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Abstract. Many graphs arising in various information networks exhibit the “power law” behavior
— the number of vertices of degree k is proportional to k=B for some positive . We show that
if B > 2.5, the largest eigenvalue of a random power law graph is almost surely (1+o(1))y/m
where m is the maximum degree. Moreover, the k largest eigenvalues of a random power law
graph with exponent B have power law distribution with exponent 23 — 1 if the maximum degree
is sufficiently large, where k is a function depending on {3, m and d, the average degree. When 2 <
B < 2.5, the largest eigenvalue is heavily concentrated at em®~P for some constant ¢ depending
on P and the average degree. This result follows from a more general theorem which shows that
the largest eigenvalue of a random graph with a given expected degree sequence is determined by
m, the maximum degree, and d, the weighted average of the squares of the expected degrees. We
show that the k-th largest eigenvalue is almost surely (1+o0(1))+/m; where my is the k-th largest
expected degree provided my is large enough. These results have implications on the usage of
spectral techniques in many areas related to pattern detection and information retrieval.
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1. Introduction

Although graph theory has a history of more than 250 years, it is only very recently
noted that the so-called “power law” is prevalent in realistic graphs arising in numer-
ous arenas. Graphs with power law degree distribution are ubiquitous as observed in
the Internet, the telecommunications graphs, email graphs and in various biological
networks [2-4, 8, 13—15]. One of the basic problems concerns the distribution of the
eigenvalues of power law graphs. In addition to theoretical interest, spectral methods
are central in detecting clusters and finding patterns in various applications.

The eigenvalues of the adjacency matrices of various realistic power law graphs
were computed and examined in [8,9, 11]. Faloutsos et al. [8] conjectured a power
law distribution for eigenvalues of power law graphs. For a fixed value B > 1, we
say that a graph is a power law graph with exponent B if the number of vertices of
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degree k is proportional to k—B. We note that for most realistic graphs, their power
law models usually have exponents [ falling between 2 and 3. For example, various
Internet graphs [14] have exponents between 2.1 and 2.4. The Hollywood graph [4] has
exponent 3 ~ 2.3. The telephone call graph [1] has exponent § = 2.1. Recently, Mihail
and Papadimitriou [16] showed that the largest eigenvalue of a power law graph with
exponent 3 has power law distribution if the exponent B of the power law graph satisfies
B> 3.

In this paper, we will show that the largest eigenvalue A of the adjacency matrix of
a random power law graph is almost surely approximately the square root of the max-
imum degree m if B > 2.5, and the k largest eigenvalues of a random power law graph
with exponent [ have power law distribution with exponent 23 — 1 if m is sufficiently
large and k is small (to be specified later). When 2 < § < 2.5, the largest eigenvalue
of the adjacency matrix of a random power law graph is almost surely approximately
cm>~B. A phase transition occurs at B = 2.5. This result for power law graphs is an im-
mediate consequence of a general result for eigenvalues of random graphs with arbitrary
degree distribution.

We will use a random graph model from [5], which is a generalization of the Erd&s-
Rényi model, for random graphs with given expected degrees wi, wa,...,w,. The
largest eigenvalue A; of the adjacency matrix of a random graph in this model depends
on two parameters — the maximum degree m and the second order average degree d
defined by

It has turned out that A; is almost surely (14 o(1))+/m if \/m is greater than d by a
factor of log?n and A; is almost surely (14 o(1))d if v/m is smaller than d by a factor
of logn. In other words, A is (asymptotically) the maximum of \/m and d if the two
values of v/m and d are far apart (by a power of logn). Furthermore, If the k-th largest
expected degree my is greater than d by a factor of logn, then the largest k eigenvalues
are (14 o(1))/m.

One might be tempted to conjecture that

M = (1+0(1)) max{v/m, d}.

This, however, is not true as shown by a counter example in the last section. Throughout
the paper, the asymptotic notation is used under the assumption that n — . We say
that an event holds almost surely, if the probability that it holds tends to 1 as n tends to
infinity.

Following the discussion in Mihail and Papadimitriou [16], our result has the fol-
lowing implications: The largest degree is a “local” aspect of a graph. If the largest
eigenvalue depends only on the largest degree, spectral analysis of the Internet topol-
ogy or spectral filtering for information retrieval can only be effective after high degree
nodes have been normalized. Our result implies that such negative implications occur
only when the exponent [ exceeds 2.5.
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2. Preliminaries

The primary model for classical random graphs is the Erd6s-Rényi model G, in which
each edge is independently chosen with the probability p for some given p > 0 (see [7]).
In such random graphs the degrees (the number of neighbors) of vertices all have the
same expected value. Here we consider the following extended random graph model
for a general degree distribution.

For a sequence w = (w1, wa,...,wy), we consider random graphs G(w) in which
edges are independently assigned to each pair of vertices (7, j) with probability w;w;p,
where p = 2”+1w1 Notice that we allow loops in our model (for computational conve-
nience) but their presence does not play any essential role. It is easy to verify that the
expected degree of 7 is w;.

To this end, we assume that max; wi2 < Yxwi so that p;; <1 for all i and j. This
assumption assures that the sequence w; is graphical (in the sense that it satisfies the
necessary and sufficient condition for a sequence to be realized by a graph [6]) except
that we do not require the w;’s to be integers. We will use d; to denote the actual degree
of v; in a random graph G in G(w) where the weight w; denotes the expected degree.

For a subset S of vertices, the volume Vol(S) is defined as the sum of weights in
S. That is, Vol(S) = Y,cswi. In particular, we have Vol(G) = Y, w;, and we denote
p= m The induced subgraph on S is a random graph G(w') where the weight
sequence is given by w. = w;Vol(S)p for all i € S. The second order average degree of
G(w') is simply Ycsw7p.

The classical random graph G(n, p) can be viewed as a special case of G(w) by
taking w to be (pn, pn, ..., pn). In this special case, we have d = d = m = np. Itis well
known that the largest eigenvalue of the adjacency matrix of G(n, p) is almost surely
(1+o0(1))np provided that np > logn. Here we will determine the first eigenvalue of
the adjacency matrix of a random graph in G(w).

There are two easy lower bounds for the largest eigenvalues A, namely, (1+0(1))d
and (1+0(1))y/m. (The proofs can be found in Section 4.) Our main result states that
the maximum of the above two lower bounds is essentially an upper bound.

Theorem 2.1. For a graph G in G(w), suppose the maximum degree m and the second
order average degree d satisfy d > \/mlogn. Then the largest eigenvalue of G is almost
surely (1+o0(1))d.

Theorem 2.2. For a graph G in G(w), suppose the maximum degree m and the second
order average degree d satisfy /m > d log2 n. Then almost surely the largest eigenvalue
of the adjacency matrix of G is (14 0(1))\/m.

If the k-th largest expected degree my satisfies \/my. > dlog®n and mi > md , then
almost surely the i-th largest eigenvalue of a random graph in G(w) is (14 o0(1))/mj,
forall 1 <i<k.

Theorem 2.3. The largest eigenvalue of a random graph in G(w) is at most 7+/logn -

max{/m, d}.

We remark that with more careful analysis the factor of logn in Theorem 2.1 can be
replaced by (logn)'/?*€ and the factor of log? n can be replaced by (logn)3/2*¢ for any
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positive € provided that n is sufficiently large. The constant “7” in Theorem 2.3 can be
improved. We made no effort to get the best constant coefficient here.

As an application of Theorems 2.1 and 2.2, we prove that the largest eigenvalue of
the random power law graphis (1+o0(1))y/m if B > 2.5,and (1 +o(1))d if B <2.5. A
transition happens when = 2.5.

3. Basic Facts

We will use the following concentration inequality for a sum of independent random
variables (see [12]).

Lemma A. Let X; (1 <i < n) be independent random variables satisfying |X;| < M.
Let X =3 X;. Then we have

02
Pr(IX —E(X)| > a) < ¢ at)ear)

We will also use the following one-sided inequality [5]:
Lemma B. Let X1,...,X, be independent random variables with
Pr(X,' = 1) = Pi, Pl"(Xi = O) =1- Pi.

For X =Y aiXi, we have E(X) =Y, aipi, and we define v =Y} la pi. Then we
have

PriX <E(X)—1)< e,
The following lemma, due to Perron [17, p. 36], will also be very useful.

Lemma 3.1. Suppose the entries of an n X n symmetric matrix A are all non-negative.
For any positive constants cy, ¢z, .. ,Cn, the largest eigenvalue M(A) satisfies

) <
A m{ 2}

¢ =

Proof. Let C be the diagonal matrix diag(cy, ¢2,...,c,). Both A and C~'AC have the
same eigenvalues. All entries of C~'AC are also non-negative. The first eigenvalue is
bounded by the maximum row sum of C~'AC. |

Now we are ready to state our key lemma.

Lemma 3.2. For any given expected degree sequence W, the largest eigenvalue \| of a
random graph in G(w) is almost surely at most

d+ \/6\/mlogn(d~+logn) +3+/mlogn.

In particular, we have A < 2d + 6y/mlogn.
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Proof. For a fixed value x (to be chosen later), we define ¢;, 1 <i < n as follows:
wi,  ifw; > x,
Cj =
X, otherwise.

Let A denote the adjacency matrix of G in G(w). The entries g;; of A are independent
random variables. Now we apply Lemma 3.1, choosing X; = %Z’J’-zl cja;j. We have

1 &
=1

L

ij>xw§p +x20 < WP, if w; > x,
i IR w?p + Wiy, <w;p, otherwise,
<d+x;
1 &,
Var(X;) < ) 2 ciwiw;p
i

3 2 . . .
w]->ijp+W,2w]-§ijpv lfWl > X,

>
_ZWj>xW:;p+wi2wj§ijp7 OtherWise,
m
X

By Lemma A, we have
a2
Pr(|Xi 7E(Xl)| > a) S e 2(Var(X;)+ma/3x)
Here we choose x = /mlogn and a = /6(2d +x)logn + 2% logn. With proba-

bility at least 1 — 0(%), we have X; < d +x+ a for every fixed 1 <i<n. So we can
conclude that almost surely X; < d 4 x + a holds simultaneously for all 1 <i < n.
By Lemma 3.1, we have (almost surely)

A<d+ \/6\/mlogn(d~+ logn) + 3+/mlogn,

as desired. |

4. Proofs for the Main Theorems

This section presents the proofs of Theorems 2.1-2.3. We note that Theorem 2.1 is an
easy consequence of Lemma 3.2. Theorem 2.2 requires some work and Theorem 2.3 is
an immediate consequence of Lemma 3.2.



26 F. Chung, L. Lu, and V. Vu

Proof of Theorem 2.1. We only need to prove the lower bound. Let A be the adjacency
matrix of a random graph G in G(w). We define

1
o= 7(W|,W2,...,Wn)*7

/ 2
YW

where x* denotes the transpose of x. Let

1
X =o'Aa= ST <22WinXi,j + EW,'ZXi,z) .
=W\ i<y i

Here X; ; is the 0-1 random variable with Pr(X; j = 1) = wyw;p. We will use Lemma B
to prove a lower bound on X. Notice that

1
EX)=—— |2 22 4
) z:-m%( zw’wf‘”zw”’)

i<j i

and

1
V= (" W2)2 (42wl~3w;p+zwfp>
i=1"i i<j i

Applying Lemma B with # = y/2m2plogn, we have that with probability 1 —e~102%/2 =

1—o(1),
X >d—/2m2plogn = (1+0(1))d.

Since A > X, it follows that almost surely A > (1 +o(1 ))d.
By the assumption of d > /mlogn, Lemma 3.2 implies that (almost surely) A <
(I+0(1))d. This and the previous fact complete the proof of Theorem 2.1. |

Proof of Theorem 2.2. We will first establish upper bounds for A;, 0 < 1 < k, under the
assumptions of Theorem 2.2. In the following proof, we use a weaker assumption that
Vmy > (d+1)log!> € n for any positive €. Note that m = m;. We will first show that

A < (140(1))v/m.

Choose s = and t =d 10g'+€/ 2n. Let S denote the set of vertices with

m
logl+s/2 n
weight greater than s, and let 7' denote the set of vertices with weight less than or equal
toz. Let S and T be the complements of S and 7', respectively.
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_Since s >, Sand T are disjoint sets. G is covered by the following three subgraphs:
G(S) — the induced subgraph on S, G(T) — the induced subgraph on T, and G(S, T')
d

— the bipartite graph between S and 7'. It is not hard to verify that Vol(S) < o

Both G(S) and G(T)_are random graphs so that Lemma 3.2 can be applied. The
maximum weight of G(S) is at most s. We note that d(G(S)) = ¥,.sw?p < d. By
Lemma 3.2, almost surely we have

M(G(S)) < 2d +6+/slogn = o(y/m).
Similarly d(G(T)) = ¥,c7 w?p < d. The maximum weight of G(T') is at most
— d m
<mEt=——_
mVol(T)p < m- oz

By Lemma 3.2, almost surely we have

_ ~ / m

Next we consider the largest eigenvalue of G(S, T).

Claim 1. The following holds almost surely. For any vertex i € S, all but d2log> € n of
its neighbors in 7" have degree 1 in G(S, T).

Proof of Claim 1. Fix a vertex i € S and expose its neighbors in 7. With probability
1 —o(1/n), i has at most (1 + o(1))m neighbors in 7. For any neighbor k € T of i, the
expected number of neighbors of k (other than i) in S is at most
( ) d_d* ..
H<E[ Y X | SwiVol(S)p <1= = —log"*n <
jes\i soom

logn’

It follows that the expected number of neighbors of i with more than one neighbors
in S is at most (14 o(1))mu < (14 0(1))d*log?*€n. Using Lemma A, it is easy to
show that with probability 1 — o(1/n), the number of neighbors of i with more than
one neighbors in S is at most (1 +o0(1))d*log> n. The claim follows from the union
bound.

Claim 2. Almost surely, the maximum degree of vertices in 7 in G(S, T) is at most
3logn.

Proof of Claim 2. The expected degree of a vertex i € T in G(S, T) is w;Vol(S)p <
’?‘i < @. A routine application of Lemma A shows (with room to spare) that with
probability 1 —o(1/n), the degree of i in S is at most 3logn. Again the union bound
completes the proof.

Let G; be the subgraph of G(S, T) consisting of all edges with degree 1 in 7. Let
G be the subgraph of G(S, T') consisting of all edges not in G;. G is a disjoint union
of stars. The maximum expected degree is at most (14 o(1))m. We have

M(Gy) < (140(1))y/m.
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The largest eigenvalue of G, is bounded above by /mgmr, where mg and mr are the
maximum degrees in S and T, respectively. Claims 1 and 2 show that mg < d2log”*®n
and m7r <logn. By Lemma 3.1, we have

M (Gy) < /mgmr < dlog¥> /2 n = o(\/m).
Hence, we have
M(G) <M (G(S)) +M(G(T)) + M (Gr) +M(Ga) < (1+0(1))y/m.

Now, consider G’ = G\ {v} for any vertex v. Let A;(G) denote the i-th largest
eigenvalue of G. The well-known interlacing theorem (see [10]) asserts that

Mi(G) = Mi(G') = hiv1(G).

Suppose that vertex v; has the i-th largest expected degree m; and G; = G\ {v1,...,vi_1 }.
It is easy to check that the second order average degree of G; is not greater than d and
the largest expected degree of G; is (1 +o(1))m; provided i < k. By the first part of the
theorem, we have

M(Gi) < (1+0(1))/m.

By repeated using interlacing theorem, we have
Xi(G) = ki(Gl) < Xi_l(Gz) <...< Xl(Gi) < (1 +0(1))\/m,'.
Now we turn to the lower bound on A;’s. We will use two helpful facts that are
immediate consequences of the interlacing theorem and the Courant-Fisher theorem.

Claim 3. Suppose H is an induced subgraph of G. Then A;(G) > A;(H) forall 1 <i <
V(H).
Claim 4. Suppose F is a subgraph of a graph H. Then

Ni(H) > M(F) =M (F'),

where F’ has edge set consisting of all edges of H notin F.

To prove the lower bound A; > (14-0(1)),/m;, it suffices to find an induced subgraph
H of G with eigenvalues A;(H) > 1+ o(1),/m; for 1 <i <k. Let S consist of vertices
with weights my,...,m;. Let U denote the set of neighbors of S in T where T is defined
as before. Let H be the induced subgraph of G on SUU. H is the union of three graphs:
the induced graphs G(S), G(U), and the bipartite graph G(S, U).

G(T) is a random graph and G(U) is a subgraph of G(T'). By Lemma 3.2, we have

M(G(U)) <M (G(T)) < 2d+6+/tlogn = o(\/my).
The maximum weight of G(S) is at most mVol(S)p. We consider two possibilities:

Case 1. mVol(S)p < dlog®n. In this case, we have

M(G(S)) < 2d 4 61/mVol(S)plogn = o(+/my).



Eigenvalues of Random Power law Graphs 29

Case 2. mVol(S)p > dlog®n. In this case, we have

M (G(S)) < (1+0(1)y/mVol(S)p < (1+0(1)y| = < ol y/m),

My
since m,% > md. In both cases, we use the inequality
Vol(S) minw; < dVol(G),
IS

which follows easily from the definitions of Vol and d.

In the bipartite graph G(S, U), we define a spanning forest F as follows. The edges
of F are, for i = 1,... k, from vertex i to U\ Ui'_:11 (T(j)NT) where T'(j) N T is the
neighbors of jin 7. Let R be the bipartite subgraph containing edges not in F'.

The volume of T is almost equal to the volume of G since

Vol(T) = Vol(G) — Vol(T) > Vol(G) <1 - ?) = (1—0(1))Vol(G).

Thus, the size of I'(j) N7 almost surely is (14 o(1))m;. We have

i—1 7
; d
Vol(UZ\T()NT) < ¥ (1+0(1))mjt < (140(1))—1Vol(G).
j=1 i
The expected degree of i in R is at most

mNol(UZ\T(j)NT)p < (14 o(1))dr.

By Chernoff’s inequalities, it is easy to show that the maximum degree of 7 in R is at
most 2dt. On the other hand, the maximal degree of any vertex u € U in R is at most
3logn by Claim 2. Therefore, we have

M(R) < y\/2dt3logn = o(+/my).

Now, F is the disjoint union of & stars with sizes (1+o0(1))m; fori =1,...,k. We have
Ai(F) = (14o0(1))\/m;, fori=1,... k. Hence, we have

Ai(G) = Mi(H) = Mi(F) = M(G(S)) = M(GU)) = M(R) = (1 +o(1))/m,

for 1 <i <k, completing the proof. |

5. Random Power law Graphs

In this section, we consider random graphs with power law degree distribution with
exponent 3. We choose the degree sequence G(w) = (wy, wa,...,w,) satisfying w; =
1

ci BT for ip < i <n+ip. Here c is determined by the average degree and iy depends
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1 )\ Bt
on the maximum degree m, namely, ¢ = %dn BT ip=n (i((%_zl))) . Itis easy to

verify that the number of vertices of degree k is proportional to k.
The second order average degree d can be computed as follows:

p-2)* i
d g (1+0(1)), ifB >3,
d=1{ 3din22(1+0(1)), if =3,

_o)2 1\ 3B .
a2 (8) P (o)), ir2<pes,

We remark that for B > 3, the second order average degree is independent of the max-
imum degree. Consequently, the power law graphs with § > 3 are much easier to deal
with. However, many massive graphs are power law graphs with 2 < 8 < 3, in particu-
lar, the Internet graphs [14] have exponents between 2.1 and 2.4.

Theorem 5.1. We have

(1) For B > 3, suppose the maximum degree m satisfies
m > d*log>n, (5.1

where d is the average degree. Then almost surely the largest eigenvalue of the
random power law graph G is (1+0(1))y/m.
(2) For3 > B> 2.5, suppose m satisfies

B2 _3
m > dP-23 logh 25 . (5.2)

Then almost surely the largest eigenvalue of the random power law graph G is
(1+0(1))y/m.

_3
(3) For 2 < B < 2.5 and m > log235-Bn, almost surely the largest eigenvalue is

(I+o0(1))d.
(4) Fork<n( d )B’l and B > 2.5, almost surely the k largest eigenvalues of the ran-

mlogn
dom power law graph G with exponent § have power law distribution with exponent
2B — 1, provided that m is large enough (satisfying (5.1), (5.2)).

We remark that the powers of logn can be slightly improved, as well as the results
for the case of B = 3. We do not attempt to optimize such estimates here.

Proof of Theorem 5.1. If f > 3, clearly /m > cflogz/3 n. By Theorem 2.2, almost surely
the largest eigenvalue of the random power law graph G is (14 o(1))/m.

If 3 > B > 2.5, it is straightforward to verify that \/m > dlog’ n. By Theorem 2.2,
almost surely the largest eigenvalue of the random power law graph G is (14 0(1))+/m.

When B < 2.5, we have d > \/mlogn. The result follows from Theorem 2.1.

To prove (4), we first note that k < n(—%—)B~1 implies that k < n/(dlog*n)P~"! for

mlogn

>3, and k < n/(dlog’ n)B-D/(2B=5) for 3 > B > 2.5.
g




Eigenvalues of Random Power law Graphs 31

Now, for k < n/(dlog*n)P~! and B > 3, we have k < io[( )B=1—1]. Thus,

L
d? log3 n

io 1/(B-1) S 4
= > l - .
my, m(io+k) >d“log’n

For 3> B >2.5and k < n/(dlog’ n)B=1/(2B=5) e have

m Bt
k<io (dﬁ2)/(132.5)10g3/(l32-5)n) -1

Thus,

o \V/BD g2 5
my=m (io +k) > dB-25Jogh-25p.

In both cases, one can verify that the assumptions of Theorem 2.2 are met. Thus,
Theorem 2.2 implies that for all 1 < i < k, the i-th largest eigenvalue is (almost surely)
(1+0(1))y/m;. On the other hand, the m;’s have a power distribution with exponent
B. By a routine calculation, one can show that ,/m;’s have a power distribution with
exponent 23 — 1 and this concludes the proof. |

6. Problems and Remarks

We have proved that the largest eigenvalue A of G in G(w) is roughly equal to d or
/m if one of them is much larger than the other. What happens when d and \/m are
comparable? Is it true that A = (1 +o(1)) max{+/m, d}? The following example shows
that A(G) can be larger than d and \/m by a constant factor.

Example 6.1. For given m satisfying m > log? n and d constant, we choose the expected

degree sequence as follows: There are n| = ”{jz = o(n) vertices with weight m. The
P

remaining vertices have weight d. We then have

Vol(G) =nim+ (n—ny)d =~ nd,
d=nmm?p + (n—n)d*p ~ /m.
Our random graph is defined with this special degree sequence.

Claim 5. The largest eigenvalue A of the adjacency matrix of G(w) is almost surely at
least (1—o(1)) 255 /m > 1.618/m.
Proof of Claim 5. Let S be the set of vertices with weight m, and T be the remaining

vertices. Since Vol(S) ~ ﬁVol(G) and Vol(T') ~ Vol(G), the expected number of
neighbors in T for a vertex in S is about m, while the expected number of neighbors in
S for a vertex in 7 is about % = 0(1). It can be shown that a random graph G in G(w)
almost surely contains n; disjoint union of stars of size m’ = (1 + o(1))m with centers
in S. As always, A denotes the adjacency matrix of G.
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Recall that A(A) > a*Ao for any unit vector o.. We next present a vector o such
that the expectation of o*Ao is significantly larger than \/m. For any vertex u, the
coordinates o, is defined as follows:
ve ifues,

ny’

Oy = \/—_”’C/, if u is a leaf of the stars,
nym

0, otherwise.

Here ¢ = (1+1/4/5)/2 is a constant maximizing E (o*Ac).
Clearly, o is a unit vector. We have

s
ViV mm!

~/m(c+2+/c(1—c))

1+4/5
2

E(oAa) > n%mzpi +2n1m
ni

= Vm.
With the assumption m > log?n, we conclude that almost surely o*Ao, is greater than
(_1+2\/§ +o0(1))y/m, completing the proof. i

We proved that the statement A = (1 +o(1))max{\/m, d} is false. However, it
looks plausible that A could be (almost surely) upper bounded by (1+ o(1))(d + /m)
provided that d + /m is sufficiently large (i.e., ®(logn)).

References

1. W. Aiello, F. Chung, and L. Lu, A random graph model for massive graphs, STOC 2001, pp.
171-180, Experiment. Math. 10 (2001) 53-66.

2. W. Aiello, F. Chung, and L. Lu, Random evolution in massive graphs, In: Handbook of
Massive Data Sets, Vol. 2, J. Abello et al. Eds., Kluwer Academic Publishers, 2002, pp.
97-122. Extended abstract appeared in FOCS 2001, pp. 510-519.

3. R. Albert, H. Jeong, and A. Barabdsi, Diameter of the world wide web, Nature 401 (1999)
130-131.

4. A. Barabasi and R. Albert, Emergence of scaling in random networks, Science 286 (1999)
509-512.

5. F. Chung and L. Lu, Connected components in random graphs with given expected degree
sequences, Ann. Combin. 6 (2002) 125-145.

6. P. Erd6s and T. Gallai, Gréfok eldirt foku pontokkal (Graphs with points of prescribed de-
grees, in Hungarian), Mat. Lapok 11 (1961) 264-274.

7. P.Erd6s and A. Rényi, On random graphs I, Publ. Math. Debrecen 6 (1959) 290-297.

8. M. Faloutsos, P. Faloutsos, and C. Faloutsos, On power-law relationships of the internet
topology, ACM SIG-COMM ’99, Comput. Commun. Rev. 29 (1999) 251-263.

9. LJ. Farkas, I. Derényi, A.-L. Barabdsi, and T. Vicsek, Spectra of “Real-World” graphs: be-
yond the semi-circle law, cond-mat/0102335.



Eigenvalues of Random Power law Graphs 33

10.
11.

12.

13.

14.

15.

16.
17.

C. Godsil and G. Royle, Algebraic Graph Theory, Springer-Verlag, New York, 2001.

K.-I. Goh, B. Kahng, and D. Kim, Spectra and eigenvectors of scale-free networks, cond-
mat/0103337.

M. Habib, C. McDiarmid, J. Ramirez-Alfonsin, and B. Reed, Eds., Probabilistic Methods
for Algorithmic Discrete Mathematics, Algorithms and Combinatorics, 16, Springer-Verlag,
Berlin, 1998, pp. 195-248.

H. Jeong, B. Tomber, R. Albert, Z. Oltvai, and A. L. Bardbasi, The large-scale organization
of metabolic networks, Nature 407 (2000) 378-382.

J. Kleinberg, S. R. Kumar, P. Raphavan, S. Rajagopalan, and A. Tomkins, The web as a
graph: measurements, models and methods, Proceedings of the International Conference on
Combinatorics and Computing, 1999.

L. Lu, The diameter of random massive graphs, In: Proceedings of the Twelfth ACM-SIAM
Symposium on Discrete Algorithms, 2001, pp. 912-921.

M. Mihail and C. Papadimitriou, On the eigenvalue power law, preprint.

O. Perron, Theorie der algebraischen Gleichungen, II (zweite Auflage), de Gruyter, Berlin,
1933.



