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ABSTRACT. We study the regularity of centered Gaussian processes (Zz (w))ze M,
indexed by compact metric spaces (M, p). It is shown that the almost every-
where Besov space regularity of such a process is (almost) equivalent to the
Besov regularity of the covariance K(z,y) = E(Z;Zy,) under the assumption
that (i) there is an underlying Dirichlet structure on M which determines the
Besov space regularity, and (ii) the operator K with kernel K(z,y) and the
underlying operator A of the Dirichlet structure commute. As an application
of this result we establish the Besov space regularity of Gaussian processes
indexed by compact homogeneous spaces and, in particular, by the sphere.

1. INTRODUCTION

Gaussian processes have been at the heart of probability theory for very long
time. There is a huge literature about it (see among many others [32], [29], [30]
[2], [1] [34]). They also have been playing a key role in applications for many years
and seem to experience an active revival in the recent domains of machine learning
(see among others [36], [39]) as well as in Bayesian nonparametric statistics (see for
example [48], [26]).

In many areas it is important to develop regularization procedures or sparse
representations. Finding adequate regularizations as well as the quantification of
the sparsity play an essential role in the accuracy of the algorithms in statistical
theory as well as in Approximation theory. A way to regularize or to improve
sparsity which is at the same time genuine and easily explainable is to impose
regularity conditions.

The regularity of Gaussian processes has also been for a long time in the essentials
of probability theory. It goes back to Kolmogorov in the 1930s (see among many
others [18], [45], [47] [28], [31]).

In applications, an important effort has been put on the construction of Gaussian
processes on manifolds or more general domains, with the two especially challenging
examples of spaces of matrices and spaces of graphs to contribute to the emerging
field of signal processing on graphs and extending high-dimensional data analysis
to networks and other irregular domains.
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Motivated by these aspects we explore in this paper the regularity of Gaussian
processes indexed by compact metric domains verifying some conditions in such a
way that regularity conditions can be identified.

In effect, to prove regularity properties, we need a theory of regularity, compat-
ible with the classical examples: Lipschitz properties and differentiability. At the
same time we want to be able to handle more complicated geometries. For this
aspect we borrow the geometrical framework developed in [14], [25].

Many of the constructions for regularity theorems are based on moments bounds
for the increments of the process. Our approach here is quite different, it utilizes the
spectral properties of the covariance operator. In particular, we use the Littlewood-
Paley theory (this point of view was implicitly in [12]) to show that the Besov
space regularity of the process is (almost) equivalent to the Besov regularity of the
covariance operator. Especially, it is shown that the almost everywhere Besov space
regularity of such a process is (almost) equivalent to the Besov regularity of the
covariance K (z,y) = E(Z,Z,).

It is also important to notice that unlike many results in the literature, the
regularity is expressed using the genuine distance of the domain, not the distance
induced by the covariance.

We illustrate our approach by revisiting the Brownian motion as well as the
fractional Brownian motion on the interval. We show the standard Besov regularity
of these processes but also prove that they can be associated to a genuine geometry
which finally appears in a nontrivial way.

We also illustrate our main result on the more refined case of two points homo-
geneous spaces and the special case of the unit sphere S in R4+1.

In the two subsequent sections, we recall the needed background information
about Gaussian processes, the geometrical framework introduced in [14], [25], and
how it allows to develop a smooth functional calculus as well as a description of reg-
ularity. In Section 4, we state the main results of the paper: the regularity theorem,
The Ito-Nisio representation and the link with the RKHS. Subsection 4.3 details the
seminal case of the Neumann operator and the standard Brownian motion. In this
case, the salient fact is not the regularity result (which is known) but the original
geometry corresponding to this process. The proofs of the main results are carried
out in Section 5. Section 6 recalls some basic facts (and less basic) about positive
and negative definite functions on two point homogeneous spaces. Section 7 estab-
lishes the Besov regularity of Gaussian processes indexed by the sphere. Section 8
is an appendix where we detail some facts on positive definite and negative definite
functions as well as Gaussian probability on separable Banach spaces.

2. (GAUSSIAN PROCESSES: BACKGROUND

In this section we recall some basic facts about Gaussian processes and establish
useful notation.

2.1. General setting for Gaussian processes. Let (2, A, P) be a probability
space. Consider a centered Gaussian process on a set M, i.e. a family of real random
variables Z,(w) with z € M and w € Q such that for all n € N, 21,...,2, € M,
and ag,...,a, € R

n

Z o;Zy, is a centered Gaussian random variable.

=1
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The covariance function K (z,y) associated to such a process (Z;)zenr is defined
by
K(z,y) :=E(Z,Z,) for (z,y) € M x M.

It is readily seen that K (z,y) is real-valued, symmetric, and positive definite (P.D.),
i.e.

K(z,y) = K(y,z) €R, and
vneN, Vay,...,zp € M, Vay,...,a, € R, Z a0 K (5, 25) > 0.

,j<n
Remark 2.1. In this paper, we only consider real Gaussian variables and real
Hilbert spaces.

2.2. Gaussian processes with a zest of topology. We now consider the follow-
ing more specific setting. Let M be a compact space and let i be a Radon measure
on (M, B) with support M and B being the Borel sigma algebra on M. Assuming
that (€, A, P) is a probability space we let

Z:(M,B)® (Q,A) — Z;(w) € R be a measurable map

such that (Z;)zen is a Gaussian process. In addition, we assume that K(z,y) is a
symmetric, continuous, and positive definite function on M x M. Then obviously
the operator K defined by

Kf(z) = /M K(z.y)f)du(y), e LM, p),

is a self-adjoint compact positive operator (even trace-class) on L?(M, u). More-
over, K(L?) C C(M), the Banach space of continuous functions on M. Let
vy > vy > --- > 0 be the sequence of eigenvalues of K repeated according to
their multiplicities and let (ug)r>1 be the sequence of respective normalized eigen-
functions:

/ K (2, y)u (9)duly) = viun (2).
M

The functions wuy are continuous real-valued functions and the sequence (uk)g>1
is an orthonormal basis for L?(M, ). By Mercer’s theorem we have the following
representation:

K(z,y) =Y veur(a)ux(y),
k

where the convergence is uniform.

Let H C L?(£2, P) be the closed Gaussian space spanned by finite linear combi-
nations of (Z,)zear. Clearly, interpreting the following integral as Bochner integral
with value in the Hilbert space H, we can define

1
By (w) = \/—VTC /M Zyp(w)ug(x)du(x) € H.

It is not difficult to prove that By is a sequence of independent N(0,1) variables
and that the process

is a modification of Z,(w), i.e. P(Z, = Z,) =1,Yz € M.
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We are interested in the regularity of the "trajectory” « € M +— Z,(w) for almost
all w € Q and for a suitable modification of Z, (w) and for this reason, we will focus
on the version Z,(w).

3. REGULARITY SPACES ON METRIC SPACES WITH DIRICHLET STRUCTURE

On a compact metric space (M, p) one has the scale of s-Lipschitz spaces defined
by the norm

|f(z) = f()]
p(z,y)*

In Euclidian spaces a function can be much more regular than Lipschitz, for
instance differentiable at different order, or belong to some Sobolev space, or even in
a more refine way to a Besov space. For this purpose, we consider metric measured
spaces with Dirichlet structure. This setting is rich enough to develop a Littlewood-
Paley theory in almost complete analogy with the classical case on R%, see [14, 25].
In particular, it allows to develop Besov spaces By, with all set of indices. At the
same time this framework is sufficiently general to cover a number of interesting
cases as will be shown in what follows. We next describe the underlying setting in
detail.

(3.1) IfllLip, = Il + sup , 0<s<L
z#y

3.1. Metric spaces with Dirichlet structure. We assume that (M, i) is a com-
pact connected measure space, where p is a Radon measure with support M. Also,
assume that A is a self-adjoint non-negative operator mapping real-valued to real-
valued functions with dense domain D(A) C L?(M, ). Let P, = e~ *4, ¢ > 0, be
the associate self-adjoint semi-group. Furthermore, we assume that A determines
a local and regular Dirichlet structure, see [14] and for details [19], [43], [41], [42],
[44], [11], [22]. In fact, we assume that P, is a Markov semi-group (A verifies the
Beurling-Deny condition):
0<f<1and feL? imply 0< P f <1,

and also P, 1y, = 1p (equivalently Alps = 0). From this it follows that P; can be
extended as a contraction operator on LP (M, u) for 1 < p < oo, i.e. [|Pifllp < [|flp,
and PP f = Py sf, t,s > 0.

The next assumption is that there exists a sufficiently rich subspace DcC D(A)
such that f € D = f2 € D(A) (see [11]). Then we define a bilinear operator
“square gradiant” T': D x D — L by

[(f,9) = —5[A(fg) ~ FA(g) ~ 9A()].

Consequently, T'(f, f) > 0 and fM A(f)gdu = fM I'(f, g)dp (formula for integration
by parts).

Main assumptions:
(1) Let
(3-2) plz,y) = sup f(x) = f(y) forz,ye M.
r(f,f<1

We assume that p is a metric on M that generates the original topology on
M.
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(2) The doubling property: Denote B(xz,r) = {y € M : p(x,y) < r}. The
assumption is that there exists a constant ¢y > 0 such that
(3.3) w(B(x,2r)) < cou(B(z,7)), VYo e M, Vr> 0.

This means that (M, p, 1) is a homogeneous space in the sense of Coifman
and Weiss [13]. Observe that from (3.3) it follows that

(3.4) w(B(z, M) < co\lp(B(z,r)) forxz € M, r >0, and A > 1,

where d := log, co; the constant d plays the role of a dimension. .
(3) Poincaré inequality: There exists a constant ¢ > 0 such that for all f € D,
reM,and r >0

wt [ GeNdu<at [ NG
AER B(z,r) B(z,r)

As a consequence the associated semi-group P, = e %4, t > 0, consists of integral
operators of continuous (heat) kernel p;(z,y) > 0, with the following properties:

(a) Gaussian localization: For all z,y € M and ¢t > 0

c exp{ P (wﬂ/)} c3 exp{ P (w,u)}

(B, VO)u(B(y, ol ) W u(B(y, Vi)

(b) Holder continuity: There exists a constant x > 0 such that

(3.5)

exp{ P £f£y) }

\/u w(B(y, V1))

for z,y,y' € M and t > 0, whenever p(y,y') < V.
(¢) Markov property:

(3:6)  |pe(a,y) —pe(z,y)] < @ (p( /))

(3.7) / pi(x,y)du(y) =1 for x € M and t > 0.
M

Above ¢y, o, c3, ¢4 > 0 are structural constants.

Remark 3.1. The setting described above is quite general. This setting covers, in
particular, the case of compact Riemannian manifolds. It naturally contains the
cases of the sphere, interval, ball, and simplex with weights. For more details, see

[14].

Notation. Throughout we will use the notation |F| := u(FE) and 1g will stand
for the characteristic function of £ C M. Also || - ||, = || - lzr :== || - |ze(at,p)-
Positive constants will be denoted by ¢, c’,c1,C,C’, ... and they may vary at every
occurrence. The notation a ~ b will stand for ¢; < a/b < co. As usual we will
denote by N the set of all natural numbers and Ny := N U {0}.

From the compactness of M and the fact that A is an essentially self-adjoint
non-negative operator it follows that the spectrum of A is discrete and of the form:
0 < A\ < A2 <---. Furthermore, the respective eigenspaces H,, := Ker(A — A\, Id)
are finite dimensional and

(M p) = @/HM@'

k>1
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Denoting by Py, the orthogonal projector onto Hy, the above means that all
f € L*(M, p1) can be expressed in the following form f =", Py, f. In addition,
(3.8) -

Af =3 NePu, f, Vf€D(A), and Pf=3 e ™ Py, f Vel

E>1 E>1

More generally, for a function g € L>°(R,) the operator g(v/A) is defined by

(3.9) gWVAf = 9P, f, Ve L.

k>1

The spectral spaces Xy, A > 0, associated with v/A are defined by

E,\ = @ ,H)\k.

VAR <A

Observe that ¥y C Lo and hence X C LP for 1 < p < o0.

From now on we will assume that the eigenvalues (A;)r>1 are enumerated with
algebraic multiplicities taken into account, i.e. if the algebraic multiplicity of A is
m then \ is repeated m times in the sequence 0 < Ay < Ay < ---. We let (ug)r>1
be respective real orthogonal and normalized in L? eigenfunctions of A, that is,
Auk = /\kuk.

Let Us(z,y) := Z\/Tkgafl ug(z)ug(y), & > 0, be the kernel of the orthogonal
projector onto ¥ 5. Then as is shown in [14, Lemma 3.19]

(3.10) s (x,x) ~ |B(x,8)| 7 .

A key trait of our setting is that it allows to develop a smooth functional calculus.
In particular, if g € C*(R) is even, then the operator g(tv/A) defined in (3.9) is an
integral operator with kernel g(tv/A)(x,y) having this localization: For any o > 0
there exists a constant ¢, > 0 such that

(3.11) lgtVA) (@,y)| < co| Bz, t) (1 +t  p(z,y)) 7, Vz,ye M.

Furthermore, g(tv/A)(z,y) is Holder continuous. An immediate consequence of
(3.11) is that the operator g(tv/A) is bounded on LP(M):

(3.12) lgtVA) fllp < cllfllp, Vf€LP(M), 1<p<co.

For more details and proofs, see [14, 25].

For discretization (sampling) purposes, we will use mazimal §-nets. Recall that
aset X C M is a maximal d-net on M (6 > 0) if p(z,y) > d for all z,y € X, x # y,
and X is maximal with this property. It is easily seen that a maximal §-net on M
always exists. Of course, if 6 > Diam(M), then X will consists of a single point.
The following useful assertion is part of Theorem 4.2 in [14].

Proposition 3.2. There exists a constant v > 0, depending only on the structural
constant of our setting, such that for any A > 0 and 6 := v/ there exists a 0-net
X obeying

(3.13) 27! gllos < Igle‘g\g(f)l < llgllee, Vg € Zn.
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Finally, if N(§, M) is the covering number of M (or the cardinality of a maximal
d—net), then
(3.14)

dim(2 ) ~ / |Bla, VO " dpu(a) ~ N(VEM) ~ e 35 < et™2, >0,
t M

Here |le=*|%, := [\, [ [Pe(z, y)|2dp(z)dp(y) is the Hilbert-Schmidt norm.

3.2. Regularity spaces. In the general setting described above, the full scales of
Besov and Tribel-Lizorkin spaces are available [14, 25].
The Sobolev spaces Wy = W}(A), k> 1,1 < p < oo, are standardly defined by

(3.15) W= {f € D(A%) || flwy = I fllp + A% £l < o0}

The Besov space B, = B;,, s >0, 1 <p,q < 00, is defined by interpolation as in
[35]:

(3.16) By, = (LP\Wy), . 0:=s/k,

where (Lp , W]f) is the real interpolation space between LP and Wf , see [14].

0,9

The following Littlewood-Paley decomposition of functions will play an impor-
tant role in the sequel. Suppose ® € C*°(R) is real-valued, even, and such that
supp® C [-2,2],0 < ® <1, and ®(A) =1 for A € [0,1]. Let T(A) := O(A) —P(2)).
Evidently supp ¥ NRy C [1/2,2]. Set

(3.17) Up:=® and W;()\):=¥(277)\) forj>1.

It is readily seen that ¥y, ¥ € C°(R), ¥q, ¥ are even, supp ¥¢ C [—2,2], supp ¥; N
Ry C [2771,29FY 5 > 1, and 350 ¥i(A) =1 for A € Ry. Consequently, for any
feLP(M,u), 1 <p<oo,one has

(3.18) f=> U;(VAf in L.
Jj=0
The Littlewood-Paley characterization of Besov spaces uses the functions ¥
from above: If s > 0 and 1 < p, g < oo, then for a function f € LP(M, u) we have

(3.19) feBs, = |V;(VAFl, =¢;277%, j >0, with {g;} € ¢%.

Furthermore, if f € By, then | f||ps ~ [[{€;}lles. We refer the reader to [14, 25]
for proofs and more details on Besov spaces in the setting from §3.1. In particular,
the following proposition clarifying the relationship between BS ., and Lip s (see
[14, Proposition 6.4]).

Proposition 3.3. (a) For any 0 < s <1 we have Lips C B3, ..
(b) Assuming that k > 0 is the constant from (3.6), then B, ., C Lips for
0<s<k.

Remark 3.4. In the most interesting cases k = 1, Proposition 3.3 implies that
Lips = B3, o for0 <s < 1.
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4. MAIN RESULTS

In this section we state and discuss our main results. The proofs are carried out
in the next section.

We consider a centered Gaussian process (Z,)zen with covariance function
K(z,y) as described in § 2.2, indexed by a metric space M with Dirichlet structure
just as described in § 3.1. We will adhere to the assumptions and notation from
§3.1.

4.1. Commutation property. We now make the fundamental assumption that
the operator K with kernel K (x,y) and the operator A from § 3.1 commute in the
following sense:

Definition 4.1. If K is a bounded operator on a Banach space B (K € L(B)) and
A is an unbounded operator with domain D(A) C B, we say that K and A commute
if K(D(A)) C D(A) and

KAf = AKf, Vfe D(A).

Remark 4.2. Let A be the infinitesimal generator of a contraction semi-group P;.
Then K and A commute in the sense of Definition 4.1 if and only if

KPt:PtK, Vt>0
We refer the reader to [16], Theorem 6.1.27.

We now return to the covariance operator K and the underlying self-adjoint non-
negative operator A from our setting. In light of Proposition 4.2 our assumption
that K and A commute implies that they have the same eigenspaces.

Recall that the eigenvalues of A are ordered in a sequence 0 = Ay < Ay <

-+, where the eigenvalues are repeated according to their multiplicities, and the
respective eigenfunctions (uy)k>1 are real-valued, orthogonal, and normalized in
L2. Let (vg)r>1 be the eigenvalues of the covariance operator K. Then

(4.1) Aup = Mgup  and  Kup = vgug, k> 1.

Remark 4.3. As a consequence of the commutation property of K and A, the
operator AK is defined everywhere on L*>(M, 1) and is closed. Therefore, AK is a
continuous operator from L?(M, ) to L*(M, ). Clearly,

KAf = Z(f, up) \gvpu, Vf € L? and hence | KAl £(z2) = sup A < oo.
k>1 k21

Remark 4.4. Assume that we are in the geometric setting described in §3.1, as-
sociated to an operator A. As in §4.1, suppose K(x,y) is a P.D. kernel such that
the associate operator K commutes with A. It is easy to see that

(4.2) Alpyr =0 and dimKer(A4) =1.

Indeed, the Markov property (3.7) yields Aly = 0. To show that dimKer(A) =1,
assume that Af =0, f € D(A). Then I'(f, f) = 0. Assume that f # constant.
Then f(x) # f(y) for somex,y € M, x #y. SinceT(f, f) = 0 we have T'(af,af) =
0 for each a > 0. Then by (3.2) p(x,y) > a|f(x) — f(f)], Ya > 0, implying
p(x,y) = 0o, which is a contradiction because M is connected (see [14]). Therefore,
Af =0 implies f = constant and hence dim Ker(A4) = 1.
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As a consequence of (4.2) we have
AK1l, = KAL1,; = 0.
However, as dimKer(A) = 1, necessarily K1y = Clyy;.

4.2. Regularity theorem, Ito-Nisio representation and RKHS. We now
come to the main results of this paper.

Theorem 4.5. Let (Z;)zenm be a centered Gaussian process with covariance func-
tion K(z,y) := E(Z,Z,) indexed by a metric space M with Dirichlet structure
induced by a self-adjoint operator A such that K and A commute in the sense of
Definition 4.1. Then the following assertions hold:

(a) If the covariance kernel K (x,y) has the regularity described by

(4.3) sup ||[K(z,e)|ps, _ <00 for some s> 0,
zeM '

then the Gaussian process Z,(w) has the following regularity: For any 0 < o < §
Zy(w) € By, 1 for almost allw  (Bg, ; C B, o)

00,1
(b) Conversely, suppose there exists a > 0 such that Z,(w) € BS, , for almost
allw. Then
sup || K (z,e)|pze < o0.
rzeM ’

Remark 4.6. It is interesting to observe that because of the second part of the
theorem condition (4.3) is necessary.

Another key point is that in the above theorem the Besov space smoothness pa-
rameter s > 0 can be arbitrarily large, while 0 < s < 1 in the case when the
reqularity is characterized in terms of Lipschitz spaces.

4.2.1. Ito-Nisio representation. The following theorem gives an Ito-Nisio represen-
tation of the process.

Theorem 4.7 (Wiener measure). In the setting from above, if K(x,y) is a con-
tinuous positive definite function on M such that

sup ||[K(z,e)|lps, < o0
x€eM ’

and the associated kernel operator K commutes with A, then there is a unique
probability measure QQ on the Borelian sets of By, 1, a < 5, such that the family of
random variables:

Vo e M, we BY §—m>w($)€R

is a centered Gaussian process of covariance K(x,y).

4.2.2. Reproducing Kernel Hilbert Spaces (RKHS). We finally connect condition
(4.3) with the RKHS associated to the process Z, (see the appendix).

As is well known the covariance kernel K determines a real Hilbert space Hy of
functions for which the evaluation:

Ve e M, 0, : f € Hy — f(z) is continuous.
Moreover,

yHK(x7y):Km(y)€HKa vaHK; 5$(f):<f7KI>HK)
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and (K, )zen is a total set in Hg . The space H is the completion of span { K («, -) :
x € M}, more precisely

Hy = {hly) = > ik (wiy) s [hlE = Y aw;K(wiw;) = > ajh(e;) ).
i€F i,j€F JEF
It is also well known (see e.g. [15]) that
|hllZ =0 for h € H} <= h(y) =0, Vy € M.
Furthermore (see [33]),
K(z,y) = Zgi(x)gi(y) < g; € Hg, Vi and (g;)ies is a tight frame for Hg.
i€l
In our geometric framework, (4.1) entails the following representation of K

(4.4) K(z,y) = Z vpuk(x)ur(y) and vy > 0.
k

Therefore, (\/Viur)ren,v0 is a tight frame of H, and moreover (0;)zcm C Hi is
dense in Hj, in the weak o(Hj,Hg) topology. Actually, by Mercer’s theorem we
have (see [40], [24]): Let N(v) := {k € N, v}, # 0} and define

H o= {f MR f@)= Y ary/mr un(), (ar) 652}
keN(v)
with inner product
(f,9)n = < Z /v uk(+), Z 5k\/ﬁuk(')>y = ((ar), (Br)) 2 vy -
kEN() keN(v)

Then H is a Hilbert space of continuous functions and (\/Vrug)ren() is an or-
thonormal basis for H and hence Hx = H.
In fact, the following theorem holds.

Theorem 4.8. We have for s >0

Bs < 0.

00,00

Hy C BC;%O,OO < sup ||K(z,e)|
rxeM

4.3. Seminal example: the Neumann operator on [0, 1] and the Brownian
motion. Here we show that the classical Brownian motion on [0, 1] is a particular
case of our general theory.

4.3.1. The Neumann operator on [0,1]. Let H2([0, 1]) be the space of the functions
f € L?([0,1]) twice weakly differentiable and such that f/, f” € L?([0,1]). Consider
the operator

Af = —f", D(A) = {f € H*(0,1]) : (0) = f'(1) = 0}.

/Ol(Af)gd:v = /01 fgde = /O1 fAgdx

and hence A is positive and symmetric. In fact, A generates a Dirichlet space, and
also

Clearly,

coskmz € D(A) and A(coskme)(x) = (7k)? coskmz, k> 1.
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Therefore, {1, (v/2cos kmx)ren} is an orthonormal basis of L2([0,1]) consisting of
eigenvectors of A. Write H'([0,1]) := {f € L*([0,1]) fo | f'(u)]Pdu < oo}. This
allows to define a Dirichlet form:

4,D(4) = {f e H(0.1]):| / @) (@)ds] < elolla, v € (0.1,

Thus ) .
| @@= [ af@ods
0 0
and the distance is defined by

p(z,y) = sup () — o(y) = [z —y|.
$eH([0,1)):|¢/|<1

The Poincaré inequality is well known to be valid in this case. Hence we are now
in the setting described above.

4.3.2. Brownian motion. Clearly, ¥(z,y) = |z — y| is a negative definite function
on [0,1] (see the appendix) as

|x—y|=/[ ioi(8) ~ T30

)

Therefore, there is a natural positive definite function K (z,y) associated to ¥ (see
again the appendix):

Rr.y) = / & — uldu + / v — uldu [z~ y])

2+ (1 -2 +y° + (1 -y)* =2z —y]]

(L-a)+(1-y)? -1
( |

It is easy to verify that K and A commute, as

4[

=xANy+

y Sk y
K(coskme)(x) = C?;k;x, VkeN, and K1 =(1/6)1.
(It is easy to see that fol |z — y|coskmy dy = —2?5’%?”” + 1?75;)? )
So: f((x, y) = 1 22 cos kmx. cos kmy

(k)2

k>1

Also, K(x,e) is uniformly Lip 1. Therefore Z, the centered Gaussian process
associated to K is almost surely Lip o, o < 1. The process Y (w) = Z,(w) — Zo(w)
has the same regularity and

1
E(Y.Yy) = 5(zl +lyl = |z —yl) =z Ay

is the well known associated kernel. So, {Y, : x € [0,1]} is the classical Brownian
motion.

5. PROOF OF THE MAIN RESULTS

The purpose of this section is to prove Theorems 4.5, 4.7, 4.8. For this we need
some preparation.
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5.1. Uniform Besov property of K (x,y) and discretization. Recalling (4.4)
we next represent the Besov norm of K (x,e) in terms of the eigenvalues and eigen-
functions of K and A.

Theorem 5.1. Let s > 0. Then

(51)  supl|K(,9)llpe
zeM

~ maxq sup E vpus(z), sup 27% sup g l/kui(x)}
> , .
eEM L <1 gzl @eM o <o

Proof. Note first that from (3.19) it follows that (with ¥; from (3.17))
sup | K (2, o)||Bs,  ~ S'lilo) 27* sup ||‘I’g(\/Z)K(5U» ®)lloc-
x 1= x

But, using (4.4) we have (V;(VA)K(z,9))(y) = >, U;(vVAe)viur(z)ur(y) and
hence, applying the Cauchy-Schwarz inequality it follows that

sup | (U (VA)K (z,0))(y)] = sup Y ¥;(V/A)viui ().
T,y T &

Consequently,

(5.2) sup | K (x, o)|[ Bz,  ~ sup 27% sup Z U, (VM) vpui ().
T i z

Clearly, from (3.17) we have 0 < ¥; < 1, supp ¥oNR, C [0,2], and supp ¥,; "Ry C
[277127H1] for j > 1. Therefore,

Supz\llo(\/)\k)ukui(x)gsup Z vpup(z) and

Yok * A<
supZ\I'j(\/)\k)vkui(x) < sup Z vpup(z), j>1.
Tk

T oileRp<itt
These estimates and (5.2) readily imply that the left-hand side quantity in (5.1) is
dominated by a constant multiple of the right-hand side.

In the other direction, observe that by construction ¥y(A) =1 for A € [0,1] and
Ui 1(A)+U;(\) =1for A€ [2971,27] j > 1. Hence

sup Z vpus(z) < supZ\IIO(\/)\k)z/kui(x) and
RRVoYeS ok
sup Z vpus(z) < supz ;1 (V) vpui ()
Yok

T ooi-1o/Xp<2i

+Supz U (V) vpui(x), §>1.

These inequalities and (5.2) imply that the right-hand side in (5.1) is dominated
by a constant multiple of the left-hand side. This completes the proof. (Il

The following corollary is an indication of how the Besov regularity relates with
the “dimension” d of the set M, which appears here through the doubling condition
(3.3).
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Corollary 5.2. Letv>d and s =y —d. Then

v =0 ) = sgpllK(Iw)l

By . SC

Proof. If v < c(\//\k)fw, then using (3.10) and (3.4) we get for any j > 1 and
reM

Z vl (z) < 2770+ Z ui(x) <27 Z u (z)
k:20 =1 <\ /X5 <27 k:20 -1 <\ /X5 <27 kiR <2
= 27y (z,x) < 27| B(z,277)| 7! < 2790,

A similar estimate with j = 0 holds for all k such that /A < 1. Then the corollary
follows by Theorem 5.1. (]

Remark 5.3. Observe that
sup Z vpus(z) < ¢277°
© m21<yA<e
implies

Y ow= X[ ed@du) < x|,

k:20—1< /N, <29 k:20—1< /g <29

We will utilize maximal §-nets on M along with Proposition 3.2 for discretization.
For any j > 0 we denote by &; the maximal J-net from Proposition 3.2 with
§ :=~2777! such that

(5.3) 27 glloo < max|g(©)] < llglloo, Vg € Bain.

The following claim will be instrumental in the proof of Theorem 4.5.

Proposition 5.4. We have

sup Z vpus () ~ max Z v (€)
zeEM £eXo
kiV/AR<1 kiv/AR<1
and for any j > 1
sup Z vpus () ~ max Z vpui (€)

M ) £EX; ) )
TEM 2i 1o ar<2i T k21 </ Np <2

with absolute constants of equivalence.
This proposition follows readily from the following

Lemma 5.5. Let X; be the mazimal -net from above with 6 :=~277, j >0, and
let

H(z,y) = Z opug(z)ug(y), where oy > 0.
VA2
Then

max H(£,€) < sup |H(x, <4dmax H(,€).
max H(E,6) < swp |H(r,p)| < 4pax H(E,)



14 G. KERKYACHARIAN, S. OGAWA, P. PETRUSHEV, AND D. PICARD

Proof. Clearly H(x,y) is a positive definite function and hence |H(z,y)| <
H(z,x)H(y,y), implying

(5.4 Jmase [H(€.m)| = max H(E.©).

Evidently, for any fixed x € M the function H(z,y) € Yy as a function of y and
by (5.3)

sup [H (z, y)| < 2max [H(z,n)].
yeM

Now, using that H(x,n) € ¥,; as a function of z, we again apply (5.3) to obtain
sup |H(z,y)| <2 sup max|H(m &)| = 2max sup |H(z,n)]

z,yeM ne€Xj zeM
<4 H =4 H
max gg}}l &n)l = max (& €)-
Here for the last equality we used (5.4). This completes the proof. O

5.2. Proof of Theorem 4.5. (a) Assume sup,c, [[K(z,)|ps, = < oo. Let
(Br(w))k>1 be a sequence of independent N(0,1) variables. Then as alluded in
§2.2

= Vkup(z)B(w)
k

is also a version of Z,(w). Let ¥;, j > 0, be the functions from (3.17) and observe
that f € B, ; if and only if Hf||Bs ~ >0 27%||W;(vVA) f|| oo < c0. Clearly,

(5:5) (T;(VA)Z, Z‘I’ Ak ) v/Viuk(€) Bl (w).

For each x € M this is a Gaussian Varlable of variance
= Z \If?(\/)\k)ukuk(x)Q <279,
k

Here we used that W2(v/A;) < 1, the assumption sup,¢ / [| K (2, ®)|[ps. _ < 00, and
Theorem 5.1. '
For any o > 0 we have

E(ZQia\\\I/j(\/Z)Z.(w)IIDO> :ZW’“E(H\II‘(f)Z( o)
NZQJQE sup\ (\F) o(w ))(5”)

£EX;
<c Z 2799735/2(1 + log(card(X;)) /2,
J
Above for the equivalence we used (5.3) and for the last inequality the following well
known inequality (see e.g. [21, Lemma 2.3.4] or [32, lemma 10.1]): If Zy,...,Zy

are centered Gaussian variables (with arbitrary variances), then
1/2

]E(11<1}<a<xN|Zk|) < ¢(1+log N)/? max (E|Z|?)

By (3.14), we have card(X;) < ¢27¢. Therefore, if v < £, then

2230‘2 33/2(1 4 log(card(X;))Y/? < 022 3(s/2= O‘)(log(c2]d))
i J

1/2
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Consequently, E(ZJ 2j“||\11j(\/Z)Z.(w)||Oo) < 0o and hence z — Z,(w) € B
0<a<s/2, was.

ool’

(b) Suppose now that w — a.e.,z — Z,(w) € BS

%.000 @ > 0. Then by (5.5) and
(3.19)

Z\Il M)V Vkug(x)B ()H <00, w—as.

o0

sup 2Je

By (5.3) this is equlvalent to

(5.6) sup 2 e ‘ Ek: q/j(\/m\/mk(g)Bk(w)] <00, w—as.

However, {2737, W, (v/Ak)y/Veur (§)Br(w)}jen cex, is a countable set of Gaussian
centered variables. The Borell-Ibragimov-Sudakov-Tsirelson theorem (see e.g. [29],
§7), in particular, asserts that if (Gy);er is a centered Gaussian process indexed by a
countable parameter set T and sup, . Gy < oo almost surely, then sup,c E(G7) <
oo. Consequently, (5.6) implies

sup E(2JQZ\IJ m)ﬁuk(g)Bk)2<m.

JENEEX;

Therefore, there exists a constant C' > 0 such that

max U2 (V AR)rpup(§) < C272,
X
k

But as before, this yields

max Z v (€) < max > W2 (v Ap)vrud (€)

£EXD ke /A1 £eXy .
and, for j > 1,
max > vkup(€) < QHéf;(X 2 (VAR (6)
' k2i-1<yRp<2i k

+2?é%\fx v? HEV2Y Vi (€) < 272,
i

Here we used that W;_1(A) + ¥;()) = 1 for A € [2/71,27], implying ¥3_,(\) +
TE(N) > 1/2.
Finally, applying Proposition 5.4 we conclude from above that

sup [|K(z,e)||pza < oo. O
zeM

5.3. Proof of Theorem 4.7. We begin with the following
Lemma 5.6. Assume s >0 and 1 < p < oo, and let ¥;, j > 0, be the functions
from (3.17). Then

feBy <= > |¥;(VA)flp:, <oo and ~ > (VA flss -

3=>0 7>0

Proof. From (3.18) we have for any f € L?
(5.7) f=>Y_Y;(VAf, VfelLr,

7>0
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implying || flls;, <350 1% (VA)fl;, -
For the estimate in the other direction, note that by (3.19)
1w (VA ~ Y 28 C (VAT (VA f -
£>0
However, supp ¥; N Ry C [2771,27F1] j > 1, and hence W (v A)¥;(vVA) = 0 if
|¢ — 7| > 1. Therefore,
1, (VA sy, ~ Y 22N W(VA) (VA .
J—1<0<j+1

On the other hand, by estimate (3.12) it follows that || ¥;(v/A)g, < c|lgllp, Yg € L?,
and hence [0, (VA (v/A) fll, < | U5(v/A)f]],, implying

195 (VA fllsg, < c2°]195(VA)flp.

This in turn leads to

DT VA sy, <ed 20 (VA S, < clflls;, -

p,1
Jj=0 Jj=0

The proof is complete. O
We now precise Theorem 4.5 with the following

Proposition 5.7. Under the hypotheses of Theorem 4.5 and with the functions ¥,
J =0, from (3.17), if sup,cp | K (2, 0)|[ Bz, . < 00, then

(5.8) (an @Dllps, ) ~E( 3 20,(VA) Zo(@)ll ) < o,
j=0
the map
IiweQm Z%(ﬂ)z.(@(-) € B,

is measurable, the series converges in the norm of By, 1, and the image probability
Q on BS, ; satisfies:
w € By 4 LN w(x)
is a centered Gaussian process with covariance K(x,y).
Proof. The equivalence (5.8) follows from the proof of Theorem 4.5, (a) and
Lemma 5.6.
As is well known, for any Banach space B with a measure space (2, B), if G is

a finite set of indices b; € B and X;(w) are real-valued measurable functions, then
W Y icq Xi(w)b; is measurable from 2 to B. Hence,

we N Ty( Z‘I’ Ae)VVuk (o) B k(w) € B

is measurable. Consequently, by almost everywhere convergence
IiweQm Y (VA Zo(w)(-) € BS,
J
is also measurable, and I*(P) = @ is a probability measure on the Borelian sigma-
algebra such that under @ the family of random variables ¢,

w e B —)w()
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is a centered Gaussian process with covariance K (z,y) = |, Be (y)dQ(w). O

Finally, Theorem 4.7 holds due the fact that BS, ; is separable. (see Appendix
IT). It also proves Part (b) of Theorem 4.5.

5.4. Proof of theorem 4.8. Suppose that sup,c,; [|K(x,e)
f(2) =2 kenq) /i uk(x), where (ay) € ¢%. Then

U;(VA) f(x) = Z U5 (/M) /T up(z),

kEN(v)

s < oo and let

implying, for j > 1,
WA f@) < (D ) (D 1A Prlu(@)?)
kEN(v) keN(v)

< HfHHK( Z Vk|uk($)|2) 2 < C”fHHKQ_jS/Qv

k:20—1< ), <2i+1

[N

where for the last inequality we used the assumption and Theorem 5.1. Similarly
|To(vA)f(x)| < | flluy. Therefore, in light of (3.19),

(59) 1715 < el

Assume that (5.9) holds. Then for every sequence (ay) € ¢2 with ||(a)|lez < 1
we have

> \I@(@)ozk\/mk(z)\gcws/?, Vo € M,

keN(v)
which by duality implies

Y VA P lun(2)?
(

keN(v)

N|=

<2702 >0

Just as in the proof of Theorem 5.1 we get for j > 1

Yo udd@) < Y (V) P fuk (@)

k20 =1</ X <27 keN(v)
v 2up u(2)|* < 279
keN(v)
and similarly 7, ~— vpuj(x) < c. Consequently, sup, ¢y, [|K (2, )]s, _ < oo
) O

Remark 5.8. Let f € L?(M,u). Clearly

fw)iweW =B, /M f@)(@)dp(z)
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belongs to W*. Hence, under @, f is a Gaussian variable and

2= [ (] rer@in) aQuw)
- /W /Mf(fc) ©)dp(a / F()w(y)du(y)dQa(w)

[ [ 1w w(m)w(y)dczaw)du(m)du(y)=<Kf,f>Lz<M,#>.
MJM w
Consequently,
/ eif(w)an( )=¢€" KL 2
w

6. POSITIVE AND NEGATIVE DEFINITE FUNCTIONS ON COMPACT HOMOGENEOUS
SPACES

For reader’s convenience we recall the basics of the general theory of positive
definite (P.D.) and negative definite (N.D.) functions in Appendix I. Here we present
some basic facts about positive and negative definite kernels in the general setting
of compact two point homogeneous spaces. In the next section, we use these results
and Theorem 4.5 to establish the Besov regularity of Gaussian processes indexed
by the sphere.

6.1. Group acting on a space. Let (M, ) be a compact space equipped with a
positive Radon measure p. Assume that there exists a group G acting transitively
on (M, ), that is, there exists a map (g,x) € G x M — g -z € M such that

1. h-(g-z) = (hg) -z, Vg,h € G,

2.de€ G st e-x=x, VereM (eisthe neutral element in G),

3. Vr,ye M,dg e G st. g-x=y (transitivity)

4 [ (V@) ) (@)dp(x) = [ flg"-a = [y f(@)dp(x) Vg€ G, VfeL,
where (v(g9)f)(x) := f(g~' ). Hence, (*y(g))geg is a group of isometry of L!.

Definition 6.1. A continuous real-valued kernel K(x,y) on M x M is said to be
G-invariant if

K(ga:,gy):K(:c,y), VQEGa Vx,yGM.

If K is the operator on L? with kernel K(x,y), then K is called G—invariant if
v(9)K = K~(g), Yg € G, that is,

/K /ny y)du(y), Vfe L

Remark 6.2. (a) If K(z,y) is a continuous G-invariant kernel, then
(z) K(x,2) = K(g-x,9-2) and hence K (z,z) = |M|~! Tr(K), and

/nydu /ngydu /K Yduly), Vg <G,

and hence 1 := 1, is an eigenfunction of K, i.e.,

/ K (2, 9)1(y)du(y) = M (2), / / K (2, y)dpu(x)du(y) = A|M].
M M JM
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(b) If K(x,y) is a continuous positive G-invariant kernel, then
U (2,y) = K(z,2) + K(y,y) - 2K (z,y)
=2(C — K(z,y)) = 2(|M|™" Te(K) - K(z,y))
is G-invariant and by (8.3),
K(z,y) = K(z,y) + M|~ (Te(K) - 2C").

(¢) Suppose (x,y) is a G—invariant N.D. kernel and consider the associated
P.D. kernel K, defined as in (8.2). Then K(x,y) is G-invariant, and

x = |7]\1/[| /M Y(z, u)dp(u) = Cy and K(z,y) = Co — %w(x,y)

Thus, in this framework there is one-to-one correspondence up to a constant between
invariant P.D. and N.D. kernels.

6.2. Composition of operators. Let K(z,y) and H(z,y) be two continuous ker-
nels on M x M as above, and let K and H be the associate operators. The operator
K o H is also a kernel operator with kernel K o H(x,y):

KoH(xz,y) = /M K(z,u)H (u,y)dp(u).

Observe that:
(1) If K(z,y) = K(y,z),H(x,y) = ) then

KoH(xz,y) = /Kacu) (u,y)dp(u /Hy, K(u,x)dp(u) = H o K(y, ).

(2) If K(x,y) and H(x,y) are G—invariant, then so is K o H. Indeed,
KoH(g-z,9-y) :/ K(g -2, u)H(u,g - y)dp(u)
M
:/ K(g-z,9-u)H(g-u,g-y)du(u)
M

:/ K(z,w)H (u,y)dp(u) = K o H(x,y).
M

6.3. Group action and metric. Assume that we are in the setting of a Dirichlet
space defined through a non-negative self-adjoint operator on L?(M, ) just as in
§3.1. Suppose now that,

v(9)A = Av(g), VgeG

or equivalently
V(Q)Pt - Pt’y(g)a Vt > Oa v.g S G7

ie. Vt >0, pi(z,y) is G—invariant. Clearly T'(f1, f2) is also G-invariant: T'(f1, f2) =
T'(v(g9) f1,7(g) f2) and the associate metric p(x,y) is G-invariant:

plg-z,9-y) =plx,y), Ygeq.

Definition 6.3. In the current framework, (M, p, A, p, G) is said to be a two point
homogeneous space if

Vo,y,a',y' € M st p(x,y) =p(2',y), g€ G st. g-x=2', g-y=1'.
In particular, V(z,y) e M x M, g€ G st.g-x =y, g-y==x.
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Theorem 6.4. Let (M, u, A, p,G) be a compact two point homogeneous space.
Then

(1) Any G-invariant continuous kernel K (x,y) is symmetric.

(2) If K(x,y) and H(x,y) are two G-invariant continuous kernels, then Ko H =
HoK. In particular, if K(x,y) is a G-invariant continuous kernel, then KA = AK.

(3) Any G-invariant real-valued continuous kernel K(x,y) depends only on the
distance p(x,y), that is, there exist a continuous function k : R — R, such that

K(z,y) = k(p(z,y)), Vz,ye M.

This theorem is a straightforward consequence of the observations from §6.2 and
the definition of two point homogeneous spaces.

Let now M be a compact Riemannian manifold and assume that A := —Aj; is
the Laplacian on M, p is the Riemannian metric, and p is the Riemannian measure.
Also, assume that there exists a compact Lie group G of isometries on M such that
(M, p, —Ap, p, G) is a compact two point homogeneous space. For the connection
of the above setting with Gaussian processes, see [6], [20].

Let 0 < A\ < A2 < --- be the spectrum of —Ajps. Then the eigenspaces Hy, :=
Ker(Aps + A, Id) are finite dimensional and

L2(M’/~L) = @HAM
E>1

Let Py, (z,y) be the kernel of the orthogonal projector onto H,,. Then if K(z,y)
is a G-invariant positive definite kernel we have the following decomposition of
K (x,y), which follows from Bochner-Godement theorem ([17], [23]):

K(xay):ZVkPH,\k(xay)7 sz(l
k>0

7. GAUSSIAN PROCESS ON THE SPHERE

In this section we apply our main result (Theorem 4.5) to a Gaussian process
parametrized by the unit sphere S? in R4+, This is a Riemannian manifold and a
compact two point homogeneous space. More explicitly,

G =50(d+1), H=SO(d), G/H =S
The geodesic distance p on S? is given by

p(&,m) = arccos(§, ),
where (£,7) is the inner product of &, € R+, Clearly,

V& eSSt Vge G, plg-&gm) =p&n), and VEneS? JgeG st. g-&=n.

Thus G acts isometrically and transitively on S?. Furthermore, V¢, 7,£’, 1 € S? s.t.
p(&,m) = p(€', ') there exists g € G s.t. g-& = ¢ and g-n = n'. Therefore, S is a
compact two point homogeneous space.
Let —Aga be the (positive) Laplace-Beltrami operator on S. As is well known
the eigenspaces of —Aga are the spaces of spherical harmonics, defined by
d—1

Hy, = Ker(Aga + A\ply), Mgi=k(k+d—-1)=k(k+2v), E>0 v:= —5
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One has L2(S%) = k>0 7, and the kernel of the orthogonal projector P, onto
H,, is given by

Prs, (€)= L&), L) = 187 (14 ) ()

Here C}(x), k > 0, are the Gegenbauer polynomials defined on [—1,1] by the
generating function

k
—_ cy(
(1—2:c7°+r2 ZT i (
k>0

Therefore,
—Agaf =Y k(k+2v) Py, f

k>0
and the invariant continuous positive definite functions on S¢ are of the form

n) =Y wLi((&n) = > wLi(cos p(¢,m)),
k k

where
Zude ZukLk (€,€))
Note that

st = [ 2 i) a9 = (7 )= (FTIT) ~a,

Let

Wi (x) = = = S—=. Clearly, W;/(1) = sup [Wy(z)]=1.

Then (see [8])

gil)% g’%gi =Ti(x) (= W{(z) by convention),
Vlg{.lo W =2" (= Wg°(x) by convention).

Here T}, is the Chebyshev polynomial of first kind (7% (cos #) = cos k). The invari-
ant continuous positive definite functions on S? are of the form

K"(&n) ZaZWk (&m ZCLZWk (cosp(&,m)), af =0, Zak < 0.

k>0 k>0

Clearly,

(7.1) Zang cos p(&, 1))

T3y Hhleos plEm), L) ~ K

Therefore,
ak
i -l
dim(Hy,,) kd-1
The following Schoenberg-Bingham result (see e.g. [8]) plays a key role here:
If f is a continuous function defined on [—1,1], then f({{,n)) is a positive definite
function on S* and invariant with respect to SO(d + 1) for all d € N if and only if

f(z) = Zanx", where ap, >0 and Zan = f(1) < oc.

n>0 n>0

V = |Sd|
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Therefore, for such a function f
fl@) =3 afW{(z), af >0, and Y af=3 a=f(1),
k>0 k>0 k>0
and hence

FUEm)) = akWE((&m) =

k>0 k>0

aj,
Li(1)

Li((§;m) = f(cos p(&,m))-

7.1. Fractional Brownian process on the sphere.
Theorem 7.1. For any 0 < a <1 the function
b(Em) = p&m*, &nes’,

is negative definite, and the associated Gaussian process has almost everywhere
regularity BY, 1, v < §.

00,17

Proof. Consider first the case when a = 1 (Brownian process). We will show that
for some constant C' > 0 the function C' — p(&,n) is an invariant positive definite
function. To this end, by Schoenberg-Bingham result we have to prove that there
exists a function

flz) = Zan:c", with a, >0, Zan < 00,
n>0
such that f((§,71)) = f(cosp(&,n)) = C — p(§,n). Luckily the function § — arccosz
does the job. Indeed, it is easy to see that

11y
fz) = g — arccos ¥ = arcsinz = Z (;3(2_)]3523“

and

Jj=20
Here we use the standard notation (a); :=a(a+1)---(a+j—1) =T(a+j)/I'(a).
Therefore,

FU&m) = g —arccos(§, ) = g —p(&,n).

Clearly, |f({&,n)) — f({&,n'))| < p(n,n’) and by Theorem 4.5 the associated Gauss-
ian process (Zg(o.)))gegd is almost surely in B3, ;(S?) (hence in Lip s) for 0 < s < 3.
Furthermore,

E(Z¢ - Z3)? =2f(1) — 2f((&,m)) = 2p(&,m).

Consider now the general case: 0 < oo < 1 (Fractional Brownian process). From
above it follows that ¥(£,n) := p(£,n) is an invariant negative definite kernel.
Then the general theory of negative definite kernels yields that for any 0 < o <1
the kernel ¥, (&,17) = p(§,n)* is invariant and negative definite. Therefore, for a
sufficiently large constant C' > 0,

K(&n) =C - %p(f,n)“

is an invariant positive definite kernel. On the other hand,

K (&)~ K€1) = 2 1o(€ )" — o6 )] < 500 )"
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By Theorem 4.5 it follows that the associated Gaussian process (Zg(UJ))éegd is

almost surely in BZo,p v < 5, and hence in Lip s, s < 5, and the proof is complete.
O

Remark 7.2. From the definition of the process, we have
E(Z¢ — Z7)* = p(& )™

This directly connects to the regularity proof of such a process using generalization
of Kolmogorov-Csensov inequalities. See for instance [3] and [27].

Remark 7.3. If o > 1, then p(&,n)* is no more a negative definite function on
the sphere S®. In fact, to prove such a result, it is suffices to prove it for S*, as the
closed geodesic of ST are isometric to S'. As S' is a commutative group, one can
apply the Bochner theorem: K(x — y) is a positive definite function if and only if
the Fourier coefficient of K are nonnegative.

Let o > 0 and let ¢ be the 2mw-periodical function, such that for x € [—m, 7], ¢(z) =
|z|%, so that on S* = R/27Z, ¢(x —y) = ds1 (x,y)*. Clearly, for any k € Z

~ ]_ ™ . 1 T
(k) = = / o] ek dg — L / 2% cos kada.
0

2 J_ . T

Integrating by parts we obtain, for k > 1,

T a T o km
% coskxdr = —— 2 Lsinkzdr = — u* " sin udu
0 k Jo kot Jo

and in going further

km k=1 (j+1m xk—1 _
/ u® b sinudu = Z/ u® ' sinudu = / Z(—I)J (u + jm)* ! sin udu.
0 —o i 0 i
j=0 =0

Now, if a > 1 it is easy to see that for 0 <u <7 and k> 1

(=) (u+jm)* >0 if k=1(mod2)

I

(=)

Jj=

and

>
|
—

(=) (u+jm)* <0 if k=0(mod2).

<.
I
o

Therefore, if a > 1, then K(xz —y) = C — ds1(x,y)* is never a positive definite
function.

7.2. Regularity of Gaussian processes on the sphere: General result.

Theorem 7.4. Let

A, A, 1
flx) = Z —a", where A, >0, and — =0 a > 0.

n! n! (W)’
Then

K(&m) = f(cos(&m), &nesSt, d>1,

is an invariant positive definite function and the associated Gaussian process (Zg (W))eesd
is almost surely in Bzo’l for vy < a.
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Proof. By Corollary 5.2 it suffices to show that f(z) can be represented in the
following form (see (7.1)):

1
J

implying v; = O( dﬁa) = O(y/Aj)***4. By [8, Lemma 1] and the obvious identity
I'(x +n) = (x),I'(x) we obtain the representation

n ! n—2k+v (2v),—ak

" =— Yo ().
2n 0<omen E(V)n—k+1 (n — 2k)! 2(2)

Substituting this in the definition of f(z) we obtain

z) = n—2k+u(2u)n 2%k
f( ) nz>0 nz>:0 0<§< n ft1 (7’7,—2]6) n— 2k( )
= Jgo j' Wj ( )n; ; anl( )nikle

= Z Uty QV W (x )Qla Z 22kkij5jk B ,ZBjWJ'V(x)’

where for the third equality we applied the substitution 7 = n — 2k and shifted the
order of summation. We also have

] + V 2V j ]+2k
B; =
J |2] Z 22K KN 1) j k1

_ U+v)@v); 3 Ajyok
129 (V)41 = 22k (v + 5+ 1),

SCTII T
27 j)(v), = 226k v+ 74+ 1)k

However, for n > o we have fbll(fa) < F(" a) < CfoQ and hence
A, 1

We use this to obtain for j > a (with ¢ = ¢(«))

Z Ajtok < CZ L(j+2k—a)
= 22Kk v+ 5+ 1), — = 22Kkl (v + j 4+ 1)

B ) I(j+2k—a) 1
=l O‘)’; TG —a) 2%k +j+ r

. (J — )2k 1
=cl'(j—a) .
kzzo 22k Klw+7+ 1)

=02 (5,5 o
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where we used the Legendre duplication formula (see e.g. [4]):

(0)ar  T(b+2k) _ (b) (b+71) .
k k

22k~ 22T (p) 2 2

By the Gaussian identity (see e.g. [4, Theorem 2.2.2])

Z(j;a)k<j_g+l>kk!(u+1j+1)k

k>0
T(v+j+)0(v+j+1— 52— =g+
T4+l 5 (v g+ 1 - ot
Fv+j+ DI+ 3 +a)
CTwAH L1+ 9T +d+ 1+ 9)
and hence

B < (2v); TG-—a)T(v+i+1DI(v+i+a)

< c—— : . .
T2 T+ L+ 14+ 9T (w+d+ L+ 9)
Applying again the Legendre duplication formula, we get

1 ) j a /R S A O
r<7)r P 1 :F( | f)r( 14z 7)2 vtita
5 Qu+j+1+a) vtgtltg vtotstg

We use this above to obtain for j > 2«

(2v); TG — )L (v +j+ DIV + 5 + o)

Jv); TEQv+j+1+a)2-2v-«

_ . T+l TG-a)l+j+ DI+ 1+a)
L(j+1)L2v)L(v+35) TE)DEv+j+ 1+ a)2-2v—

Bj<C

:c2a+1(j+y)r(y+§+a) I —a) I(2v + j)
Fv+3) Tl-—a+l4+a)Tv+j+1+a)
1 1 c

<c(y < .
<c(j+v) (] —a)lte (U 4 j)l+a = jl+2a
Here we used once again the the Legendre duplication formula. It is easy to show
that B; < ¢(a), if j < 2a. Therefore, Bj = O(5ri==) and this completes the
proof. ([

Corollary 7.5. Leta>0,b>0,c>a+b,a=c—a—>b, and let

Fype(z) = Z Mﬁ

— (¢)n n!

Then Fup..({€,n)) is an invariant positive definite function on the sphere S¢ and
the associated Gaussian process has reqularity Bgo,l, v < «, almost everywhere.

8. APPENDIX

8.1. Appendix I: Positive and negative definite functions.

We recall in this appendix some well known (or not so well known) facts about
positive definite and negative definite functions. For details we refer the reader to
[5], [7] [38], 9], [17].

Recall first the definitions of positive and negative definite functions:
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Definition 8.1. Given a set M, a real-valued function K(x,y) defined on M x M
is said to be positive definite (P.D.), if K(xz,y) = K(y,x), Ya,y € M, and

n
Yai,...,an €R, Vou, ..., 2, € M, Z a0 K (xi,25) > 0.

ij=1

Clearly, if K(z,y) is P.D. then |K(z,y)| < \/K(z,2)\/K(y,y). It is well known
that the following characterization is valid:

K(z,y)isPD. < K(z,y) =E(Z,Z,),

where (Z;)zenr is some (centered ) Gaussian process.

Definition 8.2. For anyu € M we associate to K(x,y) the following P.D. function
Ky(z,y) = K(z,y) + K(u,u) — K(z,u) — K(y,u) = E[(Z, — Z,)(Zy — Z4)],
where (Zy — Z,,) is the process "killed” at the point u € M.
Clearly,
K, =K < K(u,u) =0.

Definition 8.3. Given a set M, a real-valued function ¥ (x,y) defined on M x M
is said to be negative definite (N.D.), if

Y(z,y) =Yy, ), Ye,ye M, ¢(z,z)=0, and

Yag,...,a, € R s.t. Zai:(), Vry,...,x, € M, Zaiajw(xi,xj)go.

ij=1
The following characterization is valid (see e.g. [7, Proposition 3.2]):
ay) BND. = lay) = B(Z - Z,)"

where (Z,)zenm is some Gaussian process.

Consequently, if ¥ (z,y) is N.D. then ¢(z,y) > 0, Vz,y € M, and /¥ (z,y)
verifies the triangular inequality.

The following proposition is easy to verified.
Proposition 8.4. (a) Let K(x,y) be a P.D. kernel on a set M, and set
(8.1) Vi (z,y) = K(z,2) + K(y,y) — 2K (x,y).

Then i is negative definite. The function Y will be termed the N.D. function
associated to K. In fact, if K(x,y) = E(Z.Z,), then ¥k (z,y) = E(Z, — Z,)*.
Furthermore, Vi = Yk, Yu € M.

(b) Let ¢ be a N.D. function, and for any u € M define

N, 9)(w9) = [0, w) + 9y, ) (2 3)]
Thus, if Y(z,y) = E(Z,— Z,)?, then N(u,v)(z,y) := E[(ZZ—ZU)(Zy—Zu)]. Then
N(u,) is P.D. Moreover,
N(U,l/fK) = Ku
(¢) If K is P.D., then K(x,y) = constant <= ¢ = 0.
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Proposition 8.5. Let 1(x,y) be a real-valued continuous N.D. function on the

compact space M, p a positive Radon measure, with support M, and set
~ 1
K(z,y) = 5om [ [W(@,u) + 9y, u) — ¢z, y)]du(w).
2[M|

Then
(a) K is positive definite, and ¢z = 1.
(b) 1 is an eigenfunction of the operator K with kernel K (x,y), that is,

R(z,y)dp(y) =X, A= ﬁ /M /M b, y)dp(u)dp(y)(> 0).
(©)
JzeM st K(z,2)=0 < K(z,y) =0 < (z,y) = 0.

Proof. Parts (a) and (b) are straightforward. For the proof of (c) we first observe
the obvious implications:

V() =0 = K(z,y) =0 = K(z,2) =0, Yz € M.
Now, let K(z,z) = 0 for some z € M. Then
b
2[M| Jar
By definition ¢(z,z) = 0 and hence [, (2, u)du(u) = 0. However, ¢(z,u) is
continuous, ¥(z,u) > 0 and supp (1) = M. Therefore, ¢¥(z,u) =0, Yu € M. Now,
by the triangular inequality, we obtain for z,y € M

0 < Vi(z,y) < Vi(z,2) + V(2 y) =0,
and hence ¥ (z,y) = 0. This completes the proof. O

[(2, 1) + (2, u) — ¥(z, 2)]du(uw) = 0.

Remark 8.6. One can verify easily that if K(x,y) is P.D. on M, then
Ku(z,y) == K(z,y) + K(u,u) — K(z,u) — K(y,u)

- %[W(maU) + vk (y,u) = ¥ (z,y))-

The proof of the following proposition is straightforward.

Proposition 8.7. Let M be a compact space, equipped with a Radon measure (.
Assume that K(x,y) is a continuous P.D. kernel and as previously let:

Y(x,y) = vk (r,y) = K(z,2) + K(y,y) — 2K (z,y) be the associated N.D. kernel,
Ku(xay) = K(Jf,y) + K(u,u) - K(xvu) - K(ya U)

_ %[1/}(%, w) + Py, u) — ¥(z,y)],

R(e.9) = gy [ [0l + 000 = vla)ldut) = 5 [ Ko dnto)
Denote by K and K the operators with kernels K(z,y) and K'(x,y) Then
(82) K(z,y) = K(z,y) + M| 7 Te(K) — M7 K1(2) — |[M| K1(y).
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Moreover, Yz = 1, K, =K,, and K1 = 5\11, where

_ fm /M /M K (z,y)dp(z)du(y)

1
=57 [ | e nautants) = o

A =Tr(K)

In addition,
(8.3) K=K+C < Kl=\
and, if s0, A= (Tr(K) = A), C = i (Tr(K) = 2)).

Remark 8.8. The following useful assertions can be found in e.g. [7], [38], [9],
[37]. For N.D. functions there exists a functional calculus that has no equivalent
for P.D. functions:

(1) Let F a bounded completely continuous function, i.e.
Vz>0,VneN, D"F(z) >0

or equivalently

re) = [ T e du(t), p1> 0, p((0,00)) < ool

Then

W is N.D. = F(¢) is P.D.
(2) If G is a Bernstein function, i.e.
(o) oo t
G(z) =az —|—/ (1—e *)du(t), a>0, ;u>0, / ——du(t) < oo,
0 o L1+t

then

¥ N.D. = G(¢) is N.D.

For instance we have:

Vis N.D. <=Vt >0, e ¥ is P.D.
Yvis ND. =V0<a<l1, v*is N.D.
¢ is N.D. = log(1+ ) is N.D.

8.2. Appendix II: Gaussian probability on separable Banach spaces.

For detailed account of the material in this section we refer the reader to [10].

Let E be a Banach space and let B(E) be the sigma-algebra of Borel sets on
E. Let E* be its topological dual, and assume F is a vector space of real-valued
functions defined on E, and (F, E) is the sigma-algebra generated by F.

If F = Cy(E,R) is the vector space of continuous bounded functions on E, then
v(Cp(E,R), E) = B(E) is the Borel sigma-algebra.

If E is separable, it is well known that the sigma-algebra v(E*, E) generated by
E* is B(F) .

Proposition 8.9. Let E be a separable Banach space. Let H be a subspace of E*,
endowed with the o(E*, E) topology. Then

H is closed <= H is stable by simple limit.
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Proof. The implication = is obvious. We now prove <. By Banach-Krein-Smulian
theorem, H is o(E*, E)-closed if and only if VR > 0, B(0, R)NH is o(E*, E)-closed.
As FE is a separable Banach space, we have: For all R > 0

B(0,R)={f € E* : ||f|lg- < R} is metrizable (and compact) for o(E*, E).

Hence we only have to verify that for every sequence (f,,) C B(0, R) N H such that
limy, o0 fr = f in the o(E*, E')—topology, we have f € B(0, R) N H. But clearly
this implies Vo € E, lim,,o fn(z) = f(z), so we have f € B(0,R) N H. O

Corollary 8.10. Let E is a separable Banach space and H is a subspace of E*.
Then

(1) H coincides with the smallest vector space of functions on E, stable
by simple limits containing H .

(2)

o(E*,E)

—o(E*,E)
V(H,E) =~(H E).
(3) If H is a subspace of E* separating E, then
V(H,E) =~(E", E) = B(E).
Proof. (1) Clearly, as E* is stable by simple limits (by Banach-Steinhaus theorem),

the smallest vector space of functions on F, stable by simple limits containing H
- o(B",E)
is contained in £* and by the previous proposition it is "
(2) Let v(H, E) is the sigma-algebra generated by H. The vector subspace V =
{u € E* : u, y(H, E)—measurable} is stable by simple limits. Hence H’ cELE)
(3) By the Hahn-Banach theorem, if H is separating, 7R _ e and hence

v(H,E)=~(E*,E)=B(E). O

Lemma 8.11. Let E be a separable Banach space, and H be a subspace of E*
separating E. There is at most one probability measure P on the Borel sets of E
such that, under P, v € H is a centered Gaussian variable with a given covariance

K(v,v'):
K(7.7) = /E (@) (@) DP(w)

on H. Moreover, if such a probability exists, then

72
(1) E* is a Gaussian space, and BB

H.
(2) There exists o > 0 such that

(8.4) /E 7l 4P (z) < oo,

is the Gaussian space generated by

Proof. If K(v,v') is a positive definite function on H, it determines an additive
function on the algebra of cylindrical sets related to H:

{zeE:(n(),...,m(x) €C}, v € H, C Borelian set of R".

Now, the sigma-algebra generated by this algebra is the Borelian of E.

s . « ~ L (E.P)
Assume that such a probability P exists . Let H = E* N H .

FLQ(E P)

Clearly
is the Gaussian space generated by H, and if (y,)n>1 € H is such
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that Vo € E, lim, oo vn(x) = v(x) exists, then clearly v € E* by the Banach-
72
Stheinhauss theorem, and v € H LHE,F) since a simple limit of random variables in

a closed Gaussian space belongs to this Gaussian space. Therefore, v € H, which
—o(E",E)

by Proposition 8.9 implies that #H is closed. But H C H and H = E* leads
to H =E*.
Finally, (8.4) is just the Fernique theorem. O

8.2.1. Cameron-Martin space. Let us recall that, due to Fernique theorem, and
Bochner integration we have the following map from E* to E :

E
I:vyeE" / wy(w)dP(w) € E
E

1

| [ ernr], < [ ieiveiare < ([ 1eriape) s

and ¥,y € %, v/(I(7)) = /E ¥ (@)y(w)dP(w).

L*(E,P)

Therefore, I can be extended to I : E* — F. The subspace

)

with the induced Hilbert structure is the Cameron-Martin space associated to the
Gaussian probability space (E, B(E), P), (see [10]).

72
HcE H=IE" %Y

Important special case. Let M be a set and let E be a separable Banach space
of real-valued functions on M. Let

VxeM,feE%f(x)eR.

Suppose 6, € E*. So, H = {> 4,ie iz, } is dense in E* in the o(E*, E)— topology.
Let K(z,y) be a positive definite function on M x M. There is at most one

probability measure P on the Borelian sets of E such that, under P, E* is a

Gaussian space and (0, ).en is a centered Gaussian process with covariance

K(z,y) = /E 6z(w)dy(w)dP(w), ie. VteER, /E e 0= (@) P(w) = e~ 21 K (@)

The Cameron-Martin space is identified with the Reproducing Kernel Hilbert
Space H associated to K, i.e. the closure of

{y EMw fly)=> NK(@uyk  flIE, = ZAM]‘K(%%)}
i i,
Hy is characterized as a Hilbert space of functions on M such that

Ve e M, f € Hig — f(x) = (K(x,.), f)m, (is continuous).

Therefore, if such a P exists on F, then Hxg C M.
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