RO©] < cAL+1€)7% €€R, 0<T <N,
On the other hand, by (5.20) we have h(r )(0) =0for0<r <N

Let f:= (h(- Mio,00)) ", that is, f(z) = [~ h(£)e**d¢. Using the above, we infer
uwwm:UfW% @%\ |7 @)1 < ca,
0
and hence
|f(@)] < cA(L+ |z))7Y, zeR. (5.23)
Poisson’s summation formula
S flatv) =) f2mw)em, (5.24)
vEZL VEZ

applied to f(n-) (observe that m =n~1f(-/n)) yields

= Z h(2rvn~t) 2™ = p Z f(n(x+v

) Ve

This coupled with (5.23) gives, for |z| < 3,
lg(x)] < cnA Z(l +nlz+ )™V <enAl +nlz))N Z v N <enA(l 4 njz))™N

VEZL v>1

which completes the proof. ]

In the following, for a given function g on R we set g;(x) := 27g(27z) for j € Z. Observe that
(95)"(§) = 9(¢277).
LEMMA 5.10. Suppose that the functions g € C™(R) and h € C(R) satisfy the conditions
9" (@) < AL+ [2)) M, 0 <r <N, [h(2)] < Ao(1+ [a]) M

and

J 2"h(x)dt=0 for0<r< N —1,
R
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where N > 1, My > My, My > N + 1, and Ay, As > 0. Then for k > j (j, k € Z),
g5 % hye ()| < AL Ag2~F=DNI(1 4 97 |¢|)~M

where ¢ > 0 depends only on My, Ms, and N.

The proof of this lemma is essentially the same as the proof of [4, Lemma B.1]. The only
difference is in the normalization of the functions. We omit the proof.

To give our main assertion here, we introduce the following notation: given f,h € L'(R) we
write for Q = Qjr € Qj and P = Py, € Qi

Fo(z) == 9—i/2 Z f(27ry2—j)(e2mu(m—k2ﬂ') n 62.,”-1,(1_]6*2,,-))7
v>=0

) , . o (5.25)
Hp($) — 2—m/2 Z h(2,ﬂy2—m)(e2mu(m—12 ) + e27rw(z—l 2 ))
v=0
PROPOSITION 5.11.  Suppose that f,h € CN*2(R), N > 2 satisfy the conditions
O @) < A+ |2)™™ and (A7) (@) < Ao(1+ [a]) M, (5.26)
for 0 <r < N+ 2, where M > N + 1 and
J xrf(x)da::J 2"h(z)dx =0, 0<r<N-—1L1 (5.27)
R R
Then for Q@ = Qj, € Qj and P = Py, € Oy,
|(Fq, Hp)| < cAy A2~ lI=mI(N+1/2)
x [(1 4 2mnmdz0 — 2p))™N 4 (14 2m00mgg — 2p. )N, (5.28)

where ¢ > 0 depends only on N and M.

o Gtm2 N~ (27N 5 (270 ariv(er—aq)
(Fg,Hp) = 27U Zf( j>h<2m e P-2Q

2
v=0
= (2 s (270 .
2 (G+m)/2 ity I A (it 2miv(zpx —xQ)
N Vz:; % om ) ©
+ 2*(]+m)/2 i‘f 271—71/ i’L 271/ 6271'1'1/(1:1:71@*)
= J 2
+ 2~ (j+m)/2 Z f 277—7” iL 27(-7” 6277iu(xp* —xgx)
=0 7 2
=: 1+ B2+ B3+ Pa-

Assume m > j. It is readily seen that

P50 (50) = by = (s (7).

where h(x) := h(—x). On the other hand, evidently
(f * hn—) (@) = (f7) 5 hn—j ) ().
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By (5.26), we have
|f(r+s)(a:)| <A (1+ |x|)_M, 0<s<N,0<r<2 and |}~L($)| < Ax(1+ \x|)_M.

Also, by (5.27) it follows that [}, xSiL(x) dr =0,0<s<N —1. We apply Lemma 5.10 to f(")
and h to obtain

(F # ) D @)] = [(F 5 ) (@)] < 2N (14 o)™, < r <2,
On the other hand, by (5.27) it follows that

J 2 (fx b)) (@)de =0, 0<7r<2, 0<s<2(N 1), (2(N—1)>N).
R

Using the above, we apply Lemma 5.9 to f x Bm_j and infer
By < 2 UHtm29=(m=IN9i(1 4 91 |zp — zo)) N
= 27 (m=DWV+1/2) (1 4 ¥|zg —zp|) V.

Exactly in the same way, we get similar estimates for 32, 33, B4, where xg — xp is replaced
by xg — xp+, xg- — xp, and xg- — xp-, respectively. These estimates imply (5.28) taking into

account that 2/ |zp — zg| ~ 2/|zps — xg+| and 2 |zp. — xg| ~ 2/ |zp — 2. O
5.6. Proof of Theorem 5.2
Let

A = (agp)q,rea: aq.p:=(Rq,Gp), (5.29)

and D =1 — A, that is,
D= (dQP)Q,PEQv de = <GQ — RQ,GP>. (530)

Obviously, Theorem 5.2 will follow by Theorem 4.4, applied with H := H?(T), L := B, and
Q) :=b,(Q) (or L := Fj, and £(Q) := f;,(Q)), and ¥ := G, Meyer’s biorthogonal basis from
(3.8) and Theorem 3.3, if we prove that the matrices A, A~! above are bounded on H?(T) and
AT (A=) are bounded on b, (or f5,).

To establish the boundedness of A, AT, it is sufficient to show that A is almost diagonal on
b3, (f5,), while for the boundedness of A~!, (A~1)7 it is sufficient to prove [|D bs,—bs, < 1 (or
D fs,—rs, <1). However, by Proposition 5.8, [D|lss —ts. < ¢[[D]ls, and hence it suffices to
prove that there exists § > 0 such that for any sufficiently small € > 0,

IDls <e, (5.31)

and similarly for f3,. We shall only prove (5.31); the proof of the estimates || A ||, [AT|[s < oo
is very similar and will be omitted.
By the definition of the systems {G¢} and {Rg} in (3.8) and (5.5), we have for Q = Q1 € Q;
(=0,
GQ((E) _ RQ(iE) _ 2—j/2 Z(w _ 9)/\(2yﬂ_2—j)(e2um’(w—k277‘) + €2u7ri(:z—k*27j))’
v>0
GQ(x) —9-i/2 Z,&(2V7T27j)(62u7ri(z7k27") + ezum(mfk*sz))’
v>0

and from the construction of ¢ in Proposition 5.1 and from (3.2),

(=0T (@) <e(l+]z)™™, (@) <e(t+]a))™, 0<r <N +2,

J x"0(z) dx = 0, J 2"P(x)de =0, 0<r <N -1,
R R
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where M > N + 1 and N > max{s, J,J — s — 1}. Now, applying Proposition 5.11 we obtain
for Q € Qj,PE Q;, 1,5 =0,

(G — R, Gp)| < cominf20-9,20-DIN41/2 5 (1 4 9minli) gy — gp) N

+ (1 4 2mnedd 20 — 2p.)7N). (5.32)
It is easy to see that this estimate also holds whenever i = —1 or j = —1. Therefore, there
exists § > 0 such that ||DJ|s < ce. However, ¢ is independent of ¢, N, M, and hence ce can be
replaced by e, that is, (5.31) holds. O

5.7. Localization and norms of the basis elements {Rq }

The following result will be instrumental in the next section.

ProOPOSITION 5.12. For any @ € Q, we have

|Ro(z)] < ct(Q)/2 <<1 + M) h + <1 + W) _N> : (5.33)

UQ) UQ)
and if € > 0 in the definition of Rq is sufficiently small, then
IR llze ~ £(Q)"Y*FYP  for 1/N < p < oco. (5.34)

Proof. Estimate (5.33) is immediate from the definition of Rq in (5.4) and Lemma 5.9.

From (5.33), it readily follows that | Rgl||z» < cf(Q)~1/2+1/P if p > 1/N. The estimate in the
other direction is more subtle. Exactly as in the proof of (5.32) using Proposition 5.11, we get
|[Go — Rgl|12 < ce. On the other hand, ||Gql|r2 = 1. Therefore, choosing £ > 0 so that ce < 3,
we obtain 3 < ||[Rgl|rz < 2. This and (5.33) imply (5.34) in general. Indeed, if 1/N < p < 2,
then

I <IRall7: < IRallfs | Roll 7 < el Rallf, (@)~ 772,

and hence | Rgl|z» = cf(Q)~1/2+1/P If 2 < p < oo, then we apply Holder’s inequality to obtain

1 _ /
1< | IRa@ do < IRollir IRallr < clRallin(@)~/*7,

which leads again to ||[Rgl|z» > c£(Q)~'/2T1/P. For p = oo, this estimate is immediate from
IRqllze > 3 O

6. Rational approximation in the Hardy spaces HP on the disc

Here, we use the development of a rational basis from the previous section to give another proof
of the direct estimate of Pekarskii [16] for rational approximation in H?(D). Given f € H?,
we denote by p,(f, HP) the best approximation of f from the class R, (D) of rational functions
of degree at most n on D, that is,

n ,Hp = inf - p.
pn(f, HP) geéll(m”f glla

Pekarskii’s result involves the Besov space B2 : =B, s>0, 1/7:=s+1/p, 0 <p < oo of

TT)
holomorphic functions in D.

THEOREM 6.1 (Pekarskii [16]). For any f € B2,
pn(f HP) < en™®|[fllpg, =1, (6.1)

where the constant ¢ > 0 depends only on s and p.
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This result coupled with the companion Bernstein estimate from [15] enabled Pekarskii to
give a complete characterization of the rates of rational approximation (approximation spaces)
in the H? spaces; see [14] for a comprehensive discussion of these results.

To prove estimate (6.1), we shall consider the n-term approximation in H? from the rational
basis R := {Rq : Q € Q} we constructed in §5.1. More precisely, we shall use {Rg} to denote
both the basis functions introduced in (5.4) and (5.5) and their analytic extensions to D that
are rational functions with poles outside D as shown in §5.3. As such, we have ||Rq| g»(p) =
|Rq|lrr, where on the right we have the LP-norm of Ry on T. We hope this slight abuse of
notation will not create problems.

Let 3, be the nonlinear set of all functions g of the form

9= ) aqRa,
QEN,
where A, C Q, #A, <n, and A, may vary with g. Denote by o,,(f), the error of best HP-
approximation to f € H? from ¥,,, that is,
Un(f? Hp) = giengn ”f - gHHP

The approximation will take place in H?(D), 1/N < p < oo, where N is the main parameter
of the basis R, see Theorem 5.2; N can be selected arbitrarily large.

Under this assumption, from (5.7) in Theorem 5.2 and (5.34) one obtains easily the following
representation of the norm in B3:

1/7
Ifllss ~ | D 1K Re)Rallas | (6.2)
QeQ
We now give the main result of this section.
THEOREM 6.2. If f € B2, then
Un(vap) <Cn_st||Bi7 nz=1, (6'3)

where ¢ depends only on s, p, and the parameters of R.

REMARK 6.3. Observe that by Theorem 5.2, Rg € Rx (D) for all Q € Q with some K =
const. Therefore, 3, C Rg, (D) and hence p,(f, H?) < g, (f, H?). Consequently, estimate
(6.3) implies Pekarskii’s estimate (6.1).

The proof of Theorem 6.2 relies on the following lemma.

LEMMA 6.4. Let F' =3 o aqgRq, where Q, C Q and #Q, < n. Suppose |laqRql|n» <
A for Q € Q,,, where 0 < p < co. Then ||F||z» < cAn'/P.

Proof. Let 1 < p < oo; the case when 0 < p <1 is trivial. For the rest of the proof, we
shall work as before with the norms on T rather than on D. By (5.34) and the assumption
lagRol|l» < A, we get |ag| < cAL(Q)'/?71/? for Q € Q;. Choose t so that 1/N < ¢ < 1. Then
using (2.12) and (5.33) we infer

|Ro(2)] < eM(6(Q) 1) (2) + eM(U(Q) VP lg)(x), Q€ Q;,
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and hence, using the maximal inequality (2.11),

1Fllze < || > Millagle(@)?1g) | +e|l D Mullaglt(@)~1/15)

Qeq e QeQ, I

<e| X lnell@™ o) el 3 lall@)7 15

QeQ, o QeQ, I

Sed| Y UQ) VMg

Qe e

Let E :=Ugeq, @ and w(z) := min{l(Q) : Q € U,z € Q} for z € E. Clearly, for z € Q, Q €
Q,,, we have

S WP @YY< 27 = ¢ < 0,

P:z€P,QCP v>0

Therefore,

> Q) VP1g(x) < caw(x) VP, z € E,
Qe

which implies

1/p
1Pl < cAlol() 7 = e (| wto) 1)
E
1/p

<A > e(Q)*J 1g(x)dx < CA(#Q,)VP < cAnt/P. O
Qe B

One carries out the proof Theorem 6.2 precisely as the proof of [11, Theorem 6.2], using
(6.2) and Lemma 6.4. We omit the details.
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