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Talagrand’s inequality

s ();: a probability space for 1 <1 < n.
| () = IIZ;152i-

—

m a:=(aq,as,...,q,) is a unit vector; a; > 0.

s p(A,x): Talagrand's distance from & € 2 to A C

p(A,T) = _sup inf Z o

jeA
a:laj=19€4, *—

m Foranyt >0, A, ={7 € Q: p(A, %) <t}
Theorem [Talagrand’s inequality]:

Pr(A)(1 — Pr(4,)) <e /%
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s V(A,7):= the convex hull of U(A, ¥).

Lemma: p(A, #) = mingy 4.5 | 7.

Proof: Let v € V (A, %) achieve this minimum. For any
seV(A,T), we have §- v > v- 0. Let @ = v/||v||. We have

A, 7) > inf o, > inf s-a>|v]|.
pAD 2t 3 a2 > g

3/ 16



- The distance p(A, 7) -

n U(A,f):{§6{0,1}”HjeA,xz#yzészzl}
s V(A,7):= the convex hull of U(A, ¥).

Lemma: p(A, ) = mingey(z 7]

Proof: Let v € V (A, %) achieve this minimum. For any
seV(A,T), we have §- v > v- 0. Let @ = v/||v||. We have

A, 7) > inf o; > inf s5-a>|0v|.
IO( 7 ) -~ geA " seV (A,Z) - H H
Conversely, take any unit vector a. Write v = > . \;5; for

some 5; € U(A,Z), \; >0, and > . \; = 1. Since
v|| > > (@ - 5;), we have o - §; < ||U]| for some 7.
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- A general theorem '

Talagrand actually proved the following theorem:

Theorem: |, e1r”(AT) dz < ﬁ.

Now we show this theorem implies Talagrand's inequality.
For fixed A, consider X = p(A, ©).

Pr(4)

Pr(X > t)
I’(6X2/4 > 6152/4)

P
E(€X2/4)6—t2/4

VAN

A

1 6_t2/4
~ Pr(A) |

raHence, Pr(A)Pr(A4;) <e /4
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- Proof '

Now prove erU) (A5 dz <

Pr%A) by induction on n.
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Now prove |, e1” (A0 g7 < Pr%A) by induction on n.

When n =1, p(A, 7)) =1if £ & A; and 0 if ¥ € A.

1 204 = 1
A4z = Pr(A) + (1 — Pr(A))e'* < .
/Qe dx r(A) + ( r(A))e’* < PrA)
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- Proof

1 2 —
2p (AT 17 1
Now prove |, e T < 5

When n =1, p(A, 7)) =1if £ & A; and 0 if ¥ € A.

1 204 = 1
A0 q7 = Pr(A) + (1 — Pr(A))e'/* < .
/Qe dx r(A) + ( r(A))e < )

Assume it holds for n. For any z € Q, write z = (z,w) with
z €[, 2 and w c Q.. Let

B = {xEHQ r,w) € A for some w € Q2,.1.}

{zEHQ r,w)€e A},  forw e Q1.
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- Continue -

Two ways to move z = (z,w) € €) to A:

s By changing w, it reduces the problem to moving from x
to B. 5eU(B,x) = (5,1) e U(A, (z,w)).
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- Continue -

Two ways to move z = (z,w) € €) to A:

s By changing w, it reduces the problem to moving from x
to B. 5eU(B,x) = (5,1) e U(A, (z,w)).

s By not changing w, it reduces the problem to moving
fromz to A,. t e U(A,,x) = (t,0) e U(A, (z,w)).

Taking the convex hulls, if 5€ V(B,z) and t € V(A,, ),
then for any A € [0, 1],

(1 =XN54+ M. 1—=)) € V(A, (z,w)).

A)?
A)?

(11— )5+ A
- (1= NS+ Al

1 —
1 —
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- Continue -

Minimizing ||5]| and ||£]|, we get

PA, (z,w)) < (1 =X+ (1 = AN)p'(Au, ) + Ap*(B, 2).
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- Continue

Let r = ?ffé) <1and f(\ 1) =e=N/4=2 Then

1 2 1
aP (Aa(xaw))d < )\ .

Choose A\=1+2Inr fore /2 <r<land A=0
otherwise. One can show f(\,r) <2 —r. Thus,

1.2 1 PI‘(A )
4P (Av(wi))d < 2 _ W .
) " = Px(B) ( )
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- An application -
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- An application -

s A:=(a;;) a random symmetric matrix of dimension
n X n.

m For 1l <¢<j<mn,a; are independent random variables
with ’CLM‘ < 1. Let j; = Q.

s [he eigenvalues of A is listed as

M S>> o>\

Theorem [Alon, Krivelevich, Vu, (2002)]: For every
positive integer 1 < s < n, the probability that )\ deviates

from its median by more than ¢ is at most 4e™ 7. The
same estimate holds for the probability that )\n+1_3 deviates
4 from its median by more than ¢.
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- Proof -
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Proof -

m () the product space of the entries a;;, 1 <1 < 7 < n.

m  M: the medium of s-th Laplacian; i.e.,

Pr(\(A) < M) =1
s A the event M\ ;(A) < M.

m B: theevent \;(A) > M +1t.

It suffices to show By N A = 0. l.e., for any B € B find an
vector a = (ay;), for any A € A, show
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- Continue -

s For 1 <p<s, let v'?) be the p-th unit eigenvector of B.
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- Continue -

s For 1 <p<s, let v'?) be the p-th unit eigenvector of B.

m Forl < <n,let

N — Z(U§p))2.

p=1

For1l <1< 9 <n,let

aij =2, [ Y ()2 1) ()2
\ \
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- Claim 1

: . 2 2
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- Claim 1

: . 2 2

> oY (0]

1<i<j<n i=1 \p=1
Y (o) (Serr)
1<i<j<n \p=1 p=1
n S 2
<233 0]
1=1 p=1
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- Claim 2

: : o> 1
Claim 2: ) ., i > 3.
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- Claim 2 -

. . t
Claim 2: Zaij#bz‘j Q4 > 5

Fix Ae A Let u = 22:1 c,v'?) be a unit vector in the span
of the vectors v(p) which is orthogonal to the eigenvectors
of the largest s — 1 eigenvalues of A. Then Y, ¢, =1,

W Au < Ag(A) < M, and v'Bu > \y(B) > M +t.
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. . t
Claim 2: Zaij#bz‘j Q4 > 5

Fix Ae A Let u = 22:1 c,v'?) be a unit vector in the span

of the vectors v(p) which is orthogonal to the eigenvectors

of the largest s — 1 eigenvalues of A. Then Y, ¢, =1,

W Au < Ag(A) < M, and v'Bu > \y(B) > M +t.

t <u'(B— A)u
= > by —ay) Yy e
a;j7bi; p=1 p=1
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- Putting together -

1/2
t
Z Odz'j>2\/§s(z Odz'j) .

4

The Talagrand distance between A and B is at least o
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- Putting together -

1/2
t
Z Oéz'j>2\/§8(2()éij) .

The Talagrand distance between A and B is at least
Applying Talagrand's inequality, we get

4

24/2s "

Pr(A)Pr(B) < e 132

Hence, Pr(A\, > m +t) < 2e77/325°  Similar we get
Pr(A, < m —t) < e /325 Hence

Pr(|As — m| > t) < 4e 1 /3%
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- General applications -

| () = H?:l Qz
m h:{) — R: a Lipschitz function.

m Given f: N — N, his f-certifiable if whenever h(x) > s
there exists I C |n] with |I| < f(s) so that all y € ()
that agree with x on the coordinates I have h(y) > s.
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| () = H?le Qz
m h:{) — R: a Lipschitz function.

m Given f: N — N, his f-certifiable if whenever h(x) > s
there exists I C |n] with |I| < f(s) so that all y € ()
that agree with x on the coordinates I have h(y) > s.

Example: Let Q = G(n,p) and h(G) be the number of
triangles in GG. Then h is f-certifiable with f(s) = 3s.
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- Theorem '

Theorem: Suppose X = h(-) is f-certifiable. For any
positive b and ¢, we have

Pr(X <b—ty/f(b)Pr(X >b) <e /4
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- Theorem -

Theorem: Suppose X = h(-) is f-certifiable. For any
positive b and ¢, we have

Pr(X <b—ty/f(b)Pr(X >b) <e /4

Proof: Set A ={x: h(z) < b—1t\/f(b)}. We claim for any
y with h(y) > b, yg_fAt

Let I be a set of indices of size at most f(b) that certifies
h(y) > b. Define o; = |I|~Y? if i € I, and 0 otherwise. For

any x € A, > o >t/ f(b)|[I|7Y? > t. By Talagrand's
inequality,

Pr(X < b—ty/f(b))Pr(X >b) < et/

16 / 16
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