J. Math. Anal. Appl. 449 (2017) 1382-1412

Contents lists available at ScienceDirect

Journal of Mathematical Analysis and Applications

www.elsevier.com/locate/jmaa

Homogeneous Besov and Triebel-Lizorkin spaces associated @ CossMark
to non-negative self-adjoint operators

A.G. Georgiadis »!, G. Kerkyacharian”, G. Kyriazis ©*, P. Petrushev ¢

# Department of Mathematical Sciences, Aalborg University, Fredrik Bajers Vej 7G, DK-9220 Aalborg,
Denmark

b Laboratoire de Probabilités et Modéles Aléatoires, CNRS-UMR 7599, and Crest, Paris, France

¢ Department of Mathematics and Statistics, University of Cyprus, 1678 Nicosia, Cyprus

4 Department of Mathematics, University of South Carolina, Columbia, SC 29208, USA

ARTICLE INFO ABSTRACT
Article history: Homogeneous Besov and Triebel-Lizorkin spaces with complete set of indices are
Received 1 October 2016 introduced in the general setting of a doubling metric measure space in the presence

Available online 27 December 2016

' . ! of a non-negative self-adjoint operator whose heat kernel has Gaussian localization
Submitted by A. Cianchi

and the Markov property. The main step in this theory is the development of
distributions modulo generalized polynomials. Some basic properties of the general

Keywords:

Heat kernel homogeneous Besov and Triebel-Lizorkin spaces are established, in particular,
Besov spaces a discrete (frame) decomposition of these spaces is obtained.

Triebel-Lizorkin spaces © 2016 Elsevier Inc. All rights reserved.
Homogeneous spaces

Distributions

Generalized polynomials

1. Introduction

The Littlewood-Paley theory of classical Besov and Triebel-Lizorkin spaces on R? has been developed
primarily by J. Peetre, H. Triebel, M. Frazier, and B. Jawerth, see [7,10,11,2-4]. This theory has been
generalized and extended in all sorts of directions and settings. In [1,5], inhomogeneous Besov and Triebel-
Lizorkin spaces have been developed in the general setting of a metric measure space with the doubling
property and in the presence of a non-negative self-adjoint operator whose heat kernel has Gaussian local-
ization and the Markov property. These spaces have been further generalized in [6]. Surprisingly this general
theory develops in almost complete generality as in the classical setting on R<.

In this article we focus on the homogeneous version of these spaces. More explicitly, we shall develop
various aspects of the theory of homogeneous Besov and Triebel-Lizorkin spaces in the general setting

* Corresponding author.
E-mail addresses: nasos@math.aau.dk (A.G. Georgiadis), kerk@math.univ-paris-diderot.fr (G. Kerkyacharian),
kyriazis@Qucy.ac.cy (G. Kyriazis), pencho@math.sc.edu (P. Petrushev).
1 The first author has been supported by the Danish Council for Independent Research — Natural Sciences, Grant 12-124675:
“Mathematical and Statistical Analysis of Spatial Data”.

http://dx.doi.org/10.1016/j.jmaa.2016.12.049
0022-247X/© 2016 Elsevier Inc. All rights reserved.


http://dx.doi.org/10.1016/j.jmaa.2016.12.049
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jmaa
mailto:nasos@math.aau.dk
mailto:kerk@math.univ-paris-diderot.fr
mailto:kyriazis@ucy.ac.cy
mailto:pencho@math.sc.edu
http://dx.doi.org/10.1016/j.jmaa.2016.12.049
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jmaa.2016.12.049&domain=pdf

A.G. Georgiadis et al. / J. Math. Anal. Appl. 449 (2017) 1382-1412 1383

described below, including generalized polynomials associated to operators and the class of distributions
modulo such polynomials, and the frame decomposition of distribution spaces.

We shall operate in the setting put forward in [1,5], which we describe next:

1. We assume that (M, p, i) is a metric measure space satisfying the conditions: (M, p) is a locally compact
metric space with distance p(-, ) and p is a positive Radon measure such that the following volume doubling
condition is valid

0 < p(B(x,2r)) < cou(B(z,r)) < oo forall z € M and r > 0, (1.1)

where B(xz,r) is the open ball centered at x of radius r and ¢o > 1 is a constant. From above it follows that
w(B(x, \r)) < co\lu(B(x,7)) for x € M, >0, and X > 1, (1.2)

where d = log, cg > 0 is a constant playing the role of a dimension.

We also assume that u(M) = oco.

II. The main assumption is that the geometry of the space (M, p, u) is related to an essentially self-
adjoint non-negative operator L on L?(M,du), mapping real-valued to real-valued functions, such that

—tL

the associated semigroup P; = e consists of integral operators with (heat) kernel p;(z,y) obeying the

conditions:

(a) Gaussian upper bound:

C* exp{f C*Pz(m’y) }

Ipe(z,y)| < L 5 for z,ye M, t>0. (1.3)
(B V) By, VD))
(b) Holder continuity: There exists a constant a > 0 such that
X e exp{,C*pQ(w,y)}
pe(2,y) = pe(w,y')| < C (p(% )> t e (1.4)
[1(B (@, V) (B (y, V1))]

for z,y,y’ € M and t > 0, whenever p(y,y’) < V1.
(¢) Markov property:

/pt(m,y)du(y) =1 forze M andt > 0. (1.5)
M

Above C*,c¢* > 0 are structural constants.
We also stipulate the following additional conditions on the geometry of M:

(d) Noncollapsing condition: There exists a constant ¢; > 0 such that

dnf p(B(,1)) 2 a1 (1.6)

(e) Reverse doubling condition: There exists a constant ca > 1 such that
w(B(x,2r)) > cop(B(z,r)) for x € M and r > 0. (1.7)
This condition readily implies

w(B(z, Ar)) > esA? u(B(z, 7)) forz € M, r >0, and A > 1, (1.8)

where d* :=logy co < d and c3 = (:2_1.
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Observe that as shown in [1, Proposition 2.2] if M is connected, then the reverse doubling condition (1.7)
follows by the doubling condition (1.1). Therefore, the reverse doubling condition is not restrictive.

The above setting finds a natural realization in the general framework of strictly local regular Dirichlet
spaces with a complete intrinsic metric, where it suffices to only verify the local Poincaré inequality and the
global doubling condition on the measure and then the above general setting applies in full. In particular,
this setting covers the cases of Lie groups or homogeneous spaces with polynomial volume growth, com-
plete Riemannian manifolds with Ricci curvature bounded from below and satisfying the volume doubling
condition. Naturally, it contains the classical setting on R™. For more details, see [1].

In this article we advance in several directions. In the general setting described above, we introduce spaces
of distributions modulo generalized polynomials &’'/P and establish basic convergence results (§3). This is
only possible in the noncompact case (u(M) = 00). It is also shown that S’/P is a natural generalization
of the tempered distributions modulo polynomials in the classical case on R%. As a next step we show
how the construction of frames from [1,5] can be adapted to the homogeneous setting (§4). In Sectlon 5

we introduce two types of homogeneous Besov spaces Bf,q, B , and Triebel-Lizorkin spaces Flfq, F g With

full sets of indices: s € R, 0 < p,q¢ < 00 (¢ < o0 1n the case of Besov spaces) and establish thelr frame
decomposition using respective sequence spaces bpq, bpq, and qu, f »qg» by adaptation of the construction from

the inhomogeneous case, developed in [1,5]. In Section 6 we present without proof some additional results
on homogeneous Besov and Triebel-Lizorkin spaces that are easy to prove or straightforward adaptation of
results in the inhomogeneous setting. To streamline our presentation we place the proofs of some assertions
in Section 7.

The main purpose of the present article is to show that in the general setting described above it is
possible to develop the theory of homogeneous Besov and Triebel-Lizorkin spaces, including their discrete
(frame) decomposition, in almost complete generality as in the classical case on R™. This allows to cover
new settings such as the ones on Lie groups and Riemannian manifolds.

Notation: Throughout we shall denote |E| := u(E) and 1g will stand for the characteristic function of
EcM,|-lp,=1"le = |l llzr(rr,au)- S(R) will stand for the Schwartz class on R. Positive constants
will be denoted by ¢, C, ¢, ¢, ... and will be allowed to vary at every occurrence. The notation a ~ b will
stand for ¢; < a/b < co. We shall also use the standard notation a A b := min{a, b} and a V b := max{a, b}.
2. Background

In this section we provide some basic ingredients for our theory, mainly developed in [1,5].

2.1. Some properties related to the geometry of the underlying space

To compare the volumes of balls with different centers x,y € M and the same radius r we will use the
inequality

|B(x,r)| < co <1+ Pz, )) |B(y,r)|, z,yeM,r>0. (2.1)

As B(z,r) C By, p(y,z) 4+ r) the above inequality is immediate from (1.2).

The following simple inequalities are established in [5, Lemma 2.1]: If 0 > d and ¢ > 0, then for any
x,y e M

/ (146 p(e,w) duu) < c|B(z.5), (2.2)

M
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/ (1407 pl,w) ™" (1+6 " p(u,y))"dpu(u) < | B(z,8)[(1+ 6 p(x,y))
M

The above inequality follows readily by the following more general assertion:

Lemma 2.1. Let 01,09 > d and 61,00 > 0, and

.: dp(u)
h Al(1+511p(x,U))"l(1+521p(y,u))"2

Then for any x,y € M

B )l By

1<
(143, p(z,9))7> (1467 Loz, y)) 7

and consequently

c|B(z,01)| and I< c|B(y, d2)| _
= (14 Gmaxp(z, y)) (1= Dz = (1+ Smaepla, y)) 71/ (02 =)

Here dypax := 01 V 92 and the constant ¢ > 0 depends only on o1, o2, d, and cy.

The proof of this lemma is given in Section 7.

2.2. Functional calculus

—o+d

1385

(2.5)

First, observe that as L is a non-negative self-adjoint operator that maps real-valued to real-valued

functions, then for any real-valued, measurable and bounded function f on Ry the operator f(L), defined
by f(L) := fooo f(NdEy, where Ey, A > 0, is the spectral resolution associated with L, is bounded on L?,
self-adjoint, and maps real-valued functions to real-valued functions. Furthermore, if f(L) is an integral
operator, then its kernel f(L)(x,y) is real-valued and f(L)(y,z) = f(L)(z,y), in particular, p;(z,y) € R

and pi(y,z) = pr(x,y).

We shall need the following result from the smooth functional calculus induced by the heat kernel,

developed in [5].
Theorem 2.2. Suppose f € CV(R), N > d+ 1, f is real-valued and even, and

IFPN) < ANA+ A" for A€ R and 0 < v < N, where r > N + d.

Then f(5v/L), § > 0, is an integral operator with kernel f(5v/L)(x,y) satisfying

cAn(1+07p(a,y) ™" _ AN (146" pla,y)

VL) (x,y)| < =
VL) (@,p)| < (1B IIB o)) [B(z.0)]

and

cAn (P (1 4 67 p(z,y))

|F (V) (w,y) — FEVI)(,9)] < 7
(1B(x,8)|B(y, 6)))

2.7)

(2.8)

whenever p(y,y') < . Here o > 0 is from (1.4) and ¢,c’ > 0 are constants depending only on r, N, and the

structural constants cq, C*, c*, a.

Moreover, [\, f(6v/L)(x,y)du(y) = f(0).
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Remark 2.3. Theorem 2.2 is established in [5, Theorem 3.4] in the case when 0 < § < 1. However, the same
proof applies also to the case 0 < § < oc.

In the construction of frames we will utilize operators of the form ¢(d \/Z) generated by cutoff functions
o specified in the following

Definition 2.4. A real-valued function ¢ € C*°(Ry) is said to be an admissible cutoff function if ¢ # 0,
supp ¢ C [0,2], and ©(™)(0) = 0 for m > 1. Furthermore, ¢ is said to be admissible of type (a), (b) or (c) if
 is admissible and in addition obeys the respective condition:

(a) ¢(t) =1, € [0,1],

(b) supp e C [1/2,2] or

(c) suppy C [1/2,2] and 3,5 lp(277¢)]2 = 1 for t € (0,00).

Observe that the even extension of any admissible function belongs to C*°(R).
The kernels of operators ¢(d \/f) with sub-exponential space localization will be the main building blocks
in constructing frames.

Theorem 2.5. (/5]) For any 0 < & < 1 there exists an admissible cutoff function ¢ of any type, (a) or (b)
or (c), such that for any 6 >0

crexp{ — ,{(@)1—5}
(\B(x,5)||3(y’5)|)1/2

(VL) (z,y)| < xz,y € M, (2.9)

where ¢1,k > 0 depend only on € and the constants co,C*,c* from (1.1)-(1./). Furthermore, for every
m € N,

cod2m exp{ — n(@)li}

(1B(x, )| By, 5)) "

L™ o(6VL)] (=, y)| < . zy€ M, (2.10)

with co > 0 depending on €, cy, C*, c*, and m.

Remark 2.6. Observe that [L™¢(0v/L)](z,y) in (2.10) is the kernel of the operator L™(6v/L), however, it
can be considered as L™ acting on the kernel ¢(0v/L)(-,y) or L™ acting on @(dv/L)(z,-) as well. In fact the
result is the same: For any =,y € M

(L7 o(6VD)](w,y) = L™ [p(0VL) (- y)] () = L™ [p(6VL)(,-)](y)- (2.11)
This claim is immediate from the following more general result.

Proposition 2.7. Assume that F and G satisfy the hypotheses of Theorem 2.2 with m > 3d/2+ 1 and let H
be a real-valued measurable function on Ry such that

F(X) = HA)GN)  for almost all X € Ry (2.12)

Then F(v/'L) and G(vV/L) are self-adjoint bounded on L*>(M) operators, and H(\/L) is a self-adjoint operator
(defined densely in M) such that for all x € M we have G(VL)(x,-) € D(H(VL)) and

F(VL)(x,y) = H(VL) [G(\/Z)(x, () fora.a.ye M. (2.13)
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Above D(H (VL)) stands for the domain of H(V'L) and F(V'L)(z,y), G(VL)(z,y) are the kernels of the
operators F(v/'L), G(vV'L).

Proof. We shall use the notation F := F(VL), G := G(VL), and H := H(\/L), and for the kernels
F(z,y) = F(VL)(z,y) and G(z,y) = G(VL)(z.y).
Observe that from that fact that the functions F', G, and H are real-valued and measurable it follows that

(see e.g. [9]) the operators F, G, and H are self-adjoint. As F' and G satisfy the hypotheses of Theorem 2.2,
where m > 3d/2 + 1, we have F(z,y) = F(y,x) and G(z,y) = G(y,z) for z,y € M, and using (2.2)

sup / F (e, 9)ldu(y) < 0o, sup / G, )l dp(y) < oo. (2.14)
zEMM a:EMM

Hence the operators F' and G are bounded on L?(M). Also, by Theorem 2.2 and (2.2) it follows that

1P, )3 = / F(z,y)Pdu(y) < c| Bz, )™, Vi€ M. (2.15)
M

Furthermore, by Theorem 2.2, F(z,y) and G(z,y) are Holder continuous as functions of x and y, that is,

[F(a,y) = F(a',y)| < el B(a,8)| " pla,a’)* (1 + pla,y) 7,

whenever p(x,2’) < 1, and a similar estimate holds for G(z,y). This readily implies that F' and G map
L?(M) into C(M), the space of all continuous functions on M.
We claim that

G(z,-) € D(H*) = D(H), Yz e M. (2.16)

To prove this we first observe that as is well known (see e.g. [9]) f € D(H™) if

| [0 TWidnto)] < clglla. vy € D),
M

for some constant ¢ > 0, where D(H) is a dense subspace of D(H). By (2.12) we have Fg = (GH)g for all
g € D(H). From this and the fact that F' and G map L?(M) into C(M) it follows that for every g € D(H)

/F(zvy)g(y)du(y) = /G(x,y)(Hg)(y)du(y), Vo € M. (2.17)
M M

In turn, this and (2.15) yield
‘/(Hg)(y)G(%y)du(y)‘ < ||F(z,)ll2llgll2 < e|B(z,1)|"?||gll2, Yz € M.
M

Therefore, (2.16) holds true.
Using that the operator H is self-adjoint, (2.16), and the fact that G(x,y) is real-valued we obtain for
every f € D(H) and all z € M
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(GH) f(z) = / Gl Hf(y / H ()G, y)du(y)

/f V(G () /H ) Fy)du(y).

This and (2.17) imply that F(z,-) = H[G(z,-)](:) almost everywhere for all z € M, as claimed. O

Mazimal §-nets

The construction of frames in our setting relies on a sequence of d-nets. By definition X C M is a d-net
on M (6§ > 0)if p(§,n) > 5, VE,n € X, and X C M is a mazimal 6-net on M if X is a d-net on M that
cannot be enlarged.

Some basic properties of maximal d-nets will be needed (see [1, Proposition 2.5]): A mazimal §-net on
M always exists and if X is a mazximal 6-net on M, then

M = UgexB(¢,6) and  B(£,6/2)NB(n,6/2) =0 if {#n, {ne X, (2.18)

Furthermore, X 1is countable and there exists a disjoint partition {A¢}ecx of M consisting of measurable
sets such that

B(&,0/2) C Ac € B(£,9), Ve X. (2.19)
For future use we introduce the following notation for a given maximal §-net X on M:
= B(&,9), feX. (2.20)
2.8. Spectral spaces

Let Ex, A > 0, be the spectral resolution associated with the self-adjoint positive operator L on L? :=
L?*(M,dp). We let Fy, A > 0, denote the spectral resolution associated with v/L, i.e. FA = E)e. Then for
any measurable and bounded function f on R, the operator f (\/_ ) is defined by f(v/L fo A)dF)y
on L?2. For the spectral projectors we have Ey = Lo, (L fo u)dE, and

oo oo

F\ = ]].[07)\](\/3) = /]l[oyA](u)dFu = /ﬂ[oyA](\/ﬁ)dEu.

0 0

For any compact K C [0, 00) the spectral space X% is defined by
sho={feLP:0(VL)f=fforall @ € C(R,), §=1on K}.
In general, given a space Y of measurable functions on M we set
Sa=5aY):={feY:0(VL)f = fforall € C(R;), 6 =1on [0,\]}.
The next assertion relates different weighted LP-norms of spectral functions.
Proposition 2.8. (/5/) Let 0 < p < g < 0o and v € R. Then there exists a constant ¢ > 0 such that

HBC AT gOllg < elllBCATHH Vg0, for g€ Ex, A>0. (2.21)
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3. Distributions

The Besov and Triebel-Lizorkin spaces associated with the operator L are in general spaces of distribu-
tions.

3.1. Basic facts

In the setting of this article the class of test functions & = S(L) is defined (see [5]) as the set of all
complex-valued functions ¢ € N, >1 D(L™) such that

P (¢) := sup (1 + p(x,x0))™ max |LY¢(z)| < o0, Vm >0. (3.1)
zeEM 0<v<m

Here x¢p € M is selected arbitrarily and fixed once and for all. Note that S is a complete locally convex
space with topology generated by the above sequence of norms, i.e. S is a Fréchet space, see [8].

Observe also that if ¢ € S, then ¢ € S, which follows from the fact that L$ = Le, for L maps real-valued
to real-valued functions.

As usual the space 8’ of distributions on M is defined as the set of all continuous linear functionals on
S and the action of f € S’ on ¢ € S will be denoted by (f, ) := f(¢), which is consistent with the inner
product on L?(M). Clearly, for any f € S’ there exist constants m € Z, and ¢ > 0 such that

[(f,0)] < Pm(9), VoeS. (3.2)

It is important to clarify the action of operators of the form (v/L) on S’. Observe that if the function ¢ €
S(R) is real-valued and even, then from Theorem 2.2 it follows that ¢(v/L)(z, ) € S and ¢(v/L)(-,y) € S.
Moreover, it is easy to see that cp(ﬁ) maps continuously S into S.

Definition 3.1. We define ¢(v/L)f for any f € S’ by
(e(VL)f, ) = (f,o(VL)$) for ¢€S. (3.3)

From above it follows that, ¢(v/L) maps continuously S’ into S’. Furthermore, if ¢,9 € S(R) are
real-valued and even, then

p(VDW(VL)f = v(VD)p(VL)f, VfeS'. (3-4)
Proposition 3.2. Suppose ¢ € S(R) is real-valued and even and let f € S’. Then
e(VL)f(z) = (f,p(VL)(z,")), =€ M. (3.5)

Moreover, p(vV/L)f is a continuous and slowly growing function, namely, there exist constants m € Z, and
c > 0, depending on f, such that

(VD) f(2)] < e(1+ p(,20))™, x €M, and (3.6)
(VL) f(x) = p(VI) f(2')] < (1 + pla, x0)) " plw, &), if p(x,a’) < 1. (3.7)

Here a > 0 is the constant from (1.4).

The proof of this proposition is deferred to Section 7.
We refer the reader to [5] for more details on distributions in the general setting of this article.
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3.2. Distributions modulo generalized polynomials

The homogeneous Besov and Triebel-Lizorkin spaces we consider in this article will be distributions
modulo generalized polynomials.

Generalized polynomials. In the setting of this article, we define the set P, of “generalized polynomials” of
degree m (m > 1) by

P ={g€8S :L"g=0} (3.8)

and set P := Uy, >1Pp,. Clearly, g € Py, if and only if (g, L™¢) =0 for all ¢ € S.
We define an equivalence f ~ g on S’ by

frg<= f—ge?.

We denote by &'/P the set of all equivalence classes in §’. To avoid unnecessary complicated notation we
will make no difference between any two elements f;, fo belonging to one and the same equivalence class in
S'/P.

It will be important that the null space of L contains no nontrivial test functions:
Proposition 3.3. Let N (L) :={f € D(L): Lf =0}. Then
N(L)NLA(M) = {0} and hence N(L*)NL*(M)={0}, Vk e N.

Proof. Clearly, e=™ — 1 = — fg ue~*"ds and, therefore, by functional calculus this implies e~ ¥ — Id =
- fot Le=*Lds, t > 0. In turn, from this it readily follows that e **f = f, Vf € N(L) N L?(M). Therefore,
for any f € N(L)NL*(M),z € M, and t > 0

@)= e @ < [ 150G n)iants) < 1l [ e Pdnts)
M M

where we applied the Cauchy—Schwarz inequality. However, from (1.3) and (2.1) it readily follows that

pe(2, )| < ol Bla, )| (1 + ¢ pla,y)) * for any o > 0.

This estimate, applied with o > d/2, and (2.2) yield
2 1/2 ~1/2
([ Ipi(y)Pduty)) " < elBla,b "2
M

On the other hand, from (1.8) and the noncollapsing condition (1.6) it follows that |B(z,t)| > ct® , t > 1.
Putting the above together, we obtain || f||ec < ct~¢ /2. Finally, letting ¢t — oo this implies f = 0. O

The classes S, and S__. Denote by S, the set of all functions ¢ € S such that for every k > 1 there exists
wi, € S such that ¢ = LFwy, that is, L™%¢ € S for all k > 1. Note that from Proposition 3.3 it follows that
wy, above is unique and hence L™F¢ is well defined on S.

The topology in S is defined by the sequence of norms

Pr(@d) = sup (1 + p(x,20))™ max |LY¢(x)|, m >0. (3.9)

weM —m<v<m
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We denote by S. the set of all continuous linear functional on So. As before the action of f € S on
¢ € So will be denoted by (f, ¢). Apparently, for any f € S’ there exist constants m € Z, and ¢ > 0 such
that

[(f,0)] < cPL(¢), V¢ € S (3.10)

Several remarks are in order:

(1) The following example shows that the class Sy is sufficiently rich. Let § € S(R) be real-valued and
even, and /)(0) = 0 for v = 0,1,.... Then for any k£ > 1 we have A"2*4(\) € S(R), which implies that
L7%9(v/L)¢ € S for each ¢ € S and hence 0(vVL)$ € Soo, Vo € S.

(2) Clearly, if ¢ € S, then LF¢ € S., Vk € Z.

(3) It is important to note that Soo is a Fréchet space.

The latter assertion follows by the following

Proposition 3.4. The space Sy, is complete.

Proof. This proof is quite similar to the proof of the completeness of S, given in [5, Proposition 5.3]. We
shall sketch it indicating only the differences.

Let {¢;};>1 be a Cauchy sequence in Su, that is, Py, (¢; — ¢n) — 0 as j,n — oo for all m > 0. Just as
in the proof of Proposition 5.3 in [5], it follows that

|IL"¢; — LY ¢nll2 =0 as j,n— oo, Yv € Z,
and by the completeness of L? there exist ¥,, € L? such that ||[LY¢; — U, |2 — 0 as j — oo, v € Z.
Write ¢ := ¥y. From the proof Proposition 5.3 in [5], it follows that ¢ € S and P, (¢; —¢) — 0, Ym > 0,
where P, is from (3.1).
From [|[L™'¢; — ¥_y[j2 — 0, |LL '¢; — ¢lla = [[¢; — #ll2 — 0, and the fact that L being a self-adjoint

operator is closed [8] it follows that ¥_; € D(L) and LV _; = ¢. Hence, ¥_; = L~1¢. By the same token
inductively it follows that W_, = L™"¢, Vv > 1. Furthermore, just as in [5] we obtain

IL7"¢; — L7 "P|lc =0 asj— oo, Vv>1.

In turn, this along with the fact that Py, (¢; — ¢,) — 0 as j,n — oo, and Pp(¢p; — ¢) — 0 as j — oo,
Vm > 0, leads to Pp,(¢; — ¢) — 0 as j — oo, ¥Ym > 0, which confirms the completeness of Soe. O

(4) Let p € S(R) be even and real-valued. Then
L o(VL)p = p(WVL)L™*¢, Vo € Ss, Vk > 1, (3.11)
and hence
O(VL)$ € Soe, Vo € Sne. (3.12)
Moreover, ¢(v/L) maps Ss into S, continuously.

Indeed, assuming that ¢ € S, we know from above that L=F¢ is well defined for any k > 1 and L™%¢ € S.
Hence

¢(VL)¢ = (VL) L*L™%¢ = LF (VL)L *.
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However, as was alluded to earlier (v/L) maps continuously the class S into S and hence ¢(vVL)L™F¢ € S.
Therefore, (3.11) holds and as a consequence (3.12) holds as well. The almost exponential localization of
the kernel (v/L)(z,y) and (3.11) readily imply that the map ¢(v/L) : Sso — Soo is continuous.

(5) The action of operators of the form p(v/L) on S, , where ¢ € S(R) is real-valued and even, needs some
further clarification. Here the situation is somewhat similar to the one in the case of 8" (see Definition 3.1
and Proposition 3.2).

Definition 3.5. We define ¢(v/L)f for any f € S’ by

(o(VL)f,¢) == (f,o(VL)p) for ¢ € S. (3.13)

From (4) above it follows that, ©(v/L) maps continuously S’ into S’.. In addition, if ¢, € S(R) are
real-valued and even, then

e(VLyW(VL)f = v(VL)p(VL)f, VfeS.. (3.14)

Proposition 3.6. Let o € S(R) be real-valued and even and ) (0) = 0 for v = 0,1,.... Then for any
fes

(VL) f(z) = (f.o(VL)(z, ")), =€ M. (3.15)

Moreover, p(vVL)f is a continuous and slowly growing function, namely, there exist constants m € Z, and
c > 0, depending on f, such that

(VL) f(z)] < (14 p(x,20))™, x€M, and (3.16)
(VL) f(@) = (VL) (@) < e(1+ pl, w0)) " pl, '), if pla,a’) < 1. (3.17)
Here a > 0 is the constant from (1.4).
The proof of this proposition is deferred to Section 7.
Proposition 3.7. The following identification is valid:
S /P =S8... (3.18)
Proof. Let F' € §'/P and assume fi, fo € F. Then f; = fa+g for some g € P. Hence g € P,,, for some m > 1,
yielding (g, L™w) = 0 for every w € S. Therefore, (g, $) = 0 for every ¢ € S and hence (f1, ¢) = (fa, @) for
every ¢ € Soo. Thus, we can associate with F' a unique bounded linear functional in S/ defined by (f, ¢)
Vo € Soo, using an arbitrary f € F. Consequently, S'/P C S._.
For the other direction, observe that by the Hahn—Banach theorem (see [8, Theorem V.3]) every linear

functional f € S/ can be extended to a bounded linear functional on & and the equivalence class, say,
F € §'/P that contains this extension of f is the class we associate with f. Therefore, S., C &'/P. O

From Proposition 3.7 it follows that for a sequence {f;} C &’'/P and f € S’/P we have
i f i SYP ifandonly it (f;,0) > (£,0), V6 E S, (3.19)

A basic convergence result is given in the following
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Proposition 3.8. Suppose ¢ € S(R), ¢ is real-valued and even, and p(0) = 1. Then for every ¢ € Soo

¢ = lim go(t\/f)qb in S,
t—0
and for every f € 8.
f=limetVL)f in S
t—0

The proofs of Proposition 3.8 is deferred to Section 7.
We now come to the main assertion in this section.

Theorem 3.9. Let ¥ € C°(R,), supp V¥ C [b=1,b] with b > 1, ¥ be real-valued, and

D UGN =1 for A€ (0,00).

JET
Then for any f € S'/P

f=Y_90IVL)f in /7,
JEZ
that is, for any f € S,
lim Y (PO IVL)f,6) = (f,¢), Vo€ Sx

n,m—00
Jj=-n

Proof. By duality (see (3.3)) it suffices to prove that for any ¢ € S

j .
nrlrllgooz bIVL)p=¢ in Sw.

j=—n

Write

1, 0<A<1,
P(A) =
(A), A> 1.

From the properties of ¥ it readily follows that ¢ € C*°(R..), supp ¢ C [0, ], and

m

ST WO TIA) =N —e0"TN), A€ [0,00), n,m > 0.

Hence,

> WbIVL) = (b VL) - p(b" VL.

However, by Proposition 3.8 it follows that p(b~"VL)p — ¢ in S as m — oo for every ¢ € S

remains to show that

1393

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

and it
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©(b"VL)p — 0 in Ss as n — 0o for every ¢ € Su.
We have to show that for any m > 0 and r € Z

lim sup (1+ p(ac,xo))m‘LT@(b”\/ZM(ac)‘ =0, V¢e€S.

n—=0 zeM
Choose k > (m +1)/2 and fix ¢ € S,. Denote w := L™ "*¢, w € S. Therefore, it suffices to show that

lim sup (1 + p(z, xo))m‘Lkgo(b”\/z)w(scﬂ =0. (3.25)

n—oo reM

Set n(A) = A*p(\). Assume n > 0. Clearly, n(b"VL) = b*"*LFo(b"/L), implying the identity
LFo(b"VL) = b=2"#n(b"V/L). Using the fact that n € C®(R,), suppn C [0,b], and n>*+1(0) = 0 for
v > 0 we apply Theorem 2.2 with N :=m + 3d/2 + 1 to obtain

|w(y)|dp(y)
N+ b7mp(,y))N—d/2

Lo Viula) < o [
M

< b sup (1 + p(y, 20))™ ™ |w(y)|
yeM

1 du(y)
<G L+ bz, ) (L1 ply, ag))

M

ok - B(z,b")|
< b2 sup (1 + p(y, 20))™ 4w Bz, b")| 71 | d
< 7P sup 1+l 0)) " o) Bl e

bnm

< Cb—an sup (1 + T m+d+1 w S
< yeﬁ( p(y, o)) | (y)|(1+p(x’x0)>m

Here for the former inequality we used Lemma 2.1. Consequently,

|L¥o(0"VI)w(x)] < b Prapr (@)L + pla, 0) ™"

S Cbinfp;L+d+1+|r—k\ (¢)(1 + p(ﬂ?, IO))im’

where we used that k > (m + 1)/2 and n > 0. The above implies (3.25). O
3.3. Tempered distributions on R% associated with L = —A

We next show that in the case when M = R? and L = —A, with A being the Laplacian, the distributions
modulo generalized polynomials &’ /P introduced in §3.2 are just the classical tempered distributions modulo
polynomials on R?. Therefore, our general setting covers the classical case on R?.

Indeed, as is shown in [5, Proposition 5.6] the test functions S(L) in the setting M = R% and L = —A
are just the test functions S(R?) in the classical case with the same topology and, therefore, S’(L) is the
set of the classical tempered distributions S’(R?). On the other hand, if g € S’ and

L™g=(-1)"A"g =0,
then applying the Fourier transform, defined by é(é) = fRd p(x)e= 2= ¢dy for ¢ € S, we infer

(4r®)™ (g™ g = 0.
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Therefore, the distribution ¢ is supported at the origin and hence g is an algebraic polynomial. This leads
us to the conclusion that in this setting the set P defined in §3.2 is the set of all polynomials on R¢ and
hence S’/ is the set of tempered distributions modulo polynomials on R,

4. Frames

Frames will play an important réle in this study. Their construction will be an adaptation of the one in

the inhomogeneous case from [5], see also [1]. Therefore, we shall only indicate the needed modifications in
the construction from [5].
Construction of Frame # 1. We first apply Theorem 2.5 for the construction of a real-valued cutoff function
® with the following properties: ® € C*°(R4), ®(u) =1 for u € [0,1], 0 < & < 1, supp® C [0,b], where
b > 1is a constant (see [5]), and such that ®(5\/L) is an integral operator with kernel ®(6v/L)(x, y) obeying
(2.9)-(2.10). Set

U(u) = () — (bu). (4.1)

Clearly, ¥ € C*®°(R,) and supp¥ C [b~',b]. By the properties of ®(6v/L)(z,y) (from Theorem 2.5) it
follows that the kernel W(5v/L)(z,y) of the operator ¥(5v/L) is of sub-exponential localization, that is,

Co exp{ — /i(p(“:’y))ﬁ

)
(1B(z,0)[|B(y, o))/2"

(W (0VL)(x,y)| < Ve,y € M, (4.2)

and for any m > 1

—2m p(z,y)\B
(LU (V) ()| < Ol =R (Z5H) )

= (1B, 0)||By,0))/2 Vao,y € M. (4.3)

Here 0 < 8 < 1 is an arbitrary constant (as close to 1 as we wish) and k > 0, ¢,,¢,, > 1 are constants
depending on 3, b, and the constants co, C*, ¢* from (1.1)—(1.4); ¢, depends om m as well. Set

Uj(u) :=V¥(b7u), je€Z (4.4)

Clearly, U; € C*(R), 0 < ¥; < 1, supp¥; C [V~ 0T j € Z, and
Z\I/j(u) =1 forue (0,00).
JEL
Therefore, by Theorem 3.9 for any f € §’/P
f= Z U;(VL)f (convergence in S'/P). (4.5)
JEL

The sampling Theorem 4.2 from [1] will play an important role in this construction. In particular, this
theorem yields the following

Proposition 4.1. For any ¢ > 0 there exists a constant v (0 < v < 1) such that for any mazimal §-net X on
M with § := YA~ A > 0, and a companion disjoint partition {A¢}ecx of M as in Subsection 2.1 consisting
of measurable sets such that B(§,6/2) C Ae C B(£,9), £ € X, we have

L =2)IfI5 < DA FOP <L +e)fl3, Vfe3

Lex
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At this point, we introduce a constant 0 < & < 1 that will be specified later on. We use the above
proposition to produce for each j € Z a maximal §;-net X; on M with §; := vb~7=2 and a disjoint partition
{AE}EEXJ' of M such that

(L=allfI3< Y AlFOF < T +)llfl3, Vf € Zhe. (4.6)

£EX;

Set X := U;ezX;, where equal points from different sets X; will be regarded as distinct elements of X, and
hence X can be used as an index set.
Frame # 1 {9¢}¢cx is defined by

Ye() = |Ae| V20 (VL)(2,€), £€ X, jEL (4.7)

Construction of Frame # 2. A dual frame {1} will be constructed similarly as in [5] with properties similar
to the properties of {t¢}.
The first step in this construction is to introduce a cutoff function

[(u) = ®(b%u) — ®(bu), (4.8)

where ® is from the construction of Frame #1. Clearly, suppT C [b~1,b%] and T' = 1 on [1,b?], implying

T(w)¥q(u) = Uy (u).
The construction of Frame # 2 hinges on the following

Lemma 4.2. There exists a constant 0 < € < 1 such that the following claim holds true. Given A > 0, let X' be
a mazimal 6-net on M, where § := YA"1b~3 with ~ the constant from Proposition 4.1, and suppose {Acteex
is a companion disjoint partition of M consisting of measurable sets such that B(§,6/2) C A¢ C B(&,0),
€ X (see §2.1). Set we := (1 + )1 A¢|. Then there exists a linear operator Ty : L*(M) — L*(M) of the

form T\ = 1d+S)\ such that:
(a)

[ fllz < [ITxfll2 < Vfe L.

(b) S\ is an integral operator with kernel Sx(x,y) verifying

cexp { - g()\p(x, y))B}

|Sx(z,y)| < (BB A Vz,y € M. (4.9)
(C) SA(L2) C 2[2/\17_1’/\‘53].
(d) For any f € L*(M) such that T(N"'VL)f = f we have
F=> wef(OTATA( 9], (4.10)

fex
where T\ (-, -) is the kernel of the operator Ty := T(A\~'/L) with T' from (4.8).

This lemma is simply Lemma 4.2 from [1] with the only difference that it is assumed that A > 0 instead
of A > 1; the proof is the same and will be omitted.

We use the above lemma to select the constant ¢ (0 < € < 1) that was already used in the construction
of Frame #1.
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Let X; and {A¢}ecx, be as in the definition of Frame #1. Denote Ty, := I'(b~/*1V/L) for j € Z with
Aj:=b"1 and let Ty, = Id+S,, be the operator from Lemma 4.2, applied with A = A;. The dual frame
{'JJE}Ee x is defined by

Pe(a) := co|Ae|VPTy, [Ty, ()] (x), E€X;, jEZ, coo=(1+e) " (4.11)
In the next theorem we record the main properties of {t¢¢}ccr and {1;5}5695.

Theorem 4.3. (a) Representation: For any f € §'/P,

F=Y (e =D (fie)de in S'/P. (4.12)

gex cex

(b) Space localization: For any 0 < & < k/2, m € Z, and any { € X, j € Z,

L7 e ()], |[L™ e ()] < ™™ [BEb7)| 72 exp { — &(V p(x,€))}. (4.13)

(¢) Spectral localization: ¢¢ € Efbj_l)bjﬂl and ¢ € Zfbj_z’bj“] fore€e X, je€Z, 0<p<oo.
(d) Norms: For any & € X;, j € Z,

[ellp ~ IPellp ~ [BEb)F72  for 0<p< oo (4.14)

(e) Frame: The system {1/;5} as well as {1¢} is a frame for L?, namely, there exists a constant ¢ > 0
such that

B < DI PP < ellfl3, Vfe L (4.15)

fex

Proof. The proof of parts (b)—(e) of this theorem is carried out just as the proof of the respective claims in
Proposition 4.1 and Theorem 4.3 in [1].
We now focus on the proof of part (a). By duality to prove (4.12) it suffices show that for any ¢ € Seo

fex cex

However, by Theorem 3.9 for any ¢ € Sy

o= Z \Ilj(\/Z)qS (convergence in S)

JEL

and hence we only have to show that for every ¢ € S

‘I’j(\/z)éb = Z (¢, Ve )b = Z (¢, 1be)he  (convergence in Sy).

fGXj fEXj

The proof of these identities is a straightforward adaptation of the proof of Proposition 5.5 (c) from [5],
where now the parameter m € Z rather than m > 0. We omit the details. This completes the proof. O

Remark 4.4. The construction of frames with the desired excellent space and spectral localization is partic-
ularly simple in the case when the spectral spaces X3 have the polynomial property under multiplication:
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Let Fx, A > 0, be the spectral resolution associated with the operator /L. We say that the associated spectral
spaces

S ={fel’:Rf=f}
have the polynomial property if there exists a constant a > 1 such that
3.9 cxly, ie figeX¥i= fgexl,. (4.16)

In this case, the scheme from [5], §4.4, can be adapted for the construction of a single frame {¢¢ }¢cx with
frame elements having the properties from Theorem 4.3, where in particular, the representation of each
f € 8'/P takes the form f =3, 1 (f,1¢)1he with convergence in &'/P. We omit the details.

5. Homogeneous Besov (B) and Triebel-Lizorkin (F) spaces

The inhomogeneous Besov and Triebel-Lizorkin spaces in the setting of this article are developed in [5].
Here we focus on the homogeneous version of these spaces.

Definition of homogeneous Besov and Triebel-Lizorkin spaces. To deal with possible anisotropic geometries
we introduce two types of homogeneous Besov and Triebel-Lizorkin spaces (B- and F-spaces for short):
(i) Classical homogeneous B-spaces B = B3, (L ) and F-spaces Fs = Fs (L) and
LS

(ii) Nonclassical homogeneous B—Spaces B B (L) and F-spaces F F (L)
Let the function ¢ € C*°(R,) satisfy

supp @ C [1/2,2], |o(A\)] > ¢ >0 for A e [273/4,2%/4]. (5.1)
Then >,y lp(279N)| > ¢ >0 for A € Ry. Set ¢, (A) := p(279)) for j € Z.

Definition 5.1. Let s € R and 0 < p,q < co.
(a) The Besov space B;q = B;q(L) is defined as the set of all f € S’/P such that

17155, = (X (271, VDOl ) ') <. (52)

JEL

(b) The Besov space B, = B,,,(L) is defined as the set of all f € §’/P such that

= (2 (B2, (VD)) ar) ) < . (53)

JEL

Definition 5.2. Let s € R, 0 < p < 00, and 0 < ¢ < 0.
(a) The Triebel-Lizorkin space F;q = Flfq (L) is defined as the set of all f € §'/P such that

< 00. (5.4)

=l @0 )£01)")

Lp

(b) The Triebel-Lizorkin space F = F,,(L) is defined as the set of all f € §’/P such that

- (Z (Be2e,vDs))

JEL

Lr
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Above in both definitions the ¢?-norm is replaced by the sup-norm if ¢ = oo

Several remarks are in order.
L8
( ) Just as in Propositions 6.3 and 7.2 in [5] one shows that the above definitions of the spaces qu, B,

F,,, and F , are independent of the particular selection of the function ¢ € C*°(R) obeying (5.1).
(2) In the definitions of the qu, qu, F;q,
played by an arbitrary b > 1, then e.g. 27 in (5.2) and (5.4) will be replaced by &/%. Similarly as in [5,

LS8
and F,, spaces above the role of the constant 2 can be

Proposition 6.3] it can be shown that the resulting norms are equivalent to the ones from Definitions 5.1

and 5.2.

-
(3) Tt is easy to show that S is continuously embedded in each of the spaces qu, qu, qu, and F,,,

that is, there exist constants m > 0 and ¢ > 0, depending on s, p, g, such that

1613, < Pr(@d), V6 € S, (5.6)

and this inequality holds with B;q replaced by qu, qu, or F :q

(4) The continuous embedding of the homogeneous B- and F-spaces in §’/P is more subtle and will be
given in the following

L8
Theorem 5.3. Each of the spaces qu, qu, Flfq, and F, is continuously embedded in S'/P, that is, there

exist constants m > 0 and ¢ > 0, depending on s,p,q, such that
[, 00 < el gy, Pl6), VI € By, V6 € Suc, (5.7)

and similar inequalities hold for qu, and F

PQ’

LS
(5) By a standard argument the above assertion readily implies that the spaces qu, qu, F;q, and F,,

are complete and hence they are quasi-Banach spaces (Banach spaces if p,q > 1).
We give the proof of the continuous embedding of the B- and F-spaces into S’/P (Theorem 5.3) in
Section 7 and omit the proofs of the other assertions from above.

Frame decomposition of homogeneous Besov and Triebel-Lizorkin spaces

One of the main result in [5] asserts that the inhomogeneous Besov and Triebel-Lizorkin spaces in the
setting of this article can be characterized in terms of respective sequence norms of the frame coefficients
of distributions.

The primary purpose of this section is to establish similar results for the homogeneous Besov and Triebel—-
Lizorkin spaces, using the frames {9¢}ecx, {1;5}5695 from §4. As is §4 X := UjczX; will denote the sets of
the centers of the frame elements and {A¢}¢ex; will be the associated partitions of M

Our first step is to introduce the homogeneous sequence spaces bs o> qu, and f i f pg» associated with the
B- and F-spaces.

Definition 5.4. Let s € R and 0 < p, ¢ < 0.
(a) The space l};q is defined as the space of all complex-valued sequences a = {a¢}¢cx such that

b= ([ (1B 2lag)) ") < oo 6.9

jEz cex;
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(b) The space I;;q is defined as the space of all complex-valued sequences a = {ag}e¢cr such that
—inl—s _ pya/p\1/q
lally: = (323 (1Ble o)/ 20g]) ] 77) 7 < o (5.9)
e JEL EEX;

Definition 5.5. Suppose s € R, 0 < p < 00, and 0 < ¢ < oo.
a) The space f2 is defined as the space of all complex-valued sequences a = {a x such that
p pq P p q £jee

lally, = || (6 3 Haelie (%)

JjEL  Eex;

< . (5.10)

Lp

(b) The space f;q is defined as the space of all complex-valued sequences a = {ag}e¢cr such that

o= | (32 DA aclia 1) < o (5.11)

fex

Lr

Here ]NlAE = \Ag\*l/zleg with 14, being the characteristic function of Ag.

Above as usual the ¢P or /9 norm is replaced by the sup-norm if p = 0o or ¢ = 0o
In stating our results we shall use the “analysis” and “synthesis” operators defined by

Sy f = {fide)eexr and Ty :{acheex = Y acte. (5.12)
fex

Here the roles of {t¢} and {t¢} can be interchanged.

Theorem 5.6. Let s € R and 0 < p,q < 0. (a) The operators SJ) : B;q — bf,q and Ty : b;q — B;q are bounded

and Ty o Sy = Id on B;q. Consequently, for f € §'/P we have f € Bf,q if and only if {{f, ¢£>}56X € b;q

Moreover, sz € B, then ||fllg. ~ |{(f,ve)}
raq

715y, ~ (03 I depwel] )" (5.13)

JEZ teX;

i, and
pq’ b2y

(b) The operators Sy : és — gs and Ty : b, — és are bounded and Ty o Sy = Id on éZq' Hence,

pq
fe B . = {{fs Ve)eex € b . Furthermore, if f € B, then 5~ (S Ve)}

b i and
rq

/p\1/
1715~ (S[3 (1B o1 deweln) ) ™ (5.14)
JEL EeX;
Above in (a) and (b) the roles of {1¢} and {1¢} can be interchanged.

Theorem 5.7. Let s e R, 0 < p < 00 and 0 < ¢ < 00. (a) The opemtors S . fq and Ty : fgq — F;q
are bounded and Ty 0 Sy = Id on F;q. Consequently, f € F,, if and only zf {(f, ¢£>}56X € f;q, and if

f e s, then ~ (S, de)

fo - Furthermore,
prq

i, ~ (0 3 [ dlhien”) | (5.15)

JEZ tex;

e
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(b) The operators Sy, : F f;q and Ty : f are bounded and T o Sy = Id on }%;q. Hence,
fe F o if and only if {(f, % be)eex € qu, and if f € qu, then ||f|| o~ |{(fs e) Furthermore,
1/a
11z~ | (D2 1B b=)1m/1f. D e >|]q) (5.16)

gex
As before the roles of ¢ and 1;5 can be interchanged.

The proofs of Theorems 5.6-5.7 are a straightforward adaptation of the proofs of Theorems 6.10 and 7.7
in [5], where one uses Theorem 3.9 as well. We omit the details.

6. Further results

In this section we present without proof some additional results on homogeneous Besov and Triebel—
Lizorkin spaces in the setting of this article. Most of them have analogs for the respective inhomogeneous
spaces with proofs that are straightforward adaptation of the ones in the inhomogeneous case.

6.1. Heat kernel characterization of homogeneous B- and F-spaces

Homogeneous Besov and Triebel-Lizorkin spaces can be equivalently defined in terms of the semi-group
e tL ¢ >0, similarly as in the case of inhomogeneous spaces (see [5]).

Definition 6.1. Let s € R and m be the smallest positive integer grater than s.
(()Let 1 <p<ooand 0 < g<ooand f €S /P We set

r d
lsg,im = ([ [0y, )™, (61)
0
7 dit\1/q
e A T o e e (62)
0

with the standard modification when ¢ = oo
(i) Let 1 <p<ooand 1< g<ooand feS/P. We set

oo
—s m — dt 1/q
90z, = | ([ 1m0 ) ) (63)
0
r s m — dt /4
19062, = [[( [ DBCEA ey 2e s )™ (64)
0
with the standard modification when ¢ = oo
The following characterization of homogeneous B- and F-spaces is valid:
Theorem 6.2. Suppose s € R and m > s, as above.
(a) If1<p<ooand0<q<oo, then ||z gy and || - |l 5 () @T¢ equivalent (quasi-)norms on B;q
rq Pq

-
and B, respectively.
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(b) Ifl<p<ooandl < q<oo, then || -|

. Al es 7 ;. s
5 Fs, (H) and || HFM(H) are equivalent (quasi-)norms on F,
and F,, respectively.

See Theorems 6.7 and 7.5 in [5].
6.2. Relationship between homogeneous and inhomogeneous B- and F-spaces

The inhomogeneous Besov and Triebel-Lizorkin spaces B,  and F, are introduced by Definitions 6.1
and 7.1 in [5].
Just as in the classical case (see [4]), the following identification is valid:

Proposition 6.3. (i) Let s >0, 1 <p < o0 and 0 < g < co. Then
B, = PN B,
(it) Let s >0, 1 <p < oo and 0 < g < oo. Then
Fi =L’ NES,

Furthermore, claims similar to (i)—(it) above also hold for the nonclassical Besov and Triebel-Lizorkin spaces
under the additional assumption sup,c,, |B(z,1)| < oo.

The proof of this proposition is straightforward.
6.3. Potential spaces

As in the classical case on R? (see [4]), there is a natural identification of Potential spaces associated to
the operator L with respective Triebel-Lizorkin spaces.

Definition 6.4. Let s € R and 1 < p < co. The potential space L{; is defined as the set of all f € §’/P such
that

£l 2 = L2 f]| Lo < o0, (6.5)

Theorem 6.5. The following identification holds:
L’;:F;Q, seR, 1<p<oo,

with equivalent norms, and in particular

LP =)

p2s 1 <p<oo.

See [5, Theorem 7.8].
7. Proofs
7.1. Proof of Lemma 2.1
To prove inequality (2.5) we set
M’ :={u€ M:p(x,u) > p(z,y)/2} and M":={ue M : p(y,u) > p(z,y)/2}.

Evidently, M € M’ U M" and hence I := fM SfM,--~+fM,,-~- =T +1".
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In estimating the first integral we use (2.2) and obtain

, 2 ) c|B(y, )
T remE Z (1565 oy )™ = (67 ol )

Just in the same way we get

1" < C‘?vaél)l
(1465 plz,y))7

and inequality (2.5) follows.

With no loss of generality we may assume that §; < do, implying dmax = d2. By (2.1) we have that
|B(z,02)| < co(1+ 85 p(x,y))Y B(y, 52)|. This coupled with (2.5) yields

< c|B(z,82)| c|B(y, d2)|
T (148" el y))e (1465 ol y))
¢|B(y, 8)| c|B(y, d2)|

T (48 o, y)) et (1405 pla,y) 7

which implies the right-hand side inequality in (2.6).
To prove the left-hand side inequality in (2.6) we consider two cases:
Case 1: 65 p(x,y) > 1. Using (1.1) and (1.2) we get

|B(y,62)] < co(1+ 05" p(x,))*| B, 82)| < co(L+ 85 pl,y))(62/61)|B(x, 1)

implying
By, 02)]  _ e(L+85 " p(x,9))(52/01) | B(x, 1))
(1+67 pla,y)™ (67 ' plz, y)) ™
_ (485 (e, y) Bz, 00| _ c2?|B(x,6)]
(85 p(a,y) (07 plw, )=~ (1407 pla,y)) 7~
This along with (2.5) yield the left-hand side inequality in (2.6).
Case 2: 65 p(x,y) < 1. Then using (2.2)

IS/ dia() < o|B(e,6y) < —ZB@)l
(1+67 p(x,u))o (1465 p(z,y))°2

which implies the left-hand side inequality in (2.6). O
7.2. Proof of Proposition 3.2 and Proposition 3.6

Since these two propositions are quite similar will only prove Proposition 3.6.
Let ¢ € S(R) be real-valued and even and ¢*)(0) = 0 for v = 0,1,.... Assume f € S’_. Then there
exist constants m € Z and ¢ > 0 such that (3.10) holds. Let ¢ € So,. We have

o(VD)(x) = / (V) (@, 9)d(y)duly), =€ M.

M

To prove (3.15) we will interpret the above integral as a Bochner integral over the Banach space
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Vi = {9 € Nomevem DY) gl = Plg) < oo}, m>d/2,

with P¥, defined in (3.9), see e.g. [12], pp. 131-133. By Proposition 3.3 it readily follows that V;, is well
defined. The completeness of the space V,,, follows (just as in the proof of Proposition 3.4) by the fact that
L being a self-adjoint operator is also closed. By the Hahn—Banach theorem the continuous linear functional
f can be extended to V;,, with the same norm.

Denote F(y) := (VL) (-,y)6(y). We have

1P, = masx sup 1+ pla,a0) [ o(V Dz 9)o(0)]
Set f(\) := A?Yp(\), —m < v < m. From the properties of ¢ it follows that f € S(R) and f is even. Then
appealing to Theorem 2.2 we conclude that LYp(v/L) is an integral operator with a kernel satisfying the
following inequality for any o > 0

L e(VD)(z,)| < ¢o|Bly, D7 (L +plz,y)) ™7, —m<v<m.

We choose o = m.
On the other hand, as ¢ € S in light of (3.9) we have |¢(y)| < Pr(#)(1+ p(y, x0))~* for any £ > 0. We
choose ¢ > m + 2d 4 1. Putting these estimates together we get

, PEO)( + pl 20)"
W =€ 285 220 TG DI+ (e ) (1 ply, 2] 2001

and using the obvious inequality 1+ p(z,z0) < (1 + p(z,4))(1 + p(y, z0)) we obtain

IEW)lv,, < cPF()|B(y, 1|11+ ply, x0)) 2!
< Py ()| B(wo, 1)1 (1+ p(y, x0)) "4,

where for the last inequality we used (2.1). From the above and (2.2) it follows that [, [[F(y)|v, du(y) <
Py (¢) < o0o. Now, applying the theory of Bochner’s integral we obtain

(1 [ AVDXCownt)) = [ (10D T du(w)

M M

This coupled with (3.13) implies (3.15).
We next prove (3.17); the proof of (3.16) is simpler and will be omitted. By the fact that (3.10) holds for
the given f for some constants m € Z,; and ¢ > 0 and using (3.15) we obtain, for x,2’ € M,

(VL) f(z) = (VL) f()] = [(f,o(VL)(z,) = p(VI)(@',-))]
< Ph(e(VD)(z,) — o(VL)(a',-)) (7.1)
<e_max ysgj\r;(l + p(y, 20)) " [[L (VD)) (z,y) — [LY (VL) (@', )]
As above by Theorem 2.2, applied with f(\) = A2V¢()\), it follows that for any ¢ > 0 and —m <v <m

LY o(VI)(z,y) — [L"o(VI))(2',y)| < co|Bla, 1) pla,2”)*(1 + plz,y))~°

provided p(z,z") < 1. We choose 0 = m. We insert the above in (7.1) and arrive at (3.17). O
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7.8. Proof of Proposition 3.8
This proof hinges on the following

Lemma 7.1. Let o > 0 and N > o +d + /2 with a > 0 from (1.4). Then there exists a constant ¢ > 0 such
that for any ¢ € S and x,y € M

|6(z) = o(y)| < cola,y)* P (9) [(1 + p(x,20)) ™7 + (1 + ply, 20)) 7] (7.2)

Here Pn(¢) is from (3.1).

Proof. Choose ¢y € C®(Ry) so that 0 < ¢ < 1, go(A) = 1 for A € [0,1], and supppo C [0,2]. Let
©(N) == po(A) — po(2X) and set ¢;(N) := @(277X), j > 1. Clearly, > j>0¢i(A) =1for A € Ry and hence
=272 ©;(VL)¢ for ¢ € S with the convergence in L (see [5, Proposition 5.5]). Therefore,

$(z) = d(y) = > (0;(VL)o(@) — 0;(VL)y)), Va,y€ M, VpeS.

Jj=0

For j > 1 we have

0i(VL)¢(x) — ¢;(VL)(y) = LN (VL)LY ¢(x) — LN 0; (VL)LY ¢(y)
- / (LN @ V) (z,2) — (LN o2 V) (. 2)) LN $(=)dp(2). (7.3)

M

Let w(\) := A2V p(A). Then L~Np(277VL) = 272N w(277y/L). Clearly, w € C* and suppw C [271,2].
Hence by Theorem 2.2 it follows that there exists a constant ¢, > 0 such that

-N —J T,z 602_2jN an
e e i 2y ™ "

27N (27 p(z,y))"
B, 279)|(1+ 20 p(a, 2)) "

(LN o2 VD)(x,2) = [LNp(27VD)](y, 2)| <

whenever p(x,y) < 277,
Fix ¢ € S. Then by (3.1) [LN¢(2)| < Pn(0)(1 + p(z,20)) N, z € M.
Let p(x,y) < 279. The above, (7.3), and (7.5) yield

i (VD)) — ¢;(VI)$(y)]

' d
< 02_3(2N_Q)P($»y)aPN(¢)/ |B(x,277 -
M

I+ 27p(, 2))7 (1 + p(z, 20))N

du(z)
T+ o, )70 1 (2,777

M )

_ TN )Py ()
N (1+p(xax0))a

Here we used that |B(z,1)| < ¢02/¢|B(x,277)|, see (1.2), N > o +d, and (2.3).
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Let p(z,y) > 277. Using (7.4) and some of the ingredients from above we get
| L@ VI, ) LY d(e)dn (o)
M

2" NPy (¢)dp(2)

<
IZ 1B(a,279)|(1+ 2 p(2,2) (L + p(z,20))Y

du(z)
)|(1 + P(l% Z))g+d(1 + p(z’ J;O))Jer

S 02_j(2N_d_a)p(x7 y)aPN<¢) / |B(I 1
M )

2T ol )Py (0)
(1 + p(z, :170))0

Similarly

2 JEN ) p(a, y)* Py ()
(14 p(y, o))’ '

| 1L e VD)@ ALY o)l <

M

Putting the above estimates together we get for all z,y € M and j7 > 1

l0;(VL)p(x) — 0;(VL)$(y)] (7.6)
< 27ICN=d=) 0 ) P () [(1+ pla,20)) 7 + (14 p(y, x0)) 7]

In the same way, we use that (7.4)—(7.5) hold for ¢o(v/L) with N = 0 to obtain

lpo(VL)d(x) — 0o (VL)p(y)| < cpla, y)*Pu () [(1 + plz,20)) " + (1 + ply, o)) "]
Summing up this estimate along with the estimates from (7.6) (2N > d + «) we arrive at (7.2). O

We now proceed with the proof of Proposition 3.8. Let ¢ € S(R), ¢ be real-valued and even, and ¢(0) = 1.
It suffices to prove (3.20) only. Then (3.21) follows by duality. To prove (3.20) it suffices to show that for
any m >0 and |v| <m

lim sup (1 + p(x,20))"|L"[¢ — p(5VL))(z)| =0, V6 € Swc. (7.7)

0—=0 e M

Let m > 0, |v| < m, and ¢ € So. Choose 0 > m+d+ a and N > o + d + «/2, where a > 0 is from
(1.4). By Theorem 2.2

p(OVL)(@,y)| < co|B(a,6)| 7 (1 + 07 p(a,y)) ™7
and [, ©(0VL)(z,y)du(y) = (0) = 1. Therefore,

1+ oo, 20))" | L [6 — o(6V D)o (@)
= (W pla,a)” | [ o0VD)@0)[L70(a) - L"6(u)lduy)

M
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m [L"¢(x) — L"(y)|
M

:ca(1+p(az,xo))m( / et / )

B(x,1) M\B(z,1)

Here we used (3.11) in the case when v < 1. As ¢ € S, then L”¢ € S and applying Lemma 7.1 we obtain

. L o(x) — L76(y)
(| B, 8)](1 + 5 1 pa, g7 1)
B(z,1)

m P, y)* Py n(9)
< (1 + p(x,x0)) B(/l) |B(z,0)[(1+ 0 Lp(z,y))° (1 + p(z, 20))° du(y)

. Pl y) P (6)
Feliretn) B(jl) Bl )1+ 6 () (L ply za))e )

=: Il + IQ.
Here we used that Py (L"¢) < Py, (@) due to |[v] < m, see (3.1) and (3.9). Now, we use that o > m,

o —a>d,and (2.2) to obtain

. pz,y)”
I < CPm+N(¢) / 1B(z,0)|(1+ 6 1p(z,y))° dp(y)
B(z,1)

5o .
< Phenl®) | (G BT e i) < o P (0
M

Evidently, 1 + p(x,20) < (1 + p(z,y))(1 + p(y,z0)) and assuming § < 1 we obtain

[e3%

N plz,y)
Iz < Pruy v (9) / B, o)L+ pa,g))7 M)
B(z,1)
o dp(y) < Pl n(9).

: CP;”N(@AZ B 51 + 6 ol g))

Here we also used that ¢ > m 4+ d + « and (2.2). Therefore, for any x € M

-+ oty [ |B(LL;;ﬁEf)+‘5fff((j}L»gdu(y> < Pl (6).
B(z,1)

Since ¢ € Soe we have by (3.9) [LY¢(2)| < Py n(0)(1 + p(z,30)) ™V, Vz € M. This leads to

. 1L76(x) — L6(0)|
U I = = ey
M\B(,1)

. (1 + pla, 20))"
<Phn@) [ B@, 1+ 6 ol y) (L1 pl@, o)) W)
M\B(z,1)
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(1 + pz, 20)™

T Pmin(9) / B 1+ 6 (1) (L ol za)¥ )
M\B(z,1)

=Ji + Jo.

Using that N > o > m, 0 > d+ «, (2.2), and p(x,y) > 1 for y € M \ B(x,1), we get

du(y)

< *
Ji < Pl (9) / Bz, 0)[(1+ 0~ p(z, )7
M\ B(z,1)

. 6“du(y) o
< C'PerN(QS)A{ |B(x,§)|(1+5_1p(x7y))‘7—0‘ < cd Pm+N(¢).

To estimate Jy we use again that 1+ p(z,z) < (1+ p(x,y))(1 + p(y, z0)) and assuming § < 1 we obtain

du(y)

< *
Jy < cPrin(9) / |B(z,0)|(1+ 0 1p(z,y))7™
M\B(z,1)

0%d
M

|1+ 07 p(a,y))o—m —

Consequently,

. |[LY¢(x) — LV d(y)|
(14 pla, 20)) |B(z,0)|(1+ 6~ p(x,y))°
M\B(z,1)

du(y) < 6Py n(9)-

This coupled with (7.8) leads to

sup (1+ p(x,20))" |L"[¢ — p(0VL)g)(z)| < e8P}, n(0),

xeM

implying (7.7), which in turn yields (3.20). O
7.4. Proof of Theorem 5.3

We shall only prove the continuous embedding of B;q in §'/P as stated in (5.7). The proof of the
embedding of é;q, F;q, or ﬁ':q in &’ /P is similar. We shall proceed similarly as in the proof of Proposition 6.5
in [5].

Let f € 8'/P and ¢ € Sw. Choose a real-valued function ¢ € C§°(Ry) so that suppy C [271,2] and
Yz P (277X) = 1for X € Ry. Set ;(A) := 9(277A), j € Z. Then 3_,; ¢5(A) = 1 for A € Ry and hence,

using Theorem 3.9,

F=Y_@(VL)f inS'/?P. (7.9)

JET

Also, observe that {¢;} ez are just like the functions in the definition of B;q (see Definition 5.2) and can
be used to define an equivalent norm on B;q as in (5.2). From (7.9) we get

(f.8) =D (PD(VL)f.0) = {0;(VL)f,0;(VL)$). (7.10)

JEL JEZ
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We next estimate ’<<pj(\/Z)f, npj(\/f)@} for j € Z. We consider two cases.
Case 1: j > 0. Choose m > |s| + 3d + d/p. We first estimate |¢;(vVL)¢p(x)|. Set w(\) := A=2™p()). Then
gpj(\/f) = 272miy(279/L)L™ and hence

i (VI)(z) = 272m / w2 IVI) (2, y) L™ $(y)d(y).

M

Clearly, w € C§°(Ry) and suppw C [1/2,2]. Therefore, by Theorem 2.2
w@TIVL) ()| < ¢ Bly,277) |7 (1 + 27 pl,y)) T
On the other hand, since ¢ € S we have by (3.9)
IL"6(y)] < (1 + p(y, x0)) " Pp(6)-

Putting the above together we obtain

du(y)
N+ 27 p(2, y))™ (1 + p(y, z0))™

e (Vo) < 2 mP50) [ s
M

By (1.2) and (2.1) it readily follows that
|B(o, )| < co(1 + ply, 0))! 1By, )| < c27*(1 + ply, 20)) | B(y, 277)]. (7.11)

Therefore,

du(y)
N+ plz,y))™=4(1 + p(y, x0)) ™4

e (VD)ota)] < 20 0) [
M

< 279 DPE (§)(1+ pla, @) T, > 0. (7.12)

Here for the last inequality we used (2.3) and that m > 2d.
We are now prepared to estimate the inner products in (7.10). We consider two subcases:
Case 1 (a): 1 < p < 0o. Then applying Holder’s inequality (1/p+ 1/p’ = 1) we get

(i (VL) f,0;(VL)9)] S/ij(\/f)f(x)l\soj(\/fw(fﬂ)\du(x)
M

< le; (VI fllpls VL)l < 277 fl s llos (VL)

‘b’
qu

Here we used that |[¢; (VL) fll, < 277°|f|l 5. , which follows from (5.2). On the other hand, from (7.12) it
follows that

sV Dl < iy o) [ o )
M

< ¢|B(ao, )P 277 CmIPY (9),
where we used that (m — 2d)p’ > d and (2.2). Hence,

(i (VD) 05 (VD)$)| < 277 | Blag, D' 2| f| 5, Pr(@). 52 0.
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Summing up these estimates we get

S e (VI) . 05(VD)8)| < el Blao, D[ VP| £, P (@), (7.13)

720

where we used that 2m > d — s.

Case 1 (b): 0 < p < 1. Setting v:=1—1/p we have for j >0
(e (VL) £,0;(VI)$)| < IIB(,277) "0, (VI) FlIall| B 279) 05 (VL)@ oo
As <p](\/Z)f € Yyj+1, Proposition 2.8 yields

B 27) (VI Iy < ell|B(.27) | Py (VI) £, (7.14)
= cllo; (VL) fllp < 27| fll .-

On the other hand, by (7.12)

» o B(z ij)|1*1/p
B(-, 27| ¢; VL)oo < c277@m=d)px U | )
1B, 279)"e;(VI)$lloo < ) s

and from (7.11) |B(zg,1)| < 22741 + p(x, 20))?|B(z,277)|, implying
IB(.27)"0;(VL)@llso < clBlao, 1)|'~H/P279Em=2ad/2)pr (¢),
where we used that m — 2d > d(1/p — 1). Therefore,
(o (V) £y (VI))| < 2y Gt =204/ By 1)1V | 5. P (0), 5> 0.

Summing up these estimates we get

S s (VD). s (VD)) < elBao, 2 ] 5, Pial@), (7.15)

=0

where we used that 2m > —s +2d — d/p.

Case 2: j < 0. Choose m > |s| + 3d + d/p. Set w(\) := A\?"p(\). Then ¢,;(VL) = 22™ L~"w(277/L)
and using (3.11)

0i(VLD)(x) = 22w (2 VL) L™ g(x) = 22" /w(Tj\/f)(%y)L’m¢>(y)du(y)-

M

Clearly, w € C§°(Ry) and suppw C [1/2,2]. Therefore, by Theorem 2.2
W@V (2, y)| < e|Bly,279)| 7 (1 + 2 p(,y))
On the other hand, since ¢ € S, we have
IL7" ()| < (1 + p(z,20)) " P, (¢)-

From the above we obtain
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du(y)

lp; (VL)p(x)| < 2™ P (¢ /|B (y,2=9)|(1 + 27 p(z, )™ (1 + p(y, zo))™

By (2.1) [B(x,277)| < co(1 + 27 p(,y))¢|B(y,277)| and hence

_ )| < 22mip* dp(y)
les(VE)da)) < e2 Pm("”l\{ B2 ) + 2p(e.y)" (LT Doy a0))

< 2MIPh(0)(1+ 27 pla, 20)) T (7.16)

< ImTP2)pr (3)(1 + p(z,20)) "2, j < 0.

Here for the former inequality we used (2.3) and that m > 2d.
To estimate the inner products in (7.10) we consider as before two subcases:
Case 2 (a): 1 < p < 00. Then applying Holder’s inequality (1/p+ 1/p’ = 1) we get

o (VD)f 05 (VI / o5 (VI £ (@)l o03 (V) () ()
< e V) Fplles VDol < 21 £l 5, o (V)
Using (7.16) we obtain
) d 1/p'
lios(VE)llr < 2 0p7 () / o) )

(1+ p(z,20))
M
< ¢|B(ao, D[P 2P (9),
where we used that (m — 2d)p’ > d and (2.2). Hence,
sV, 95 (VI)O)| < 2442 Blag, 117 £ g, Pru() < 0.

Summing up these estimates we get

Y (i VD) £05(VD)9)| < el Blao, DIYP 7 Il 5, P (@), (7.17)

7<0

where we used that m > s — d.

Case 2 (b): 0 < p < 1. Setting 7 :=1—1/p we have for j >0
[(0s (VD) fo05(VD)9)| < 1B 270 (VL) FIL 1B 277) 05 (VL) oo
As goj(\/Z)f € Y9i+1, Proposition 2.8 yields

1B, 279 s (VE) < ell[ B, 279)[ VP, (VI) £l
= cllps (V) fllp < 27| fll 3.

On the other hand by (7.16)

o\ j(m+2d) px |B(z,277)|'71/P
1B, 27" (VL) $lloo < 2 Pr(o) s SO U+ pla, o)) 24
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By (2.1) and the fact that j < 0 we get
|B(xo, )| < co(1 + @, 20))!| Bz, )| < co(1 + pl, 20))!| B(w,277)].
Hence,
I1B(.277)[ 0 (VL)@lloo < e B(ao, 1)|! P2/ 20D (4),
where we used that m — 2d > d(1/p — 1). Therefore,
(i (VD) f. 05 (VL)@)| < 27249 B g, 1) P| fl| g, Pr(6), § < 0.
Summing up these estimates we get

S e (VIN . 05(VD)8)| < el Blao, D[P £, P (@), (7.18)

3<0

where we used that m + 2d > s.
Clearly, estimates (7.13), (7.15), (7.17), and (7.18) imply (5.7). O
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