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Abstract

Rapidly decaying kernels and frames (needlets) in the context of tensor product Jacobi polynomials
are developed based on several constructions of multivariate C® cutoff functions. These tools are further
employed to the development of the theory of weighted Triebel-Lizorkin and Besov spaces on [—1, 109, 1tis
also shown how kernels induced by cross product bases can be constructed and utilized for the development
of weighted spaces of distributions on products of multidimensional ball, cube, sphere or other domains.
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1. Introduction

The purpose of this article is to introduce and study Triebel-Lizorkin and Besov spaces on
the d-dimensional cube Q¢ = [—1, 1]¢ with Jacobi weights and discuss the respective spaces
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on the product domains B2 x Q9 B x B% with B? being the unit ball in R? as well as sets
of the form le x S SU x B%, Qd1 x T%, Qd' x R, Bd x ]R‘iz, Qd' x B% x R(j_}, etc.
Here S is the unit sphere in RItL T4 is the simplex in RY, and Rfi =10, oo)d. In short, we
are interested in developing the theory of distribution spaces on some products of Q¢', B2, §%
T, R or Riﬁ with weights. There are two important components of such undertaking: (i) the
spaces need to be properly defined and (ii) building blocks need to be constructed and used for

characterization of the spaces. We maintain that for both tasks tensor product orthogonal bases
should be used.

1.1. The principle distinction between the spaces on [—1, 11¢ and B¢

It seems to us natural to introduce weighted smoothness spaces on [—1,1]¢ or B¢ with
weights by means of orthogonal polynomials. However, there is a surprising difference between
the orthogonal polynomial expansions on [—1, 1]¢ and B¢ which we would like to describe
next.

Let us first briefly review the definition of Triebel-Lizorkin and Besov spaces on B9, given
in [14]. Denote by fo the space of all polynomials of total degree n which are orthogonal to
lower degree polynomials in L*(B¢, wy,) with weight w, (x) := (1 — ||x||%)“’1/2. The orthogo-
nal projector Proj,, : L*(B4, wy) = fo can be written in the form

(Proj, f)(x) = / FOYPa s %, Y () dy. (L)
Bd

To introduce weighted Triebel-Lizorkin (F-spaces) and Besov spaces (B-spaces) on B?
(see [17,24] for the general idea), let

o0

~ n .

Po(x,y):=1 and @,-(x,y>:=Za<F)PH<wu;x,y>, iz (12)
n=0

where a € C°°[0, 00) is a cutoff function such that suppa C [%, 2]and |a| > ¢ > 0on[3/5,5/3].
The weighted F-space F;’q on BY with s € R, 0 < p < 00, 0 < g < 00, is defined as the
space of all distributions f on B? such that

< 00, (1.3)
LP(wy)

0 1/q
1f 1l gy o= H ( pCRATIE f(-)\)q>
j=0

where @; * f(x) :=(f, ®;(x,-)) (as in (5.15)). The corresponding scale of weighted Besov
spaces B‘;,’q is defined via the (quasi-)norms

00 1/q
11l g5 = ( Z(zsl |®; * f(-)HL,,(wH))q> ) (1.4)
j=0

We refer the reader to [14] for more detailed account of weighed F- and B-spaces on the ball.
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A “natural” attempt to introduce Triebel-Lizorkin and Besov spaces on [—1, 1]¢ with weight

d
wap(¥) 1= [(1 =) (1 + x;)P" (1.5)

i=1

would be to use directly the same idea as above. Namely, for multi-indices «, B, v the
d-dimensional tensor product Jacobi polynomials are defined by

PP (x) = ]‘[ PSP (1)), (1.6)

Set ﬁ,fa’ﬂ)(x, y) = ZM:n Isfa’ﬂ)(x)ls‘fa’ﬂ)(y) and with g as in (1.2) define

o0

Do(x,y):=1 and @;(x,y):= Zé(

)P“‘ﬂ’(x )., Jj=1 (1.7)
n=0

2j-1

which can be viewed as an analogue of the kernels from (1.2).

The next step would be to define weighted Triebel-Lizorkin and Besov spaces on [—1, 1]¢
with weight wy g(x) exactly as in (1.3) and (1.4) using the kernels @ (x, y) from (1.7). Such
a definition, however, is completely unacceptable due to the poor localization of the kernels
@ (x,y) from (1.7). As is shown in [11] in the particular case of Legendre or Chebyshev polyno-
mials, kernels of the form (1.7) have no localization whatsoever for some points x, y € [—1, 114.
In contrast, the kernels @;(x,y) from (1.2) decay rapidly away from the main diagonal in
B x B4. Interestingly enough, the situation is quite the same on the interval [13], sphere [15],
simplex [11], and more surprisingly in the context of tensor product Hermite [20] and Laguerre
functions [12].

1.2. The remedy for the problem

It appears that the tensor product Jacobi polynomials are in a sense of a different nature com-
pared to orthogonal polynomials on the interval, ball or simplex as well as spherical harmonics
and tensor product Hermite and Laguerre functions. Truly multivariate cutoff functions need to
be employed. Our primary goal in this paper is to identify a natural class of cutoff functions
which will enable us to develop a meaningful theory of Triebel-Lizorkin and Besov spaces on
[—1, 1] with weight wy, g(x) via tensor product Jacobi polynomials.

The key is to consider multivariate cutoff functions A with dyadic dilations covering the whole
spectrum and such that the kernels

@i y) =) A(zj 1>P<“ P PP (y) (18)

d
veNg

decay rapidly away from the main diagonal in [—1, l]d x [—1, 1]¢. It turns out that it suffices to
consider compactly supported C* cutoff functions A0, oo)d + C which obey the following
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First Boundary Condition. For any t € [0, 00)? which belongs to the coordinate planes, i.e. t of

the formt = (t1,...,tx—1,0,txk11, ..., tg) for some 1 <k <d,
am
a—mA(t) =0 form=1,2,. (1.9)

Sometimes, instead of this condition it will be more convenient to use the following slightly
more restrictive but for certain purposes better and easier to deal with

Second Boundary Condition. There exists a constant ¢, > 0 such that for any t € [0, 00)? of
the form v = (t1,...,T%-1,0, Tkt 1, ..., T4), 1 <k < d, A(t) = constant for t € [T, T + cyex]
with ey being the kth coordinate vector.

The point is that either of these conditions combined with A being C* and compactly sup-
ported yields the rapid decay of the kernels @;(x, y) from (1.8) (see Theorem 4.1). Then these
kernels can be deployed to the definition of weighted Triebel-Lizorkin and Besov spaces on
[—1,1]¢ by means of norms similar to the norms in (1.3)—(1.4).

As will be seen the weights

d
Wap(n:x) = [[(1 =2 +n2) T2 (1w 407 2) P42 (1.10)
i=l1

will appear naturally in most estimates and results related to spaces on [—1, 1]¢ with weight
Wq,g(x). Moreover, the inhomogeneity created by wg, g(x) and the boundary of [—1, 119 leads
us to the introduction via Wy, g(-;-) of a fourth parameter o in the definition of weighted Triebel—-
Lizorkin and Besov spaces on [—1, 1]¢. Thus we introduce F-spaces by the norms

0 1/q
1fllpsp o= H ( S 2 Wap (275 ) @) f(_)|]q>
j=0

LP(wq,p)

and B-spaces by the norms

1/q
”f”BZZ = ( Z zsj ||W ﬂ 2 )fp/d(pj *f(')”LP(wa,ﬂ)]q>

(see Sections 7-8). This allows to use for different purposes various scales of weighted F'- and
B-spaces on [—1, 1]¢. For instance, as will be seen the Besov spaces B3 appear naturally in
nonlinear approximation in L” (wq,g).

As a next step we use kernels of the form (1.8) for the construction of building blocks
(needlets) {¢g}, {¥¢}. These are multiscale dual frames which enable us to characterize the
F- and B-space norms by the size of the needlet coefficients {(f, ¢¢)} in appropriate sequence
norms. They can be viewed as an analogue of the ¢-transform of Frazier and Jawerth [6-8].

The theory of weighted Triebel-Lizorkin and Besov spaces on [—1, 1] and needlet decom-
positions in dimensions d > 1 run parallel to their theory in dimension d = 1, developed in [13],
and on the ball [14]. Therefore, to spare the reader the repetition of well-established arguments
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we shall only exhibit the essential differences and refer for the rest to [13,14]. We shall place the
emphasis on the development of multivariable cutoff functions and the associated tensor prod-
uct Jacobi kernels which defer substantially from the ones in the univariate case and are the
main reason for writing this paper. We shall also discuss the main points of the development of
Triebel-Lizorkin and Besov spaces and needlets on products of [—1, 1]‘11, B% S R or R’f
with weights as mentioned above.

This paper is part of a broader undertaking for development of spaces of distributions in non-
standard settings such as on the sphere [15], ball [14] as well as in the frameworks of Hermite [20]
and Laguerre [12] expansions. It is also closely related to the development of sub-exponentially
localized Jacobi and other kernels and needlets in [11].

1.3. Outline of the paper

A substantial part of the paper is devoted to the development of multivariate cutoff func-
tions and related tensor product Jacobi kernels. In Section 2 we review some basic results from
[11,13] and prove new results about admissible univariate cutoff functions and the localization of
the respective kernels induced by univariate Jacobi polynomials. In Section 3 we present several
constructions of multivariate admissible cutoff functions. We also construct cutoff functions of
“small” derivatives which enables us to develop tensor product kernels with sub-exponential
localization. In Section 4 the localization results of the corresponding tensor product Jacobi
polynomial are established. In Section 5 we give some auxiliary results concerning a maximal
operator and distributions on [—1, 1]¢. We also establish some L”-multipliers for tensor product
Jacobi polynomial expansions. In Section 6 we utilize kernels associated to cutoff functions of
types (b) and (c) to the construction of frame elements (needlets). In Sections 7-8 we further use
these kernels to define “correctly” the weighted Triebel-Lizorkin and Besov spaces on [—1, 119
with weight we, g(x). We also establish needlet decomposition of the F- and B-spaces. Section 9
is devoted to nonlinear approximation from Jacobi needlets. In Section 10 we briefly consider
weighted spaces of distributions on B% x [—1, 1]%. In Section 11 we discuss various aspects of
distribution spaces on product domains and tensor product bases. In Appendix A we place the
lengthy proof of a lemma from Section 10.

Some useful notation. Throughout the paper (if not specified otherwise) we shall denote

1/p
||f||,;:=( / |f<x>|”wa,ﬁ<x)dx) , 0<p<oo,

[—1,134

and || flleo := esssup,ei_j q3¢ |f(x)]. For x € R? we shall use the norms [x| = [|x]lec :=
max; |x;|, [x[2 := (&, 1% $Y2, and |x| = [|x|ly := Y, |x;]. [I¢ will denote the set of all al-
gebraic polynomials of total degree < n in d variables. Positive constants will be denoted by c,
c1, ¢, ... and they may vary at every occurrence, a ~ b will stand for cja < b < cza.

2. Localized Jacobi kernels induced by univariate cutoff functions
Here we introduce the notion of admissible univariate cutoff functions and review the localiza-

tion properties of the associated kernels induced by Jacobi polynomials established in [11,13,18].
We also obtain some new localization results.
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2.1. Admissible univariate cutoff functions

Definition 2.1. A function a € C*°[0, 00) is said to be admissible if suppa C [0, 2] and
a™ (0) =0 for m > 1. Furthermore, 4 is said to be admissible of type (a), (b) or (c) if 4 is
admissible and in addition obeys the respective condition:

(@ a@)=1,t[0,1],

(b) suppa C [1/2,2], or _

(c) suppa C [1/2,2] and Z?io a2~ 712 =1 fort €[1, 00).

We next introduce sets of C* functions with “small” derivatives. As a tool for measuring the
derivatives’ growth we use functions £ satisfying the conditions:

L :[0, 00)  [1, 00) is monotone increasing, £(0) = 1 and
o0
M=M(L) 1+/ dr 00 2.1
= = —_— < . .
@+ 1)L)
0
Typical examples of functions £ satisfying (2.1) are Lo . (¢) := (1 +1)°, ¢ > 0, and

%/_J
=1 -1 ¢ ¢

Loe(t):=In(e+1)---In---In(exp---expl +1)[In---In(exp---exp 1 +t)]]+€, 2.2)

where £ e Nand 0 < ¢ < 1. Evidently, M (L) < c(e L.
ok

We shall use the standard notation Dlj‘. =
j

Definition 2.2. Let £ satisfy (2.1). Given constants y,y > 0 and d > 1, we define S(d, L; v, )
to be the set of all functions A € C*°[0, oo)d, such that ||A]lcc < ¥ and

%||D§A||w<y()7,c(k—1))", VkeN, 1<j<d. 2.3)

The next statement asserts the existence of admissible univariate cutoff functions with “small”
derivatives.

Theorem 2.3. Let L and M be given by (2.1). Then the sets S(1, L£; 1,2M), S(1, L; 2,4M) and
S(1, L; 8,8M) contain admissible cutoff functions a of types (a), (b), and (c), respectively, (see
Definition 2.1) with values in [0, 1].

Proof. We shall proceed quite similarly as in the proof of Theorem 3.1 in [11]. We let x5 :=
21—511[_3,5] and select §; := m for j > 0. Apparently

o0

25~<1+/L:M
7= (t+1)L(1)
0

j=0



K. Ivanov et al. / Journal of Functional Analysis 263 (2012) 1147-1197 1153
We define
Om = Xso * -k X5, and @(t):= mli_r)noo(pm(t).
Just as in [10, Theorem 1.3.5] we have ¢ € C*, ¢ >0, suppp C [—M, M] and

lo®D| <KILGk—DF fork>1.

1
< -
N k-1
> l_[j=0 8j
Furthermore, since [ xs =1, we have [po=1and 0 < ¢ <1/2.
We now set ¥/ (t) :=2M@(2Mt) and define g(¢) := 5 fioo ¥ (s)ds. Evidently, g € C*(R),

suppg’ C[—3. 31 g +g(—1) =% forr e R, 0< g <7/2, llg'lloo < (/)Y llo0 < (m/2)M
and

6] < FIv Pl < FEMHKLE =D fork >2. 2.4

Apparently a(t) := % g(% — t) is an admissible function of type (a) and a belongs
to S(1,L;1,2M). Also a(t) — a(2t) is an admissible function of type (b) belonging to
S(1,L;2,4M).

To construct an admissible function of type (c) we write ¢ (¢) :=sing(t), t € R. From above,
we have ¢ ()2 + ¢ (—1)2 = 1 for r € R. We define

ot —3) ifrell 1],
am={¢G -1 ifre(,2],
0 ifR\[},2

We claim that a is an admissible cutoff function of type (c) and a € S(1, £; 8, 8M). All required
conditions on a are trivial to verify but the estimate

%Ha“) | <8(8MLKk 1), k>1. 2.5)

Let fo € (—3, %) and set gx(t) := Z,;':o (t_]—’!o)jg(j)(to). It is easy to see that ¢®(r9) =

[sin gx1® (1) and since sin gx(z) is an entire function, by the Cauchy formula,

sin gx (z)

(k) KA
¢ () = 27i ) (z— 1g)kt!
C

(2.6)

where C:={z € C: |z —tp| =r} withr = By (2.4) we have forz € C and k > 1

1
AML(k—1)"

M M) JILG =1/
|gk(Z)|\_(l+4M£(k—l)+Z '[4M,C(k—1)]l>\ (+ +Z21> 8
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and hence |sin g; (z)| < (”/8 4 ¢777/8) /2 < 8 for z € C. From this and (2.6) we get

6 (10)| < 8K [4M Lk — D],
which implies (2.5). O

Remark 2.4. Theorem 2.3 is sharp in the sense that if fooo W = 00, then there is no admis-
sible cutoff function a belonging to S(1, L; y, 7) for any y, 7 > 0. The argument is precisely
the same as in [11, Remark 3.2].

2.2. Localized kernels induced by Jacobi polynomials

The Jacobi polynomials P,fa’ﬂ ), n=0,1,..., form an orthogonal basis for the weighted space
L2([-1,1], We, ) With weight wg, g(f) := (1 —1)%(1 +1)?. For various technical reasons we shall
assume that o, B > —1/2. The Jacobi polynomials are traditionally normalized by Pn(a’ﬂ )(1) =
("+a). It is well known that [23, (4.3.3)]

n

1
/ PP () PP (1Y we (1) dt = 8 mh (P,

-1
where

pep _ 2 Titet+ DI+B+D @.7)
" Qn4a+B+D)TIn+DIn+a+B+1)° ’

Hence
PP = (nep) 12 pep) 2.8)

is the nth degree Jacobi polynomial normalized in L*([—1,1], Wy, B)-
We are interested in kernels of the form

o .
LEP(x, y) = ZaG) PP () PP (y), 2.9)
Jj=0

for smooth cutoff functions a : [0, c0) — C.

In [18] (see also [1]) it was proved that the kernels Lz'ﬂ (x, y) decay rapidly away from the
main diagonal in [—1, 1]? for compactly supported C> cutoff functions & which are constants
around ¢ = 0. It was also proved in [11] that for such cutoff functions with “small” derivatives
the localization of these kernels is sub-exponential. Furthermore, it was shown that the behavior
of a at r = 0 plays a critical role for the localization of Lﬁ’ﬂ (x, y), in particular, the fact that a is
C*° and compactly supported does not guarantee rapid decay of the kernels Lz’ﬂ (x,y).
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Here we extend that localization result from [18] to smooth cutoff functions a with multiple
zeros of their first derivatives at ¢ = 0. To give this result we need the quantities: wq, g(0; x) :=1
and

2)(¥+l/2(

e p(nix) = (1 —x+n" T+x 40220 > (2.10)

We shall also use the distance p(x, y) := |arccosx — arccos y| on [—1, 1].

Theorem 2.5. Let a € C3*~1[0, 00) for some integer k > 1, suppa C [0, 2], and ™ (0) = 0 for
m=1,2,...,3k — 1. Then there exists a constant ¢ > 0 of the form c = c(k, «, ﬂ)||&(3k_l) Il oo
such that the kernels from (2.9) satisfy

n

—k
! -L1. (211
Foseneayy | T ) T xyel=L@dn

|LeP (x.y)| <

Consequently, if a is an admissible cutoff function, then the above estimate holds for any k > 1.

As in [18] estimate (2.11) follows by the localization of Lg’ﬁ (x, 1) given in the next theorem.
Denote Qﬁ’ﬂ(x) = Lz’ﬂ(x, 1). It is readily seen that (see e.g. [18])

ﬁ“km (2.12)

whin_ oA\ Rita+B+ DI +a+B+1)
o= ;f’(n) FG+p+1

where ¢* :=2"*F-1 (@ 4+ 1)L
Theorem 2.6. Let a be as in Theorem 2.5 and o > 8 > —1/2. Then for any r >0

n2a+2r+2

(1+no)k’

dr
‘ 0<6<m. (2.13)

e Qz‘ﬁ(cos 9)‘ <c

Here c is of the form ¢ = c(k, r, o) [|a%F D || .

Proof. We shall proceed quite similarly as in the proof of Theorem 4.2 in [11] and, therefore,
we shall use some notation and facts from that proof.

We shall only prove (2.13) for r = 0; then in general (2.13) follows by using Markov’s in-
equality as in [11].

We trivially have (see (4.8) in [11]) Q%7 (cos)| < cn?*+2, which gives (2.13) (r = 0) for
0<o<1/n.

The following identity is crucial in estimating IQ:){”3 (cos )| [23, (4.5.3)]:

53@v+a+k+ﬁ+ﬂf@+a+k+ﬂ+b

= rv+g+1

:I"(n+a+k+l+ﬁ+1)P(a+k+1‘ﬂ)
rn+pg+1) "

Pu(ot-l-k,ﬂ) (X)

(x). (2.14)
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We define Ag(t) =2t +a+ B+ 1)&(%) and inductively

e A+ 1
A1 (1) = 30) _ AU NS (2.15)
2t+a+k+B+1 2t+a+k+B8+3

We apply summation by parts k times starting from (2.12) and using every time (2.14) and (2.15)
to obtain

r k 1
(G+ta+k+B+ )P(a+kﬁ>()

o, B _x
APy =c* Y Ar()) TR TR

j=0

(2.16)

Observe first that A1(r) = a(L) — &(’:—1) = %fol a' () ds and hence Agm)(t) = ﬁ X
[ at+D(18) gg, which leads to

}AY’”(;)] < W“&(mﬂ)” g

On the other hand, since &(2)(0) =0for¢=1,2,...,3k — 1, then by Taylor’s theorem

Z2k—l
< rhd® "

2k — 1! (0] Wheneverm+1<k, z>0. (217
Therefore,
1 14+ 1\*!
(m) A (2k+
A" ()| < e ( n > at m) ||Loo[o,%]’ m+1<k, r>0. (2.18)

‘We next estimate |Al(m)(t)| by induction on /. We claim that

o . N ©
Am t < ma a 00 219
|A™ ()] < (t+1)’"+21—1< . ) 2k§£g2k-|)—(m+l—1”a . [0, (2.19)

ifm+I1<k,m>0,1>1,and 0 <t < 2n, where c = c(l, m), and hence, using (2.17),

2k—1
|Ak ()] < c®) (t +k) max  [|a®®

(r+DX*1\ n 2A<O<IK—1 ”L“’[Ov%]
< S 1a% ) 220

Indeed, estimate (2.18) gives (2.19) for [ = 1. Suppose (2.19) holds for some [/ > 1 and all m > 0
such that m +1 < k. Then by (2.15) A1 (1) = — [} G}(t +s) ds with G, (¢) := ZHL and

FHBFI
(m) (m+1) ¢
hence A"| (1) = —fo G, (t +s5)ds. We have

m+1 +1-v
(m+1) m + l ) (_2)m (m + 1 — V)‘
G t) = At
n §)< v ) C e s i pr
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and using the inductive assumption

(m) 50
|Al+1 GIES 02k<£223‘1§‘+m+l‘|a HLOC[O, il
’g 1 141\ 2! 1
X - -
B (t + v+2-1 n (r + 1ym+2—v

< c t+14+ 1\ max Ha(@)” e
Tt ym2+1 n ULk tm+ L0, 551

which confirms (2.19).
We next prove (2.13) (r =0) for 1/n < 0 < 7/2. By (2.7) it readily follows that h,(fl+k’ﬂ) <
2k /n and it is well known that (see e.g. (4.18)in [11])

|PthP) (cos0)| < 0<6<m/2

nl/2gk+a+1/2°

We use the above and (2.20) in (2.16) to obtain for 1/n <0 < /2

2n ~a+k
i J
| eost| <ea™ Vo X Srrsimgrreriz < €
j=1

2042
GGk=D ” n
0 (ng)k+oz+l/2 ’

Hence, estimate (2.13) (with » = 0) holds for 1/n <0 < /2.
Let7/2 <6 <7 — 1/n. Similarly as in [11]

|Pn(°‘+k’ﬂ)(cos9)} <c2knf, mp2<o<a—1/n.
Combining this with (2.16) and (2.20) we getfor 7 /2 <0 <7 — 1/n

2n +B+2

a
|Qz’ﬂ(COSQ)’ < c||&(3k—l)”oon—2k+l Zjﬁ+ot+k <C||a(3k—1)uoon —~

3

j=1

which implies (2.13).
In the case 7 — 1/n < 6 < 7 estimate (2.13) follows from the above estimate exactly as
in [11]. This completes the proof of estimate (2.13) inthe case r =0. O

Estimate (2.11) can be improved for admissible cutoff functions which are constant around
t =0 and have “small” derivatives as in Theorem 2.3:

Theorem 2.7. Let L and M be as in (2.1). Suppose a is an admissible cutoff function of type
(a), (b) or (¢) which belongs to S(1, L; y, y M) for some v,y > 0 (see Theorem 2.3). Then the
kernels from (2.9) satisfy

L P 9] < (2.21)

cn ox {_ cnp(x,y) }
VWa.p (5 x) /e p(n; y) P Lnp(x,y))
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Sor x,y € [—1,1], where ¢ = ¢'/y M with ¢ > 0 being an absolute constant and ¢ depends
continuously only on o, B, v,y and M.
In particular, the above result holds for L ¢ (t) from (2.2) with M = c(0)e 1.

For the proof of this theorem one first uses Theorem 2.3 to prove the following estimate for
the kernels from (2.12) with a from above

dr
‘ dx’

cnb
Qfl"ﬁ(COSQ)‘ L entetr+2 exp{—;('rllg) } 0<9<m,

and then proceeds exactly as in the proof of Theorem 4.1 in [11]. The proofs are nearly identical
to the ones in [11] and will be omitted.

Remark 2.8. Theorem 2.7 remains true if we require that a € S(1, L; v, y M), suppa C [0, 2],
and a be a constant on [0, 8] for a fixed § € (0, 1). Then ¢ and ¢’ will depend on § as well.
However, we are not aware if Theorem 2.7 holds for admissible cutoff functions which are not
constants around ¢ = 0. The method of proof of Theorem 2.6 does not give such a result for all
admissible cutoff functions.

In [11] results similar to Theorem 2.7 are proved on the sphere, ball, simplex and in the context
of Hermite and Laguerre functions with £ replaced by £, .. We would like to point out here that
with the same proofs these results hold for a general function £ as above.

We shall need

Lemma 2.9. There exists a constant ¢ depending only on o, B such that

Cc

Vwapln;x)’

Proof. Forx e[-1+n"2,1 —n"?], using

|,5rfa,ﬂ>(x)|< xel[=1,1], n>1. (2.22)

wa,ﬂ(n; x) < 2a+ﬁ+1(1 _ X)Dt+1/2(1 +X)ﬁ+1/2,

we get (2.22) from the inequality

5 2
sup (1 — 021 4 0)f 12 B (o) < (24 \Jo? + p2)
T

xe[—1,1]

established in [5, Theorem 1]. For the remaining x estimate (2.22) follows from above invoking
Theorem 8.4.8 in [4, p. 108]. O

The next theorem shows that the kernels Lz”g from (2.9) are Lip 1 with respect to the distance

Theorem 2.10. Let a € C3*~1[0, 00) for some k > 20+ 28 +5, suppa C [0, 2], and 4T (0) =0
forr=1,2,...,3k— 1. Then forany x, y, & € [—1, 1] such that p(x, &) < csnLn>1,c0>0,
the kernel Lg’ﬁ from (2.9) satisfies
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en?p(x, £)
VWa, g1 X)\/wa,p (5 y)

|Lg’ﬂ(x, y) — LB (g, »| < (L+np(x, )7, (2.23)

where 0 =k — 20 — 2 — 5 and ¢ depends only on k, a, B, ¢y, and ||a* V|| s. Consequently,
if a is an admissible cutoff function, then the above estimate holds for any o > 0.

The proof of this theorem for «, 8 > —1/2 utilizes estimate (2.13) and is identical with the
proof of Theorem 2.2 in [13]. The limit cases « = —1/2 or B = —1/2 are treated as in the proof
of [11, Theorem 4.1]. We omit the details.

3. Multivariate cutoff functions

As was explained in the introduction, cutoff functions in d-variables will play a prominent
role in the development of weighted F- and B-spaces on [—1, 1]¢. In this section we introduce
two kinds of admissible d-dimensional cutoff functions and give several constructions of such
functions.

3.1. Admissible d-dimensional cutoff functions

To define multivariate cutoff functions we need to introduce some convenient notation. Given
1 < k < d we define proj, : R — RY by

projk(tl, o tg) =, ..., tk—laO,tk-q—l, o tg). 3.1

We also denote by B, the part of the unit ball of the standard £7 (R?) norm contained in the first
octant, i.e.

By :={te[0,000% |tl, <1}, 1< p<oo.

Definition 3.1. A cutoff function A € C®[0, 00) is said to be admissible of first kind or simply
admissible if suppA C[0,2]¢ and A obeys the First Boundary Condition, introduced in Sec-
tion 1.2, i.e. for any ¢ € [0, oo)d of the form ¢ = proj, ¢ for some 1 < k < d we have D,’{"A(t) =0
form=1,2,....

Furthermore, A is said to be of type (a), (b), or (c) if in addition

(a) fi(t) =1 fort € By,
(b) A(t)y=0forte 1By, or
(c) Ais of type (b) and Y72 |A(27/1)|> = 1 for t € [0, 00)¢ \ [0, 1)

Definition 3.2. A cutoff fun(ition AecC °°A[O, oo)‘f is said to be admissible of second kind and
type (a), (b), or (c) if supp A C [0,2]¢, A(t) = A(proj, t) for every t = (11, ..., 14) € [0, 00)?
such that 7, < %||t||oo and

@ At =1ifreB,
(b) A(t)=0ift € 3By, or
(c) Ais of type (b) and Y72 |A(27/1)|* = 1 for t € [0, 00)¢ \ [0, 1)
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We first note that if A is admissible of second kind, then for all 7 € [0, oo)d such that T =
proj; T for some 1 < k < d, the function A(¢) is a constant on the segment 7 € [7, T 4 ﬁek],

ie A obeys the Second Boundary Condition from Section 1.2 with constant ¢, = ﬁ. Indeed,

if [[7lloo < 577 then

=l +n< =t L1
= (T N — —_— =
! VTS 1 T —27 2

and A(t) = A(t) because A(1) = 1 or A(t) = 0fort € 1B1. If || 7]loc > 577, then tx < 77 <
%I|r||oo = %||t||<>Q and we have A(t) = A(r) by the definition. Consequently, any admissible
cutoff function of second kind is admissible of first kind as well.

Note also that in dimension d = 1 the set of admissible cutoff functions of first kind and
type (a) coincides with the set of admissible cutoff functions of second kind and type (a); the
same is true for cutoff functions of types (b) and (c).

Remark 3.3. As was explained in the introduction the fact that the admissible cutoff functions
satisfy the First Boundary Condition (see Section 1.2) is crucial for the rapid decay of the as-
sociated tensor product Jacobi polynomial kernel from (2.9); this will be established in the next
section.

An important reason for introducing admissible cutoff functions of second kind is that such
cutoff functions with “small” derivatives (Section 3.4, Section 3.6) allow to construct tensor
product Jacobi polynomial kernel of sub-exponential localization (see Theorems 4.2 and 10.5),
while as for now we are unable to achieve such localization with admissible cutoff functions of
first kind.

It is easy to construct admissible cutoff functions of type (a) as products of univariate cutoff
functions of type (a).

Lemma 3.4. Letaj, j =1, ...,d, be admissible univariate functions of type (a). Then

d
At) = ]_[aj(zj) (3.2)

j=l1
is an admissible d-dimensional cutoff function of second kind and type (a).

Proof. By the definition evidently A € C®[0, 00)9, suppA C 2B and A(r) =1 if 1 €
Bso D Bj. Furthermore, A(t) = A(projk 1) for all 7 € [0, 00)? such that ||]s < 2 and # < 1.
This and suppA C 2B imply A(t) = A(proj,< 1) for all t = (11,...,14) € [0, 00)¢ such that
< glltlloo. D

The construction of admissible cutoff functions of type (b) is straightforward using admissible
cutoff functions of type (a):
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Lemma 3.5. IfA], Ay are admissible of type (a) (any kind), then
A = A1(0) — Ay (21) (3.3)
is admissible of type (b).

For the definition of F- and B-spaces on [—1, 114 we shall utilize admissible cutoff func-
tions A of type (b) with the property that the dyadic dilations of suppA essentially cover the
whole spectrum. More precisely, we shall need admissible functions A, which obey the follow-
ing dyadic covering condition:

for any ¢ € [0, 00)? with ||]|se = 1 there is 0 < y < 1 such that

inf |A(A)| >c > 0. (34)
rely,2y]

Note that this condition yields Z 0 |A(2 It)| > ¢ > 0fort €[0,00)? \ By which justifies our
terminology.

From the constructions of admissible cutoff functions below it will be clear that it is easy to
construct admissible functions A of type (b) which satisfy condition (3.4).

The following lemma will be instrumental in the development of F'- and B-spaces.

Lemma 3.6. For any admissible function A of first or second kind and type (b) satisfying the
dyadic covering condition (3.4) there exists an admissible function B of type (b) (and the same
kind) such that

Z B(27t)=1 fortel0,00)"\Bx. (3.5)

Proof. We shall only prove this lemma for an admissible function of second kind, since the case
of first kind cutoff functions is easier.
We define B(t) :=0fort e %Bl and t € [0, oo)d\ZBoo. For the remaining ¢ € [0, oo)d we set

B() = A (3.6)
YR LlA@inP '

Forevery ¢ € [0, 00)? the sum in the denominator of (3.6) is non-zero on account of property (3.4)
and contains no more that 2 4 log, d non-zero terms. Hence BecC [0, oo)d. On the other
hand, for ¢ € [0, 00)?\Bs, we have 2771 ¢ 2By, for j < 0 and the sum in the denominator
of (3.6) reduces to j > 0. Hence (3. 5) is trivially satisfied. Finally, if ¢ € [0, 00)? and 1, < %||t||oo
for some 1 <k < d, then 27/t < 1|27/ for j € Z and A(27/1) = A(proj; (27/1)), which
implies é(t) = B(prQ]k t). O

The construction of admissible cutoff functions of type (c) will require some care. We shall
give several constructions of cutoff functions below.
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3.2. Construction of admissible cutoff functions via quasi-norms

One approach for constructing admissible d-dimensional cutoff functions is based on the fol-
lowing lemma.

Lemma 3.7. Suppose the function N : R? — R is in C*°(R4\{0}) and for t € R? obeys

N(at)=aN (), oa>0, (3.7)
[tllce SN @) < Iz, (3.8)
N (@) =N (proj,, 1) provided |ty| < %||t||oo, m=1,...,d. (3.9

If a is an admissible univariate function of type (a), (b) or (c), then A(t) =aN(@)) is an
admissible d-dimensional function of second kind and type (a), (b) or (c), respectively.

The proof of this lemma is straightforward.

A simple way to construct a function N satisfying the conditions of Lemma 3.7 is the follow-
ing. Let ¢ be an even real-valued function, whose restriction on [0, co) is an admissible univariate
function of type (a), satisfying 0 < & < 1. For d € N and 1 € R?\ {0} set

d d '
N@ =Y ltl ]_[CCL) (3.10)
m=1 j=1 n

where 6(%) := 0 for every real 7, including T = 0. For ¢ = 0 by continuity we set A/ (0) = 0.
Given t # 0 let k be such that ||| = |tk]. If || < %||t||oo, then |#/t,| > 2 and hence

5(%) = 0. Observing also that é(t%) = 1if |¢j] < |t | we see that (3.10) can be rewritten as

N(@) = Z |t ]_[ é(fl). (3.11)

. tm
I<m<d, tn]>3lthoo 1SISA 111> [tm]

As indicated the mth term in the above sum vanishes if |t,]| < %||t||oo and hence it belongs
to C®(R?\{0}). Therefore, N € C*®(R4\{0}). From (3.10) it readily follows that A satisfies
condition (3.7). If m is such that |t,,| < %Ilt loo, then |t,,,| does not participate in the right-hand
side of (3.11) and hence N satisfies (3.9). The inequality N (z) < ||¢]|; follows from 0 < ¢ < 1.
Finally, if ||#]|oo = |#|, then from (3.11) and 0 < ¢ < 1 we get N'(¢) > |tx| = ||t]|oo and thus (3.8)
is also satisfied. Thus, we have proved

Corollary 3.8. Let N be given by (3.10), where ¢ is an even real-valued function, whose re-
striction on [0, 00) is an admissible univariate function of type (a), satisfying 0 < ¢ < 1. If a is
an admissible univariate function of type (a), (b) or (c), then A(t) =a(N(t)) is an admissible
d-dimensional function of second kind and type (a), (b) or (c), respectively.
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3.3. Construction of admissible d-dimensional cutoff functions via norms

From (3.10)—(3.11) it follows that A is a quasi-norm. A necessary and sufficient condition for
N to be a norm is the convexity of the unit ball B = {r: N'(¢) < 1}.

The construction of the boundary 08 = {¢: N'(¢) = 1} of the unit ball of a norm N satisfying
the conditions of Lemma 3.7 can be carried out by induction on the dimension. First, one gets
the boundaries of the d — 1-dimensional unit balls on every coordinate hyperplane. Second, one
extends them into the first octant by line segments of length % Third, one completes the surface
of the unit ball boundary in the first octant by convex C* blending. Finally, one extends it by
symmetry to the remaining octants and defines the norm from the ball in a standard way.

If instead of convex C° blending in the above scheme it is used a C* blending satisfy-
ing (3.8), then one obtains a quasi-norm N satisfying all conditions of Lemma 3.7. We shall not
further elaborate on this construction.

3.4. Construction of admissible cutoff functions via quasi-norms with “small” derivatives

In analogy to Theorem 2.3 we construct here admissible d-dimensional cutoff functions with
“small” derivatives. In this construction we shall utilize classes of C* functions of this type:

R(a,b,F;y,y?)::{feCoo[a,b] ||f<k>||mab y(FF), VkeN},

where F is a given positive non-decreasing function defined at least on N, and y, y > 0 are
parameters independent of k. Obviously, the sum and the product of two functions from such
classes also belong to a class like that (as the parameters y, y may vary). More importantly, the
composition of two functions also belongs to such a class as the following lemma shows.

Lemma 3.9. Let F(v) > 0 for v € [1,00) and let In F(v)" be convex on [1,00). If f €
R(ay, b1, F; y1,71), & € R(aa, by, F; y2,v2) and the range of f is in [aa, by], then g o f €
R(ay, by, F; v, Vi(y1y2F(1) + 1)). Here g o f is the composition of g and f.

Proof. In order to find an estimate for D (g o f) we apply Faa di Bruno’s formula in the form

1 ! Dl DJ £\
EDk(gOf)= Z [m]! ‘( 8o fn( f) ’ 3.12)

! !

meMkml....m ! |m|!
where My = {m € N&: 21;:1 jmj =k}. Note that ZI;'=1 jmj =k implies that at most O (v/k)
of m; can be non-zero. We assume that ()% =1inthe product in (3.12) even if the argument is

Zero.
Applying the estimates on the derivatives of f and g we get from (3.12)

k

1 !
altteenles T it 2 )" T )
me k :

k

— ok = \n n n! N jm;
=iy M) Fm)" > 7m1!mm“£[117(]) . (3.13)

n=1 meMy, lm|=n
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Now, from the convexity of vIn F (v) we get

(InFE@+jInF()<InF()+E+j—DInFE+j—1), ¥, j>1. (3.14)

If in a multi-index m we increase m| and mg, ;1 by 1 and decrease m, and m; by 1, then the
quantities 21;21 jmj and ZI;‘:1 m j remain unchanged. Observing that this operation decreases
Z';-:zmj by 1 and applying inductively (3.14) we obtain that among all m € My with |m| =n

the largest value of the product ]_[];:1 F(j)j’"f is attained for m; =n — 1, my_,4+1 = 1, and
m;=0if j#£land j £k —n+1,ie.

k
[TFGY™ < FAY " Flk—n+ D (3.15)
j=1

For the rigorous proof of estimate (3.15) one should take into account the following properties of
the multi-indices m € My with |m| =n: (i) it m; > 1, then j <k —n + 1; (ii) if 21;22 mj=1,
then my_pp1 =1; (i) if m; > landme > 1for1 < j <, then j+£—1<k—n+1; @{v)if
mj>2forl < j,then2j —1<k—n+ 1. Note also that (3.15) is trivial for n = k.

Using (3.15) and

! 1 —
meMk,|m|=nm1"”mk' n—1

(see e.g. [21, Section 5.5]) in (3.13) and further applying (3.14) with £ =n, j =k —n+ 1 we
finally get

k
1 - - k—1 _ _
Do Nl < vl > )" F@n) <n ~ 1)F(l)" "Flk—n+ D!
: n=1
Ko k—1
<pHFR'Y (n ~ 1)F(l)"(m )"
n=1
~k k., = ~ k—1
=ny F&) mmnF)(nmF1) +1)
<p[PnpFO+1)FR]. o

We shall utilize Lemma 3.9 to the composition of admissible cutoff functions with “small”
derivatives in the sense of Definition 2.2 (see Theorem 2.3), where £ obeys an additional con-
vexity condition. Namely, we shall assume that

L satisfies (2.1) and (¢ + 1) In £L(¢) is convex on [0, 00). (3.16)

The functions Lo and Ly . from (2.2) are examples of functions £ satisfying this condition.
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Theorem 3.10. Let L satisfy (3.16) and let M be given by (2.1). Then the set

S(d. £;8,10d(2d — 1)M (8(d +2)M + 1))
contains an admissible cutoff function A0<AL], of second kind and any type: (a), (b) or (c)
(see Definition 3.2).

Proof. Set A(t) = (N (¢)), where @ € S(1, £:8,8M), 0 < a < 1, is an admissible function
of any type (a), (b) or (c) from Theorem 2.3 and N = N is given by (3.10) with ¢|j0.c0) €
S(,L;1,2M), 0 < ¢ < 1, being an admissible function of type (a) from Theorem 2.3. Then A
is an admissible multivariate cutoff function of the same type as a according to Corollary 3.8.
Moreover, 0 < A < 1.

In estimating D?A(tl, ..., tg) we may assume without loss of generality that j = d. Further,
we consider only

1
<ty <2, 3.17
4d—2 " G479
because DSA(tl,...,td) =0if0<y < ﬁ ortg > 2.
In order to apply Lemma 3.9 with g =a and f = N (as a function of #;) we need upper
bounds for Dsj\/(tl, ..., t7). From (3.10) we write
d d ‘.
N =D Fu(t),  Fnlt) =ty HC(%)
m=1 j=1 m
Thenform=1,...,d — 1 we have

-9 ()

which on account of (3.17) and since Dké(r) =0fort ¢[1,2]and 0 < ¢ < 1 implies

1 k
H|D§Fm(z)| <(82d — DMLk —1)) (3.18)
forall (1, ..., 14—1) € [0, 00)?~!. Using the formulas for derivatives of a product we get

-1 -1
DXFy(t)=1t4D el L kDK~1 ] A
a0 =ta d<1_[c<fd>>+ . (Hc<td

Jj=1 j=1

d—1

k! m t

=1, D (el L
dznﬂ‘ Mdlll:[ d(cf)>

A1
c<t )) (3.19)
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For 1 <t;/ty <2 the function t;/t,; of t; belongs to S(1, £; 2, 2(2d — 1)). Hence, by Lemma 3.9
with F(v) = L(v — 1) it follows that ¢(¢;/14) € S(1, £; 1, 10(2d — 1) M). Using this and (3.17)
in (3.19) we get

d—1

1 m
E|D§Fd(t)| <2 Zkl_[(lo(Zd— DML(m; —1))™
Im|=k j=1
d—1
+ Y [l(o@d-1mLem;— )™
Im|=k—1 j=1
<3< 3 1)(10(2d—1)M£(k—1))k
Im|=k
<3(10d(2d — HYML(K — 1), (3.20)

We recall that the terms in (3.20) with m; = 0 are considered equal 1. Now, combining (3.18)
and (3.20) we get for all (71, ...,75—1) € [0, 00)4~! and 14 as in (3.17)

%|D§N(r)\ < (d+2)(10d2d — HYMLK — D))", (3.21)

ie. NeS(d, L;d+2,10d(2d — 1)M). Now, Lemma 3.9 with Fv)=L(v—1),g=a, f =N
and (3.21) prove the theorem. 0O

Remark 3.11. The arguments from the above proof also imply that (2.3) holds for the mixed
derivatives of order k. However, Theorem 3.10 is sufficient for our purposes in this paper.

Remark 3.12. In Definition 3.2 B can be replaced by By, but this will lead to some complica-
tions in the construction of admissible functions by semi-norms, as well as bigger constants in
Theorem 3.10.

For £ = Ly . the admissible multivariate cutoff function in Theorem 3.10 is from the class
S, Lo.e; v0, Yo /82), where the second parameter is of order &~2 and not of order ¢! as in the
univariate case. This is due to the method of construction via composition of two functions from
S, Lec; v, v/€). The composition necessarily belongs to S(1, L ¢; Y0, 70/€2) unless better
estimates for the derivatives are known. A different construction that leads to a smaller value of
the second parameter is given in Sections 3.5-3.6.

3.5. Construction of admissible cutoff functions by univariate products

Another natural approach for constructing admissible d-dimensional cutoff functions resem-
bles the construction of d-dimensional wavelets from univariate father wavelets.
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From Lemmas 3.4-3.5 we immediately get

Lemma 3.13. Let 4y j,d2,j, j =1, ..., d, be admissible univariate functions of type (a). Then
d d
By=]]aep—]]ajctp (3.22)
j=1 j=1

is an admissible d-dimensional cutoff function of second kind and type (b).

In the univariate case all admissible functions of type (c) are among the admissible functions
of type (b) constructed via (3.22). Unfortunately, in dimensions d > 2 representation (3.22) does
not provide any admissible d-dimensional function of type (c). In order to get such cutoff func-
tions we employ two other one-dimensional techniques.

Lemma 3.14. Let A be given by (3.2) with a; satisfying 0 < a;(t) < 1. We define a cutoff function
C in two ways, namely,

1— A2(21), t € Boos
CO:=1 A2 - A2, 1 €2B5\Boo, (3.23)
0, t ¢ 2B,
or
0, te %Boo,
A 1
()= COS(2f\(2l)), te 800\28001 (3.24)
sin(F A(1)), t € 2850\ Boo,
0, t ¢2Bs.

Then the function C>0 from (3.23) or (3.24) is admissible of second kind and type (c).
The proof of this lemma is straightforward.

Remark 3.15. The cutoff functions constructed in this subsection satisfy a stronger form of
Definition 3.2 with B replaced by Bs.

3.6. Construction of admissible cutoff functions from univariate products with “small”
derivatives

The admissible cutoff functions from univariate products from Section 3.5 allow better esti-
mates on the derivatives than those in Section 3.4.

Theorem 3.16. Ler L satisfy (3.16) and let M be given by (2.1). Let v,y > 0 be such that the
set S(1, L; v, y M) contains an admissible univariate cutoff function a, 0 < a(t) < 1, of type (a)
according to Theorem 2.3.
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(@) IfA is defined by (3.2) with a; = a, then A is an admissible cutoff function of second kind
and type (a) and A € 8, L; y, Y M). .

(b) If B is defined by (3.22) with &1 .j =a1,j = a, then B is an admissible cutoff function of
second kind and type (b) and B €S, L;2y, 2y M).

() If Cis defined by (3. 24) with A from (3.2), where a; = a, then C is admissible of second
kind and type (c) and Ce Sd,L;1,(my +2)y M).

Proof. It is established in Lemmas 3.4, 3 13 and 3.14 that A, B, C are admissible cutoff func-
tions of the respective type. The fact that AeSd, L y,y M) follows immediately by (3.2),
0 < a(r) <1 and Definition 2.2. Also B e S, L;2y,2y M) follows by (3.22) and Defini-
tion 2.2, as the constant 2y replaces y because of the multiplier 2 in the arguments of the
functions in the second product in (3.22).

To find bounds on the derivatives of C‘(t) for 1/2 < ||t]loo <2 we fix 1 < j < d. Consider
é’(t) = (g o f)(tj) as a function of #; € [1/2, 1], where for ||t]|oc < 1 we set f(¢;) = a(2t;) and
g(x) = cos(Ax) with A = 5 ]_[m 1, metj a(2ty) and for 1 < ||t]leo < 2 we set f@)= a(tJ) and
g(x) = sin(Ax) with A = % Hm:l,m;éja(tm)‘ We apply Lemma 3.9 as f € S(1, L; y,2y M),
geS,L;1,wr/2)and getgo f €S, L; 1, (my +2)y M).

If tj € [1,2] we use f(t;) = a(t]) and g(x) = sin(Ax) with A = 7 ]_[m 1 m#a(tm). We
apply Lemma 3.9 as f € S(1,L;y,yM) and g € S(1, L; 1,7/2) to obtain go f € S(1, L; 1,
(ry /24 1)y M). Consequently, in all cases Ce Sd,L; 1,y +2)yM). 0O

Remark 3.17. In cases (a) and (b) of Theorem 3.16 it suffices to require £ to satisfy (2.1) instead
of (3.16).

4. Localized tensor product Jacobi polynomial kernels

Denote by P, p i PD) (1 < j < d) the nth degree Jacobi polynomial normalized in L>([—1, 1],
waj,ﬁj), see Section 2.2. Then for multi-indexes @ = («1,...,aq) and B = (B1,..., Bq) the
d-dimensional tensor product Jacobi polynomials are defined by

d
PPy =[] B (xp). (4.1)
j=1

Recall our standing assumption: «j, 8; > —1/2. Evidently, {I;v(a’ﬁ )}v eNd is an orthonormal basis

for the weighted space L2([—1, 1]¢, wy, g) with w, g being the product Jacobi weight defined
in (1.5).
We are interested in kernels of the form

Aneoy)i= Y A(E)%“’ﬂ)(x)ﬁé“ﬂ)(y), xyel-1 11, 42)

d
veNj



K. Ivanov et al. / Journal of Functional Analysis 263 (2012) 1147-1197 1169

Define
d
Wap(n; x) = [ | wa, .5, (n: X)), (4.3)
Jj=1
where Wa ;B (n; x;) is given in (2.10). We shall also use the distance on [—1, 119 defined by

X,y) = max |arccosx; — arccosy;|. 4.4
plx.y)= max [arccosy; il (“44)

SIS

Theorem 4.1. Suppose A e C3*=110, 00)? for some k > 1, supp/i c [0,214, and for any
r €[0,2]¢ of the form t = (t1,...,t0—1,0,t41,...,24), 1 <L < d, i.e. t =proj,t, A satisfies
DZ‘A(I) =0form=1,2,...,3k — 1. Then the kernels from (4.2) satisfy

Cl’ld

VWa g5 x)/Wa p(n; y)

| An(x, )| < (1+noGe, )™ xyel-L1% @5

Here the constant ¢ depends on k, d, a, 8 and ||D2k_1A||oo, £=1,...,d, but not on x, y and n.
Consequently, for an admissible cutoff function A the above estimate holds for any k > 0.

Proof. Without loss of generality we may assume that p(x, y) = |arccos x; — arccos yg|. We
write A, from (4.2) as

2n—1 2n—1
Vg \ ~ ~
AgCe, )= o Y [Z ( ,...,7)Péjd’ﬁﬁ(xd)Pé;'d’f’”(yd)}

v1=0 vg—1=0L vg=0
(aj.Bj) (aj,Bj)
xl_[P i ,)]‘[P"" ). (4.6)
For any vy, ..., vg_1 we estimate the inner sum in (4.6) by using Theorem 2.5. We get

o0
~fV D, ~ ~
E A<—l, e, _d>pv(jd,ﬁd)(xd)plfjd,ﬁd)(yd)
n

n

vg=0
cn

—k
< 14+np(x,y) . 4.7)
\/wad’ﬁd(n; xd)\/wad,ﬁd(”; )’d)( npLx. y )

For the Jacobi polynomials from the outer products we apply (2.22), o, B; > —1/2, and use that
V; < 2n to obtain

o
\/waj,ﬁj(vj;t) \/waj,ﬂj(n;t)

Combining the above two estimates and the fact that the total number of terms in the outer sums
in (4.6) is (2n)¢~! proves the theorem. 0O

~ i )
|P\f;x'/ Pi (t)| < =Xj,yj- 4.8)
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We next show that estimate (4.5) can be improved for cutoff functions of “small” derivatives
given by Theorem 3.10 or Theorem 3.16.

Theorem 4.2. Let A be an admissible cutoff function of second kind which belongs to
Sd,L;y,yM) with L and M as in (2.1) and y,y > 0 (see Definition 2.2). Then the kernels
from (4.2) satisfy

(4.9)

cnd { cnp(x,y) }

An(x, y)| < B
[An (e, )| IWap Oy Wagmin) Tl Lp(xy)

for x,y € [—1,11%. Here ¢ = ¢'/y M with ¢’ > 0 being an absolute constant and the constant
¢ >O0dependsond, M, «, B, y and y, but not on x, y and n.

The proof of Theorem 4.2 is the same as the proof of Theorem 4.1 with the role of Theorem 2.5
played by Theorem 2.7 and Remark 2.8.

The next theorem shows that the kernels A, (x, y) from (4.2) are Lip 1 in x and y with respect
to the distance p(-,-); it is needed for our further development.

Theorem 4.3. Under the hypotheses of Theorem 4.1 with k > 2max;{a; + Bi}+5 forall x, y, & €
[—1, 119 such that p(x, &) < csn~ L n>1, ¢y > 0, the kernel A, from (4.2) satisfies

cnp(x, £)
\/Wa,ﬂ(n; X)\/Wa,ﬂ(l’l; y)

| An(x, y) = An(€, y)| < (1+np(x, )77, (4.10)

where 0 =k —2max;{o; + Bi} — 5 and ¢ > 0 depends only on k,d, o, B, c«, and ||D2k_1A||Oo,
£ =1,...,d. Therefore, for an admissible cutoff function A the above estimate holds for any
o >0.
Proof. Apparently it suffices to prove estimate (4.10) for all & € [—1, 1]¢ of the form & = x + 8¢;
such that p(x, x + d¢;) < csn~Vand 1 <i <d with e; being the ith coordinate vector.

As in the proof of Theorem 4.1, we may assume that p(x, y) = |arccos xy — arccos yg| =:
pd(x,y). Assuming that £ = x + Je; is as above, we consider two cases for i.

Case 1:i =d. Then we have

Ap(x,y) — Ap(x 4+ deq, y)

2n—1 2n—1 00
~f V1 Vd ~ ~ ~
= Z Z |: Z A(;,..., ;>(Pv(;d»ﬂd)(xd)_Pv(jldaﬁd)(xd+8))Pv(:dslgd)(yd):|

v1=0 vg—1=0L vy=0

@B, T @)
(@i B; ~ (@i B;

< [T aep T 2oy -

j=1 j=1

Applying Theorem 2.10 to the inner sum we get
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o0
A \}l \}d ~ ~ ~
E A<;, o, 7) (Pv(gd,ﬁd)(xd) _ pv(gd,ﬂd)(xd + 6))P1)(;¥dv,5d)(yd)
vd=0

cnzp(x, x +8e;)
h VWay. gy (15 Xa)\/Way.p, (15 Ya)

(1+npa(x, )"

5(@j.B) 5(@j.Bj)

For the Jacobi polynomials P, (x;) and Py, (yj) from the outer products we apply esti-
mates (4.8) and combining these with the above we arrive at (4.10).

Case?2:i#d.Letx,x 4 §e; € [—1, 174 and p(x,x +d8e;) < csn—'. We have

An(x,y) = An(x +Be;, y)

2n—1 2n—1 00
Vi Vg \ ~ ~
S B Z A g

v1=0 vg—1=0L vy=0

]_[ PP (e ) (BB () — PP (x; + 6) HP( PP (v @)
J=1j# Jj=1

As is well known that 4 [ PP (1)) = mEetBEl pet AT (1) (gee [23, (4.21.7)]). Combining
this with estimate (2.22) from Lemma 2.9 and hﬁ,‘f’ﬁ) BB (see (2.7)) give

m—1

cm cm

< .
Va1 pr1n—1.0)  Jug g, (/T =22 +m~)

d =
Eprfza’ﬂ)(l) <

We use this to obtain for 6,8’ € [0, w] with |0 — 0’| < cem— L, m>2,

cm|cos8 — cosé’|
/Wa,p(m, cosO)(sinf +m=1)
cmsin |52 = |sm|9+0 |

,/wa,g(m cosf)(sinf + m—!

cm|f — 0’|
<—.
VWe,p(m, cos0)

Note that (4.12) is trivial for m = 0, 1. Therefore,

|ﬁ,§f‘”3)(cose) — ﬁ,ff’ﬁ) (COSG’)| <

(4.12)

~ ~ i 5 8 [ )
| P () — Bt (3 4 5)] < L EOG) 0 E) g g
\/wai,ﬂi(‘)iaxi) \/wot,',ﬂ,'(n7xi)

Now, we use (4.7) to estimate the inner sum in (4.11), (4.8) to estimate the Jacobi polynomials

(a’ A (xj) (j #1) and P(aj i) (y;) from the outer products in (4.11), and we also use (4.13)
to obtam again (4.10). Here as in Case 1 we took into account that the number of terms in the
outer sums is (2n)4~1. O
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Lower bound estimates for the L”-norms of the kernels A, (x, y) in x or y can also be easily
derived from the corresponding results in dimension one.

Proposition 4.4. Let A be admissible and |A(t)| = ¢ > 0 for t € [1,1+ 8]¢, § > 0. Then for
n>1/8

2 _
/ | AnCe, )" wa (0 dy = cn W g(n; x) ™4, xe[-1,11, (4.14)
[—1,1)4
where ¢ > 0 depends only on §, o, B, and d.

Proof. By the definition of A, (x, y) in (4.2) and the orthogonality of the Jacobi polynomials, it
follows that

/ | A 9 Pwapdy =Y |A@/m) P[P ()]

[71)1]d veNg

> Y Ao/ B @]
ven,n+8nld

d n+|én]
>e[] X [Pl

i=1 vi=n

and the stated lower bound follows from the respective result in the univariate case, given in [13,
Proposition 2.4]. O

The rapidly decaying polynomial kernels A, (x, y) from (4.2) can be utilized as in the uni-
variate case [13, Proposition 2.6] for establishing Nikolski type inequalities:

Proposition 4.5. For0 <g < p<ooand g € H,f,
lglly < cn@+2 Xty minl0maxtes SD(A/a=1/p) o)l (4.15)
furthermore, for any s € R,
[ Wep (g )], <en®47YP | W g(ns )P~ Vg (] (4.16)
5. Additional auxiliary results

5.1. The maximal inequality

We let M; (0 <t < 00) be the maximal operator defined by

X

1 1/t
sz(x)1=SUP<—/|f(y)|twa,ﬁ(y)dy> , xel-1,11%, (5.1)
1> M(I)I
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where the sup is over all boxes (rectangles) I C [—1, l]d with sides parallel to the coordinate
axes containing x. Here u(E) := fE Wy, g(y)dy.

We denote by B(&, r) the “ball” (box) centered at £ € [—1, 114 of radius r > 0 with respect to
the distance p(-,-) on [—1, 1]d, i.e.

B, r) ={xe[-1,11% p(x,&) <r}. (5.2)

We next show that for 0 <§ <m

2yl @ f0<y <1,
d — 2 ;L= ! !
w(B(y,8) ~ 8 | |(,/1 y; +3) v {ﬂi AN (5.3)

Let y; =:cos¢;, 0 < ¢; <, and ¢! :=max{¢; — 8,0}, ¢ := min{¢; + &, 7}. Evidently

d cos ]

p(B0.0) =TT [ @ =xom ) dx
izlcosrp;’
a 4

= /(1 — c0s6;)% (1 4 cos6;)? sin6; db;

i=1 "
i

2yi+1
~ 84 H(smd) )it —gd ]_[(‘/1 —y? +5) ,

i=1

which confirms (5.3).

By (5.3) it follows that w(B(y, 28)) < cu(B(y, §)), i.e. u is a doubling measure on [—1, 14
and, therefore, the Fefferman—Stein vector-valued maximal inequality is valid (see [22]): As-
suming that 0 < p < 00,0 < g < oo and 0 <t < min{p, ¢}, then for any sequence of functions

{fx)p2, on [—1, 114,
00 1/q
<c (Zlfk<->|q)
k=1

We need to estimate (M, 1y 5)) (x). Such estimates readily follow by (5.3) and the respective
univariate result in [13, Lemma 2.7].

(5.4)

()

p p

Lemma 5.1. Ler y € [—1,11¢ and 0 < r < 7, and suppose y;, i = 1,...,d, are defined as
in (5.3). Then for any x € [—1,1]¢

d

p(yiaxj))_l/l< P(yjsXj) )_(zyj+l)/l
Mepom @~ [T+ == 1+ —"" 5.5
(M, B(y, ))(X) ]1:[1< r 7’+P(Yja 1) (5.5)
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and hence

—2yj+2
,O(yj,xj)> Cri+d/t
r

d
(M) (x) > c]‘[(1 +

j=1

> c<l N p(y,x)
—

—Qlyl+2d)/t
) . (5.6)

Here p(yj, xj) :=|arccos y; — arccos x| and p(y, x) is defined in (4.4).

We also want to record the following useful inequality which follows easily from the case
d =1, provedin [13, (2.22)]:

)d+2 >4 max{a;,Bi}

W, (n; x) < cWy g(n; y)(l +np(x,y) , (5.7)

forx,ye[—1, 119 and n > 1, where We,g(n; x) is from (4.3).
5.2. Distributions on [—1, l]d

Here we introduce and give some basic facts about distributions on [—1, 11¢. We shall use as
test functions the set D := C*®[—1, 1]¢, where the topology is induced by the semi-norms

|l := | D'¢ ()|, for all multi-indices 1. (5.8)

Observe that the tensor product Jacobi polynomials {151)(“"3 )} belong to D and more importantly
the test functions ¢ € D can be completely characterized by the coefficients of their Jacobi ex-
pansions. Denote

Ne(@) == sup (v +1)*|(g, BeP)), (5.9)

d
veNj

where (£, g) := [i_y 1y f () g (X)we 5 (x) dx.
Lemma 5.2.

() ¢ €D ifand only if (¢, PPy = O((v] + 1)) for all k.
(ii) For every ¢ € D we have ¢ = ZueNg (¢, 13,501’/3))}3”(“’/3), where the convergence is in the
topology of D.
(iii) The topology in D can be equivalently defined by the norms Ni(-), k > 0.

The proof of this lemma is easy and similar to the proof of Lemma 2.8 in [13].
The space D’ of distributions on [—1, 119 is defined as the set of all continuous lifear func-
tionals on D. The pairing of f € D’ and ¢ € D will usually be denoted by ( f, ¢) := f(¢). As will
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be shown it is in a sense consistent with the inner product ( f, g) in L?(wq, g)- We shall need the
representation of distributions from D’ in terms of Jacobi polynomials.

Lemma 5.3.

(1) A linear functional f on D belongs to D' if and only if there exists k > 0 such that

lF@®)| = |(f.0)| < caNi(@) forallp €D. (5.10)

(ii) For any f € D’ there exist constants ¢ > 0 and k > 0 such that

|F(BP)| = (£, BeP) < cr(vl+ 1) forallveNd, and  (5.11)
f@) = lim (S,.0) = Y (f. D)o, PP} for ¢ € D, (5.12)
veNg

where S, := Z\V|<n (f. 13,,(“”3)) ﬁu(“’ﬁ ) and the series converges absolutely.
(iii) For any sequence {Cv}veNg’ satisfying |c,| < A(Jv| + D¢ forv e Ng and some constants A

and £, the sequence

Sy 1= Z cy PP

[vl<n

converges in D' as n — 0o to some distribution F € D' such that (F, 135&’/3)) = ¢, for
d
v e Ng.

Proof. Part (i) of the lemma follows by the definition of D’ and Lemma 5.2 as in the classical
case.
Estimate (5.11) is immediate from (5.10) and (5.9). Further, we have for ¢ € D

n—oo

lim (S, $) = lim f( > (e ﬁu(“’ﬂ))P,f“’ﬁ)) = 1),

vi<n

which confirms (5.12). Here we used Lemma 5.2, (ii).
To prove part (iii), we observe that (s,, ¢) = Z\v|<n cv(o, Pv(a’ﬂ)) for ¢ € D and using the

assumption and Lemma 5.2 we get |c, || (¢, 13150"’3))| <c(v|+ 1)¢=* for an arbitrary k > 0. There-
fore, the series ) enNd Cv (¢, f’lfa’ﬂ )) converges absolutely and hence

F(¢):= lim (s,.6)= ) elg. P*P). ¢eD, (5.13)

d
veNg

is a well-defined linear functional. We claim that F is bounded. Indeed, for ¢ € D



1176 K. Ivanov et al. / Journal of Functional Analysis 263 (2012) 1147-1197
[F@]< D leull(g, RPN <A D (wl+1) [, PP
veNg veNd

< ANta+1(9) Z (vl + 1)_‘1_1 < cNeyar1(9),

d
veNg

which shows that F € D B
Finally, F(P\*?) = lim,_, oo (s, #) = ¢, is immediate by (5.13). O

To simplify our notation, we introduce the following ‘“convolution”: For functions
@:[—1,11% x[-1,1]9 - Cand f:[—1,1]¢ — C, we define

O % f(x) = / O (x, ) f (Y wa () dy (5.14)
[—1,114

and extend it to D’ by duality, i.e. assuming that f € D’ and @ : [—1, 1]¢ x [—1, 1] — Cis such
that @ (x, y) belongs to D as a function of y, we define @ x f by

D x f(x):=(f D(x,). (5.15)
Here on the right f acts on @ (x, y) as a function of y.
5.3. LP-multipliers

We shall need L?-multipliers for tensor product Jacobi polynomial expansions. Since we can-
not find any such multipliers in the literature we next derive simple but non-optimal multipliers
satisfying the First Boundary Condition (Section 1.2) of a certain order.

Theorem 5.4. Ler m € C'[0,00)? for r sufficiently large (r > 6max;{o; + Bi} +
6, max{a;, Bi} + 6d + 20 will do) and suppose m satisfies the following condition: For any

t €10, oo)d of the form t = (t1,...,t0—1,0,t041,...,14), 1 <L < d, we have Dzm(t) =0 for
s=1,2,...,r. Also, assume
ID*m@)| <c(1+ltllos) ™™ fort €10, 00) and |z| <, (5.16)

with ¢ > 0 independent of t. Then the operator Ty, f := ZueNg’ m©)({f, ]5‘5“”3))15,)(“”3) is bounded
on LP (wg,g) for 1 < p < oo.

Proof. We shall utilize a standard decomposition of unity argument. Let C be an admissible
cutoff function of type (c). Then B = |C |2 > 0 is admissible of type (b) and Z;‘;o BQ2/t)=1

for 1 € [0,00)% \ [0, 1)?. We define @ (x, y) := m(0) P (x) B*? (y) and

A Vv ~ ~ X
Bj(x,y)i= Y B(F)m(wPﬁ“"‘)<x>P§“vﬁ><y>, j>L

d
veNg

Set K(x,y):= Zj>0 Di(x,y).
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We shall show that K (x, y) is well defined for x % y and |K (x, y)| < cV(x, y)_l, where
Vix,y):=u(B(y, p(x,y))), and furthermore K (x, y) obeys the following Hérmander condi-
tion

|K(x,y) — K(x,¥)|dun(x) <c, wheneverj e B(y,$), (5.17)
M\B(y,25)

forall y € M and § > 0. To this end it suffices to show that

oy, y)
p(x,y)

|K(x,y) — K(x, 5| <c Vi, 37 (5.18)

whenever p(x, y) > 2po(y, y), see [2,22].
For the proof of (5.18), fix x, y, y € [—1, l]d, x # y, and define

e O0<yi <L
S B if —1< 5 <0.

By (5.3) it follows that

d '
Ve 5~ o TT (152400 9) (5.19)

i=1

Let A; @) = B(t)m(ZJ 1t) We have suppB c [0,2]4 \ Bl and by (5.16) one gets
|Df[m(2/ 1t)]| ¢ for t € [0, \ 281 and |t| < r, where the constant ¢ > 0 is indepen-
dent of j. Therefore, ||DfAj||c>o = ID'[B()m(2/1)]|lee < ¢ for || < r with ¢ > 0 inde-

pendent of j. Now, it is evident that A j satisfies the assumptions of Theorem 4.3 for some
k > 2max;{a; + Bi} +2_; max{e;, Bi} + 2d + 6 and hence, using also (5.7), we get

) 2/ D p(y, y)
|@j(x,y) — @j(x, )| < i Y (5.20)
Wa,ﬁ(zjv )’)(14‘2],0(3@ )’))

if p(y,¥) <27/, where 0 = k — 2max;{o; + i} — 5.

If p(y,y) >277 and p(x,y) = 2p(y, y) (hence p(x,y) = p(y,y) and p(x,y) < 2p(x,y) <
3p(x,¥)), then estimate (5.20) follows by Theorem 4.1 applied separately to @;(x,y) and
@ (x, y) and using (5.7). Therefore, (5.20) holds whenever p(x, y) > 2p(y, ¥).

Let 277171 < p(x, §) <27/1. Then using @g(x, y) = Po(x, j) we write

J1 00
K. y) =K@ )] <Y |06, y) =@, 9|+ D |®(x.y) — Dj(x. )|
Jj=1 Jj=h+l
= F1+ F.

For F; we have using (5.20) and (5.19)
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. cp(y. ) izj(dﬂ)g cp(y, y)2/1@D
d > —i 2yi+1 ; d ] - y—i 2yi+1
[Ti=i (/1= +2 j=1 [T -y +
cp(y,y) < p(y,y)v(xj),l.

< i € (x,7)
PG YT (1= 32 + 0 (x. 9)) pLey

To estimate F, we first observe that (,/1 -3+ 2_j)(1 + 27771y > /1 — 37 + 2771 Then,

using again (5.20) and (5.19), we get

R 9j(d+1)
Fa<ep(y,y) Z ; = 5 —
J=ij1+1 ]_[izl(,/l -y + 2—J> (1+2i—J1)e
0j(d+1)

<oy )

\2vitl o
j=i H;’Zl(,/l — 24 2—11) (1 +2i—iyo—2ivi—d
- i1 (d o0
PO, D Y 2 U2 2

~ \2vitl
ML, (‘/1 -7+ 2*11) j=ji+1

< cp(y.y) < Cpgy, X;
PG T (1= 52 4+ 2 (x. 9) ple.y

where we used that o > 2 Zi vi + 2d + 1. The above estimates of F| and F, yield (5.18) and
hence the kernel K (x, y) satisfies the Hormander condition (5.17).
The estimate

X

Vi,

K[ <D || <cVie, ™' x#y, (5.21)
j=0

follows similarly as above from

c2/d
We, (27, y)(1 42/ p(x, y))°’

|@j(x,y)| <

which is a consequence of Theorem 4.1, using (5.7). We omit the details.

By Parseval’s identity || 75, fll2 < c|| fll2 for f € Lz(a)aﬂ). Using this and (5.21), a standard
argument yields that K (x, y) is the kernel of the operator T,,. Also, as indicated in Section 5.1,
the measure has the doubling property (see (5.3)). Therefore, T, is a generalized Calderén—
Zygmund operator and hence T, is bounded on L? (wq,g), 1 < p < 0o (see [2,22]). The proof is
complete. O

6. Construction of building blocks (needlets)

The construction of frames (needlets) on [—1, 1]¢ has two basic components: (i) a Calderén
type decomposition formula and (ii) a cubature formula.



K. Ivanov et al. / Journal of Functional Analysis 263 (2012) 1147-1197 1179

6.1. Cubature formula and subdivision of [—1, 1]

For the construction of needlets we shall employ the Gaussian quadrature formula on
[—1,1] with weight we g(¢) := (1 — H*(1 — 1)P. Given j > 0, denote by &™ =: cos6,,

(.B)
P

541 ordered so that 0 < 0y < --- <

m=1,2,...,2JT! the zeros of the Jacobi polynomial
0,j+1 < 1 and set

X0 = e 1 <m <20

It is well known that uniformly (see [9])

O ~277, =60y ~27 Opy1 —0y~277, andhence 6, ~m27/. (6.1)

As is well known [23] the zeros of the Jacobi polynomial P2(7+/13 ) serve as knots of the Gaussian
quadrature
/ FOwap®di~ Y e f(E), 6.2)
[—1,1] ge;\fj‘.”‘

which is exact for all algebraic polynomials that are of degree 2/+2 — 1. Furthermore, the coef-
ficients c¢ are all positive and satisfy (see e.g. [16])

ce ~ 27wy p (&) (1-£2)'2. (63)
Tiling of [—1, 1]. With {£™} as above we write
Iem = [(E™ +E™)/2, (" +&m)/2), m=2,3,....27" 1, and
I =[(E+8)/21] L =[-1 T 8777 2],
We define
0P = {Ien: 1 <m <271

For multi-indices o = («y, ..., 0q), B =(B1,...,B4) and j > 0, 1 <i < d, we denote by
qu"’ﬂ " the zeroes of the Jacobi polynomial Péﬁ’lﬂ ") and write

Xy 1= XU xge B (6.4)

Now, for & = (&1,...,&4) € X} we set cg 1= c¢, - - - cg,, Where ¢, is the corresponding coefficient
of the Gaussian quadrature (6.2) with « = o; and 8 = ;. Evidently, the cubature formula

f FOWwap(x)dx~ Y ce f(§) (6.5)

[—1,1]‘1 Eexj



1180 K. Ivanov et al. / Journal of Functional Analysis 263 (2012) 1147-1197

is exact for all polynomials in d-variables of degree 2/*2 — 1 in each variable and by (6.3) the
coefficients {c¢} are positive and satisfy

ce ~ 27U W, 5(27; 8), (6.6)
where Wa,ﬁ(Zj; &) is defined in (4.3).
Tiling of [—1, 1]%. For £ = (&1, ..., &) € X}, we write
Ie =gy x - x gy, Ig € I8P (6.7)

Evidently, [—1, 14 Uge X; I and the interiors of the tiles {/¢}¢¢ X; do not overlap.
With B(y, r) defined in (5 2) it easily follows from the univariate case that there exist con-
stants ¢y, ¢ > 0 such that

B(§,ci27/)C Il CB(5,c0277), EeX;. (6.8)
By (5.3) it follows that
w(le) := / Wa,p(X)dx ~ 27T Wo g(2/8) ~ce, E€Xj, j=0. (6.9)
Ig

The next lemma is of an independent interest and is instrumental in the subsequent develop-
ment.

Lemma 6.1. Suppose P € 172], EeX;, j=>0 andlet x',x" € [—1, 11? be such that p(x', ) <

c274, p(x", &) < ¢,27). Then for any o > 0

|P(x/) _ P(x”)’ <C2‘/,O()C/,XH) Z |P(77)|
n

S (+27pE )

where ¢ > 0 depends only on o, «, B, d, and c,.

The proof of this lemma is merely a repetition of the proof of the univariate result in [13,
Lemma 9.2] and will be omitted.

6.2. Needlets on [—1,1]¢

The construction of needlet systems is now standard and follows a well-established scheme.
We begin with two cutoff functions A, B of type (b) which satisfy (see Lemma 3.6):

Z B(27t)=1, te[0,00\ Bx. (6.10)

We define @ (x, y) = Wy (x, y) := Po(x) Po(y),
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Oi(x.y) =3 A(Zj—”_l)ﬁv(x)ﬁv(y), j>1, and 6.11)
ueNg
Uity i= Y é(%)f’v(x)f’v(y), j>L (6.12)
veNg

Let X; be the set of knots of cubature formula (6.5), defined in (6.4), and let {c:} be its coeffi-
cients. We define the jth level needlets by

1/2 1/2
ge(0) =@ (x,6) and Y () = Wi(x.8), €A (6.13)
We write X := Ujio Xj, where equal points from different levels X; are considered as distinct

elements of X, so that X’ can be used as an index set. We define the analysis and synthesis needlet
systems @ and ¥ by

@ = {peleexs Vo= {veleex- (6.14)
Theorem 4.1 and (5.7) imply that the needlets decay rapidly, namely,

ngjd/Z

v Wa,p(2758)

We next give estimates on the norms of the needlets, which can be proved exactly as in the case
d = 1, upon using (6.15) and the lower bound estimate from Proposition 4.4: For 0 < p < oo,

@z ()] [ (0)] < (1+2/p,x))"°, xel-1,11% Vo (6.15)

- 2dj 1/2=1/p
loellp ~ MVellp ~ 1 Lgllp ~ (7) . Eed;. (6.16)
(p‘i" 14 3 p gllp Wa,ﬂ(zj; %-) J

Here 1, := p(Ig)~ /1, with 1g being the characteristic function of the set E. Moreover, there
exist constants ¢*, ¢® > 0 such that

9dj 1/2
. . <&
||</)S||L00(B(g,c*2f/))7 ||1/f$||LO<>(B(g,C*271)) zc <7Wa,ﬂ(2j; 5)) . (6.17)

The needlet decomposition of D" and L? follows as in the univariate case (see [13, Proposi-
tion 3.1]) by the definition of needlets and their superb localization.

Proposition 6.2.

(i) For f € D', we have

f=)Wix@jxf inD, and (6.18)
j=0
f=Y (fiee)pe inD. (6.19)

teX
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(ii) If f € LP(wq,p), 1 < p < 00, then (6.18)—(6.19) hold in LP (wq,g). Moreover, if 1 < p < oo,
then the convergence in (6.18)—(6.19) is unconditional.

Remark 6.3.

(i) Select A >0 a cutoff function of type (c) (see Definition 3.1). Then choosing B=Ain
the construction of needlets in (6.10)—(6.13) we obtain ¢: = y¢. Consequently, (6.19)
becomes [ = de/ﬂf’ Ye)we and it is easy to prove that (see e.g. [13]) ||fll2 =
Qeen IS, V)22 for f € L?(wq,p), which shows that ¥ is a tight frame for L2(wq,g).

@) If A > 0 is an admissible cutoff function of second kind and type (c) (see Definition 3.2)
which belongs to S(d, L; v, ¥y M), then Theorem 4.2 implies sup-exponential localization of
the needlets, namely,

a2 .
|wg(x)|<Lexp{—M}, xel-1,1 (6.20)
/Wa’ﬂ(zj;g) L2 p(&,x))

7. Weighted Triebel-Lizorkin spaces on [—1, 1]¢

We next utilize the general idea of using spectral or orthogonal decompositions (see e.g.
[17,24]) to introduce weighted Triebel-Lizorkin spaces on [—1, 1]¢. The theory of these spaces
is entirely parallel to their theory in the univariate case, developed in [13]. Therefore, we shall
only state the main results, provide the important ingredients and refer the reader to [13] for the
proofs.

Given an admissible cutoff function A of type (b) (see Definition 3.1) satisfying the dyadic
covering condition (3.4) we define a sequence of kernels {®;} by Pp(x, y) := }30 (x)l30 (y) and

O, y) =y A(L)ﬁvmﬁv(y), izl (7.1)

i—1
veNd 2
0

Definition 7.1. For s, p € R, 0 < p < 00, and 0 < g < oo the weighted Triebel-Lizorkin space
Fpy = Fpg(wq, p) is defined as the set of all f € D’ such that

<00 (7.2)
P

0 1/q
j=0

with the usual modification when g = oo.

Note that the above definition is independent of the choice of A as long as A is an admissible
function of type (b), satisfying (3.4) (see Theorem 7.3 below).

Also, F,S,Z is a (quasi-)Banach space which is continuously embedded in 7', i.e. there exist k
and ¢ > 0 such that

[(f. o) <cllfllpypNe@) forall feF, ¢eD.
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We next introduce the sequence spaces f;g associated to F;,g. Here we assume that {X'; };?O:O

and X := Ujio X are the sets of points from the definition of needles with associated neigh-
borhoods {/¢}, given in (6.7).

Definition 7.2. Suppose s, p € R, 0 < p < 00, and 0 < g < co. Then f;’; is defined as the space
of all complex-valued sequences & := {h¢}gcx such that

<0 (7.3)

1/q
ot = N ( 020 3 (el Werp (27:8) i <~>]q>

j=0 teX;

p
with the usual modification for ¢ = co. Here as before ]~115 = /L(Ig)_l/zlllg.

The “analysis” and “synthesis” operators associated to the needlet systems @, ¥ are defined
by

So:f = {(fro) e and Ty :lheleex — ) heve. (7.4)
teX

As in [13] one shows that the operator Ty is well defined on f;g, namely, for any h € qu,
Tyh:=Y" gex he Y converges in D’'. Moreover, the operator T : f;‘,; — D' is continuous, i.e.
there exist constants £k > 0 and ¢ > 0 such that

(Tyh, )| < cNe@lIhll pso forallh e f0. ¢ €D. (7.5)

Our main result in this section asserts that the weighted F-spaces can be characterized by the
needlet coefficients of the distributions.
Theorem 7.3. Let s,p € R, 0 < p <00 and 0 < g < 0. The operators S, : F;,Z — ;f; and
. foy = Fpq are bounded and Ty o S, = 1d on Fy. Consequently, f € Fply if and only if
{ f o }geX € f,,q Furthermore,

1AW ~ [ e} e

N 1/q
(ZW > [l ¢s>\Wa,ﬂ<2’?5)_p/d|‘”é(')”q)

j=0 teX;

(7.6)

P

In addition, the definition of F;Z is independent of the particular selection of the type (b) cutoff
function A satisfying (3.4).

To us the spaces F' ;,; are more natural than the spaces F ;,Z with p # s since they embed
“correctly” with respect to the smoothness index s.
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Proposition 7.4. Let 0 < p < p;1 <00, 0 < ¢q,q1 < 00, and —00 < 51 < s < 00. Then we have
the continuous embedding

Fys CEL ifs/d—1/p=s1/d—1/pi. a7

The proof of this proposition is quite similar to the proof of the respective embedding result
on B4 in [14, Proposition 4.11] and will be omitted.

We have the following identification of spaces F 23.
Proposition 7.5. We have

Fgg’vL”(waglg), 1 <p<oo,

with equivalent norms. Consequently, for any f € L (wq,p), 1 < p < 00,

1Ay~

o0 12
(Z Z(|(f,¢s>||¢s(')|)2)

j=0 SEXJ'

p

The proof of this proposition uses the multipliers from Theorem 5.4 and can be carried out
exactly as in the case of spherical harmonic expansions in [15, Proposition 4.3]. We omit it.

8. Weighted Besov spaces on [—1, 114

To define weighted Besov spaces on [—1, 1]¢ we use again the sequence of kernels {® ;) intro-

duced in (7.1) with A a cutoff function of type (b) obeying (3.4). We shall keep the development
of these spaces short since the proofs of the results are the same as in the univariate case, given
in [13].

Definition 8.1. Let s, p € R and 0 < p, g < 0. The weighted Besov space B := Bpg (wa,p) is
defined as the set of all f € D’ such that

0 1/q
”f”B;Z = ( Z(sz “ We, g (Zj; ')_p/d¢j % f()”p)KI) <00, (8.1)

j=0
where the £9-norm is replaced by the sup-norm if ¢ = co.

Note that as in the case of weighted Triebel-Lizorkin spaces the above definition is inde-
pendent of the particular choice of A and Bff; is a (quasi-)Banach space which is continuously
embedded in D’.

We next introduce the sequence spaces bi,pq associated to B;,’ZI. To this end we use some of the
notation established in the previous section.

Definition 8.2. Let 5,p € R and 0 < p,q < co. Then b)), is defined to be the space of all
complex-valued sequences /i := {hg}¢cx such that
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> i i /d+1 1/2 a/p Ha
”h”b;pq = ( ZZ.I(S—d/pJFd/Z)q[ Z (‘)VD(’/3 (2/’ E) P /p |h§|)l7} ) (82)

j=0 EEXJ'
is finite, with the usual modification for p = oo or g = oo.

The analysis and synthesis operators S, and Ty, defined in (7.4) play an important role here.
As for weighted Triebel-Lizorkin spaces the operator Ty, is well defined on bp‘;, i.e. for any
h € byy, Tyh :=Y . heWe converges in D'. Also, the operator Ty : byy — D' is continu-
ous.

The following characterization of weighted Besov spaces is the main result of this section.
Theorem 8.3.‘Let s, 0 € R and 0 < p,q < oo. Ther; the operators Sy : B‘;,’Z — b‘;,’; and
Ty : bép — B;f()] are bounded and Ty o S, = Id on B;f;. Consequently, for f € D' we have
that f € B‘;,Z if and only if {(f, pe)}ecx € b‘;ﬁl. Moreover,

a/p\ "4
(ZZW[ > Wa,ﬂ(zj;S)_p/dH<f,<psWs||,,)p} / ) :

EeX;

1 g ~ [{¢f. 0}

In addition, the definition of BZZ is independent of the particular selection of the type (b) cutoff
function A satisfying (3.4).

The parameter p in the definition of B;’,’I allows to consider various scales of weighted Besov
spaces. The spaces Bs0 can be regarded as “classical” Besov spaces. However, to us more natural

are the spaces B); (,o =) which in contrast to B;?I first, embed “correctly” with respect to the
smoothness 1ndex s, and secondly, the right smoothness spaces in nonlinear n-term weighted
approximation from needles are defined in terms of spaces B 4 (see Section 9 below).

Proposition 8.4. Let 0 < p < p1 <00, 0 < g < g1 <00, and —00 < 51 < 5 < 00. Then we have
the continuous embedding

B C B ifs/d—1/p=s1/d—1/pi. (8.3)

This proposition is an immediate consequence of estimate (4.16).
9. Application of weighted Besov spaces to nonlinear approximation

We now consider nonlinear n-term approximation for a needlet system {y,},cx with
¢y = ¥y, defined as in (6.11)—(6.14) with B= A, A >0, i.e. A > 0 is a first or second kind
admissible cutoff function of type (c) (see Definitions 3.1-3.2). Then {,} are real-valued.

Let X, be the nonlinear set of all functions g of the form g = Zé‘ caQeVe, where A C X,
#A < n, and A is allowed to vary with g. Denote by o, (f), the error of best L”(wq,g)-
approximation to f € L?(wq,g) from X, i.e.

on(1p = inf IS = gllp.

We consider approximation in L? (wq,g), 0 < p < 0o.
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Assume 0 < p <00, s > 0, and 1/t :=s/d + 1/p and denote briefly B := BJ. By Theo-
rem 8.3 and (6.16) it follows that

1/t
1f1l8; ~ ( Yol verve ||;) : ©.

teX

Exactly as in [15, Proposition 6.1] this leads to the embedding of B; into L (wg,g), which plays
an important role in the proof of the main result of this section:

Theorem 9.1 (Jackson estimate). If f € B3, then
on(f)p <cen M fllgs, n>1, 9.2)
where ¢ > 0 depends only on s, p, and A.
The proofs of this theorem can be carried out exactly as the proofs of the Jackson estimate in
[15, Theorem 6.2]. We omit it.

It is an important open problem to prove the companion to (9.2) Bernstein estimate: If g € X,
and 1 < p < o0, then

gl <cn*¥lgll,. (9.3)

If true this estimate would enable one to characterize the rates (approximation spaces) of nonlin-
ear n-term approximation in L?(wy, g) (1 < p < 00) from needlet systems.

10. Weighted Triebel-Lizorkin and Besov spaces on B% x [—1, 1]%

Our aim is to briefly describe how the theory of weighted spaces of distributions on the product
set B4 x [—1, 1]%2 can be developed via tensor product orthogonal polynomials.

10.1. Localized kernels for orthogonal polynomials on the ball

Localized polynomial kernels on the unit ball B¢ in R? have been developed in [19] and
utilized in [14] to the development of Triebel-Lizorkin and Besov spaces on B¢ with weight

—1/2
wu ()= (1= Ix13)" "%, u>o0.
Here, we compile all needed results from [14,19] and give some new facts.
Denote by V,, the set of all polynomials of degree n in d variables which are orthogonal to the

lower degree polynomials in L?(B¢, wy) and let P, (wy, x, y) be the kernel of the orthogonal
projector Proj, : L2(B4, w,) — Vy, i.e.

(Proj, f)(x) = / FO)Pa(wp: x, y)w, () dy. (10.1)
Bd

An explicit representation of the reproducing kernel P, (w,, x, y) is given in [25]:
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1

Py(wy; x,y) = cun j: - /C,)L‘(t(x, v; u))(l — uz)lkl du, u>0, (10.2)
-1
where
fyiu) = (eoy) /= 31— IyI3 and ai=p+ %
For an admissible univariate cutoff function a (see Definition 2.1), denote
00 .
L (x, y) :=Z&(£)Pj(wu;x,y). (10.3)

j=0
Analogues of Theorems 4.1 and 4.2 on B? are established in [19]. Denote

2p
Wﬂ(n;x):=<,/l—||x||%+n_l> . and (10.4)

ol y) i=arccos((x, )+ /1 = Ixl3y/ 1= 113 ). (105)

which is a distance on BY.

Theorem 10.1. Given an admissible univariate cutoff function a, for any o > 0 there exists a
constant ¢ > 0 such that

cnd

\/WM(”; x)\/W;L(”; y)

|LE(x, y)| < (1+no(x,»)7, x,yeB” (10.6)

Furthermore, for any x,y, & € BY such that px, &) < cxn” !

end*lp(x, £)

\/W;A(m x)\/Wu(n; y)

|Li(x,y) — LIE, )| < (L+np(x,y) 7. (10.7)

This theorem was established in [19, Theorem 4.2 and Proposition 4.7] in the case of admis-
sible cutoff functions @ which are constant around ¢ = 0. Its proof hinges on the localization of
the kernels fo’ﬂ from (2.12). Due to Theorem 2.6 now Theorem 10.1 holds for admissible cutoff
functions a in the sense of Definition 2.1 with the proof from [19].

We shall need two additional estimates with the first being the analogue of Lemma 2.9 on B9,

Lemma 10.2. For x,y € B4,

Cna’—l

VW5 X)Wy (n; y)

| Py (wps x, )| < (10.8)
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Proof. The proof of this lemma relies on the following estimate that follows from Theorem 3.1
in [3]: If a and b are constants such that |a| + |b| < 1, then

1
/c,ﬁ(au +b)(1 —u?)" " du
-1

-1 N
1—lal—|b s
cnzx—zu—1(|a|+” la| — |b] +n~7)

(1 +ny/T—Tal = [BD*~+

<

Denote briefly A(x) :=,/1 — ||x ||%. We apply the above inequality with a = A(x)A(y) and b =
(x,y). Setting ||x]l2 =:cos® and ||y||2 =:cos¢, 0 < 0, ¢ < m, we have

L—lal = 16> 1= lixll2- Iyl — /1 = 121 = 512 = 1 = cos(6 — @)
6 —
= 2sin? T¢ > c(0 — $)? = c(sinf —sing)? = c(A(x) — A(y))2,
and hence

| Pa(wys x, 9)| < en™ (A A®) + 07 AR) — A()| +n7%) 7" (10.9)

Here we used that (1 + n+/T — Ja] — [b])*™* > 1. Now, from A(x), A(y) 2 0 it easily follows
that

AWAGY) +n7 A — A +n72~ (Ax) + 1) (AQ) +n7h). (10.10)
This coupled with (10.9) yields (10.8). O
The next lemma gives an analogue of estimate (4.12) on the ball.

Lemma 10.3. For any x, y, &€ € B? such that p(x,£) < c*n~!,

cn?p(x, &)
VW (n; x) /W, (n; V)

(10.11)

| Pa(wys x, y) — Po(wy: €, )| <

where the constant ¢ > 0 depends only on u, d, and c*.
The proof of this lemma is somewhat lengthy and will be given in Appendix A.
10.2. Localized cross product basis kernels
We consider orthogonal polynomials on B4 x [—1, 1]% with weight
Wy, p(X) = wﬂ(x/)wa,,g(x”), X = (x’, x”), x' e BY, x" e[~1,1]%,

where w, (x') := (1 — |X'II5H*72, u > 0, and we p(x") = 1‘[;’.2:1 wa;,p; (X)) with aj, B >
—1/2 asin (1.5).
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Denote by V), the set of all algebraic polynomials of degree n in d; variables which are or-
thogonal to the lower degree polynomials in L?(B%, w,,) and let P, (w,,, x", y’) be the kernel of
the orthogonal projector Proj, : L?(BY, w,,) — V,, see (10.1)~(10.2).

We are interested in kernels of the form

Anx )= > A(i,K>Pj(wu;x’,y’)ﬁé"*m(x”)ﬁv(“’ﬁ)(y”). (10.12)
(j,»)eNox N2

Here A € C [0, oo)“‘”l2 is an admissible cutoff function in the sense of Definition 3.1 and
1‘51,(0’”3 ) are the tensor product Jacobi polynomials defined as in (4.1). To estimate the localization
of A,(x,y) we need the weight

Wy ap(n; x) = Wu(n;x/)Wa,,g(n;x”), (10.13)

where W, (n; x') is defined as in (10.4) and W, g(n; x”) as in (4.3). We also need the distance
px(x, y) on B x [—1,1]% defined by

/ / " 4
Ps(x )::max{p X max |arccosx’; — arccosy’; }
* 7y ( 7Y)71<]<d2| J y] k)

where p(x’, y') is the distance on BY defined as in (10.5).
We now give the localization of the kernels A, (x, y) from (10.12):

Theorem 10.4. If A € C[0, 00)"*2 is an admissible cutoff function in the sense of Defini-
tion 3.1, then for any o > 0 there exists a constant ¢ > 0 such that

Cl’ldl +d;

VWiapn; )Wy ap(n;y)

| An(x, y)| < (1+nps(x, )7 (10.14)

forx,y € BH x [—1,1]%.

This theorem is an immediate consequence of Theorems 4.1, 10.1, and Lemma 10.2. (see the
proof of Theorem 4.1).
The analogue of Theorem 4.2 reads as follows:

Theorem 10.5. Let A be an admissible cutoff function which belongs to the class S(d> + 1,
L;y,yM) for some L and M as in (2.1) and y,y > 0 (see Definition 2.2). Then the kernels
from (10.12) satisfy

(10.15)

cnditdz { énpy(x, y) }

An(x, y)| < B
| (x y)’ \/W/L,a,ﬁ(n; X)\/Wu,ot,ﬂ(m y) P L(np«(x,y))

forx,y € BY x [—1,11%2. Here ¢ = ¢’ /7 M, where ¢’ > 0 is an absolute constant.
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Here the argument is the same as for the proof of Theorem 4.2 (see the proof of Theorem 4.1)
using Theorem 4.2 and [11, Theorem 6.1].
An analogue of Theorem 4.3 is also valid:

Theorem 10.6. If A € C®[0, 00) "% is an admissible cutoff function, then for any o > 0 and
forall x,y,& € B x [—1, l]d2 such that p(x, &) < cen~ L n>1, ¢y > 0, the kernel Ay from
(10.12) satisfies

ent e+ p(x, )
\/W,u,oz,ﬂ(”; x)\/Wp,,a,ﬂ(”; y)

| An(x,y) — An(&, y)| < (1+npx,y)™°,  (10.16)

where ¢ > 0 depends only on o,d, a, B, cy, and A.

The proof of this theorem is quite similar to the proof of Theorem 4.3 and relies on Theo-
rems 4.3, 10.1, and Lemma 10.3.

10.3. Construction of needlets on B x [—1, 1]”12

An important component of our theory is the construction of frames on B% x [—1,1]%2. To
this end one uses a Calde6n type formula based on localized kernels as the kernels in (10.12) and
a cubature formula. A cubature formula on B% x [—1, 1]% exact for sufficiently large degree
polynomials can be constructed as product of the cubature formula on B! from [19, §5] and the
cubature on [—1, 1]% from Section 6.1. Once the components are in place, the construction is
carried out exactly as in Section 6.2. We skip the details.

10.4. Spaces of distributions on B4 x [—1,1]%

It is natural to use as test functions the set D := C® (B9 x [—1, 1]%2), where the topology
is defined by the semi-norms |¢|,, := ||[D*¢||« for all multi-indices . Just as in the case of
tensor product Jacobi polynomials (Section 5.2) the test functions ¢ € D can be characterized by
their cross polynomial expansions on B4 x [—1, 1]%2. The space D’ of distributions on B x
[—1, 1]1%2 is defined as the set of all continuous linear functionals on D.

For an admissible cutoff function A : [0, 00)!t42 s C of type (b) obeying condition (3.4) we

define @g(x, y) := Po(wy; x', y/)f’éa’ﬂ)(x”)f’(ga’ﬁ)(y”) and
~( m v ~ ~ ]
= N A g ) Pl ) PO REO G,
d
(m,v)eNoxN02

Then the weighted Triebel-Lizorkin space Fpy := Fpy(wy.q.p) With s, p € R, 0 < p < o0,
and 0 < g < 00, is defined as the set of all f € D’ such that

00 1/q
11 sy = H ( S 2 Wiap (273 ) MR |0 f(-)|]"> <oo  (10.17)
=0

p
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with the usual modification when g = co. Here @; * f is defined as in (5.15) and || - ||, is the
weighted L? (w4 ) norm on B x [—1, 1]%.

The weighted Besov space Bls,’; = Bff,)l (Wy,a,p) With s, p € Rand 0 < p, g < 00, is defined
as the set of all f € D’ such that

o0 1/q
”f”B;Z — ( Z[zsj ” Wyiap (2]'; ,)*ﬂ/(dwdz)q)j % f(')”p]q> < o0, (10.18)

Jj=0

where the £9-norm is replaced by the sup-norm if g = oco.

Without going into further details, we note that the theory of Triebel-Lizorkin and Besov
space on Bh x [—1, 1]1% with weight w4 5(x) can be further developed in analogy to the
spaces on [—1, 119 from Sections 7-8. Also, needlets on B x [—1, 1]%2 can be deployed for the
decomposition of the F- and B-spaces on B4l x [—1, 1]% as in Sections 7-8. The point is that
all ingredients needed for this theory are either in place or can easily be developed.

11. Discussion

Although this paper is mainly concerned with weighted Triebel-Lizorkin and Besov space on
[—1, 114 it is one of our goals to show how the theory of F- and B-spaces can be developed on
products of [—1, l]dl, B%, S%B, T4 RYIs or Riﬁ with weights. For B x [—1, l]d2 a sketch of
the main ingredients of the theory was given in the previous section. We believe that the most
natural way to define and develop this sort of spaces is via orthogonal decompositions, where
kernels like the ones from (2.9), (4.2) or (10.12) play a prominent role.

We would like to turn again our attention to the fundamental question of what kind of cutoff
functions A can be used in the case of cross product bases. As was already mentioned in the
introduction, as for univariate Jacobi polynomials (see (2.9)) univariate cutoff functions a induce
rapidly decaying kernels on the sphere [15], ball [14], simplex [11], and in the context of ten-
sor product Hermite [20] and Laguerre functions [12]. Note that cutoff functions a which are
constants around ¢ = 0 are sufficient for the development of the theory in these cases. However,
as was already seen truly multivariate cutoff functions A need to be used in the case of product
Jacobi polynomials or cross product bases. Moreover, the localization of the respective kernels
depends on the behavior of A at the boundary of [0, o0)?, i.e. at the coordinate planes. This is
intimately related to the impact of the behavior of the univariate cutoff functions a at # = 0 on the
localization of the kernels on the interval, ball, sphere, etc. This behavior appears as a boundary
condition on A and becomes an important issue.

The key observation is that (as in Theorem 2.5) the localization results given in the theorems
described below hold under the condition that the compactly supported C* univariate cutoff
function a satisfies

a™@©O)y=0 form=1,2,....

These are: (1) Theorem 4.2 in [19] on the ball, (2) Theorem 2.2 in [15] on the sphere, (3) The-
orem 7.1 in [11] on the simplex, (4) Corollary 1 in [20] for tensor product Hermite functions,
(5) Theorems 3.2, 3.7, 3.8 in [12] for tensor product Laguerre functions. The proofs of these
results utilize the scheme of the proof of Theorem 2.5 with very little variations and will be omit-
ted. Consequently, the cross product basis kernels induced by an admissible cutoff function A
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(see Definition 3.1) obtained from any combination of the above mentioned bases on [—1, l]d1 s
B% S T4 R or R‘j_ﬁ will decay rapidly as in Theorems 4.1, 10.4. Further modifications
and extensions as in Theorems 4.2, 4.3, 10.5, 10.6 are also almost automatic.

The construction of needlets on products of two or more of the sets [—1, 114, B2 S% Tda
R% . or R‘jf’ follows easily the pattern of the construction on [—1, 17 from Section 6, based on
tensor product basis kernels and product cubature formulas.

The ensuing program for developing weighted Triebel-Lizorkin and Besov spaces on products
of sets as above can be carried out as for the spaces on [—1, l]d developed in this article.

Appendix A. Proof of Lemma 10.3.

For = 0 the expression of P, (w;x,y) in (10.2) simplifies considerably as u — 0; the
integral becomes a sum of two terms, as shown in [25]. This case is easier than the case p > 0.
We omit its proof.

Assume ¢ > 0. The proof hinges on the following lemma which is an immediate consequence
of Lemma 3.5 in [3].

Lemma A.1. Suppose > 0,0 < |a| < 1, n € C*°[—1, 1] with suppn C [—%, 11. If 1| < 1 —a|,
then

1

/Cﬁ(af‘i‘b)ﬂ(l)(l -t ldr| <
-1

en2r—2n—1

lal*(1 +n/T=Ja+ D))+

The proof of Lemma 10.3 will be divided into two parts.

Case 1: A(x)A(y) < 16¢*(n~ p(x, y) + n~2), where c* is the constant from the hypothesis of
Lemma 10.3. We shall need the following estimate for Gegenbauer polynomials, which follows
from (2.22):

ICr()] <en? (1401 =12)7", te[-1,1]. (A.1)

Denote by I, the interval with end points #(x, y; u) and #(&, y; u). Then using the identity
L CH1t)=21CH] (1) [23, (4.7.27)], we obtain

E:=|Py(wy:x,y) — Py(wyu: €, )|

1
< cn/|C,),‘(t(x, yiu)) — Cﬁ(t(%‘, y;u)|(1— uz)u_l du
e

1
< cn/”C:Z‘fll Loy |t i) — 1 & yiw)| (1= u?)" ™ du. (A2)
-1

By (A.1) it follows that
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|Gt ey S en™ (T ny 1 =1 yi?) 77
+(1+n1—1& y;02) '], (A.3)

Ift(x, y;u) >0, then
L=, y;0)* =21 =10, y;u) =1 — (x,y) — A(X)A(y)
=1—cosp(x,y) =2sin’(p(x,y)/2) > (2/7%)p(x, y)*,
and similarly if 7 (x, y; u) < 0, then
1=, y;u)? = 1410, yiu) =14 (x,y) — A(x)A(y)
=1—(x,—y) — A A=) = (2/7%)p(x, —)*.

The above estimates along with (A.3) and p(x, &) < c*n! yield

([eroniy ”LOO(I,,) <en® (1 +np(x, }’)) U ifr(x,y;u) >0, and

||C2‘+11 ||LOQ(1M) < en? ! (1 +np(x, —y))iki1 if £(x, y;u) <O.

We use these inequalities in (A.2) to obtain

1
E < en?+? It(x,y;u)—t(é,y;u)l(l_uz)ﬂqdu

1 (1 +np(x, y)*+!

1
a2 [ 18, ysu) — (8, y; u)l -1
1-— d
+cn / (l—i—np(x,—y))*“ ( u) u

=:E1+ E».
To estimate E1 and E, we shall need the inequality
|A(¥) = AW)| < p(x,y), x,yeBY, (A4)
given in [19, Lemma 4.1] with a factor +/2 on the right. To establish this inequality, we may
assume (by rotation) that x = (x1,0,...,0), x; > 0. Observe that the left-hand side of (A.4)
depends only on ||x]||2 and ||y |2, while the minimum of p(x, y) overall y € B4 such that || y|» =
constant occurs when y = (y1,0,...,0), y; > 0. This leads us to the conclusion that it suffices

to prove (A.4) in dimension d = 1 only. But in this case (A.4) is trivial.
Inequality (A.4) implies

A +n ' <SA@) +n 4 p,y) < (A +n7 ) (1 +np(x, p)). (A.5)

On the other hand, by (10.10), (A.4), and our assumption it follows that
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(A@ +n ) (AW +1n7") <c(ADAW) +n7'AK) — AW +177)
<en (1 +np(x,y)). (A.6)
This along with (A.5) gives
AW < (A@ +n7) (AW +n7) (1 +npGe, ) <en2(1+npx, )’ (A7)

Asin [19, p. 136] we have using (A.4)

|cos p(x, y) —cos p(&, )| + 11 —ulA(y)p(x, §)

|t (x, yiu) — 1€, y:w)| <
<p@x, &) (pkx, y)+pE y) + A p(x, §). (A.8)

Combining this with (A.7) and p(x, §) < cn~! we get

(e, ysu) —tE yiw)| <enlp(x, &) (1 +np(x, y)).

This estimate coupled with (A.6) leads to

n# endp(x, &)

d
s e ) G S @ 0 DA +0

(A9)

To estimate E, we observe that ¢ (x, y; u) = —t(x, —y; —u) and hence

|l(x7J’§M)_f(‘§,y;M)| = |t(x9_y; _u)_t(gv_ya _u)|

Consequently, E, can be estimated exactly as £ with the same bound as in (A.9). These two
estimates yield (10.11).

Case 2: A(x)A(y) > 8c*(n~ p(x, y) +n~2). In this case by (10.10) and (A.4) it readily follows
that

AX)AQY) ~ (A) +n ) (A@) +n7h). (A.10)

Let 4 be a C* function such that n (u) = 1 for % <u<l,andny(u) =0for—1<u < —%.
Define n_(u) := 1 — n4(u). Then on account of (10.2), we can write

Py(wy; x, ) = Pl (wy; x,9) + Py (wy; x, y),

where

1

)»/Cﬁ(t(x,y;u))ni(u)(l_MZ)ufldu.

-1

:‘: n
Pr(wy; x,y)i=cy
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Since ¢ (x, y; —u) = —t(x, —y; u) and C,)l‘(—t) = (—1)”Cn’\(t), we only need to prove (10.11) for
P (wy; -,-). We write (x, y; u) as

t(x,y;u)=B(x,y)+ AX)A(y)(m — 1) with B(x, y) :=cosp(x, y).
In going further, we have
Pl (wu; x,y) — P (wus €, 9) = i + o, (A.11)

where

1

/[CQ(B(?C, Y +A@AG U 1))

-1

— CHBE. y) + AW A @ — 1)] 4 () (1 — 1) du,

n—+ A

Ji=cy

1

f [CH(BE. ) + A A @ — 1))

-1

n+ A
A

Jri=cy

To estimate |J; |, we again use %C% (s)= ZACQ‘_FII (s) to write

B(x.y) 1
Ji=2c,(n+ 1) / /cjj} (s + AW AG) @ — D)) (1 —u?)* " duds.
By ~1

We estimate the inner integral above using Lemma A.1 with n(¢) = n4+ () (1 + =l p=s—
A(x)A(y) and a = A(x)A(y). We get

22042 Blx.y) 1
Jil<c ds
IS A /<1+n\/_1—|s|>*+1-ﬂ
B(.y)

Asin (A.8)

|B(x,y) — B, )| < p(x, &) (p(x,y) + pE,y) <cp(x, &) (p(x,y) +n7").

On the other hand 1 — B(x,y) = 1 — cosp(x, y) > cp(x, y)? and similarly 1 — B(€, y) >
cp (&, y)z. Therefore,

nd+1 (p(x,y) +n Hp(x, &) endp(x, &)

|J1| <c . B ,
[A)AWI* (1 +nmin{p(x,y), p(&, y)D*T1=1~ = [AX)A()I*

(A.12)

where we used that p(x, ) < p(€,y) + p(x, &) < p(€,y) +c*n .
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To estimate | J2|, we again use - C)‘ (s) = 2)\C)‘+1 (s) to express Jo as

Al 1
—2cu(n+1)A(y) / /CHI(B@ Y +sA) @ — D) @) (A + )"~ (1 —w) duds.
A@) -1

We estimate the inner integral by using Lemma A.1 with () = 94 (1)(1 +1)*~!, b= B(&, y) —
sA(y),a=sA(y),and A, u replaced by A + 1, u + 1 to obtain

A(x)

2(A+1)—2(n+1)
cn
sy

Dl <
= A1 +nyT=BE )|

and using that |A(x) — A(§)| < \/E,o(x, &) (see (A.4))

end=lp(x, &)

A(y)* min{AO)#T A@E)H)

/2| < (A.13)

By the same token and since by assumption p(x, &) < ¢*n~! we have
AE) > Ax) — |A) — AE)| = A(x) = V2p(x,£) > A(x) — V2" n "

If A(x) > 2+2c¢*n~!, then from above A(€) > A(x)/2. These two estimates and (A.13) im-
ply that |J>| has the bound of |J;| from (A.12), and using (A.10) estimate (10.11) holds for
| P (wys x, y) — P (wys &, 9)1.

Let A(x) < 2«/_c* —1. We claim that A(y) < 4+/2c¢*n~!. Indeed, suppose A(y) >
44/2¢*n~". Then A(y) 2 A(x)/2 and using (A.4), we get

V2p(x,3) 2 [Ax) — AD)| = AG) — Ax) > A(y)/2

and hence A(x)A(y) > 8¢*n~!p(x, y) = 2/2c*n~1 A(y) yielding A(x) > 24/2¢*n~!, that is a
contradiction. Therefore, A(x)A(y) < 16¢*n~2. Thus A(x), A(y) obey the conditions of Case 1
and hence estimate (10.11) holds true. This completes the proof of Lemma 10.3.
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