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Show that f(x, y) = 1//x% + y* is integrable over the unit disk D and evaluate
Ifp faa.

Let D; be the disk of radius & centered at the origin. Then f i continuous everywhere on
Dexceptat(0,0). Thus, [/ DD [ dA exists. To evaluate this integral, we change variables
to polar coordinates, x = rcosf, y = rsin@. Then f(rcos®,rsind) = 1/r, and

1 2:(1 i 27
ff fdA:ff Mfdﬁdrsz d8 dr = 27 (1 — §).
D\D;s s Jo JE 40
//fdAmlimf[ fdAd=2m. A
In 8-} D'\ D

More generally, we can, in an analogous manner, define the integral of nonnegative
functions f that are continvous except at a finite number of points in 2. We can also
combine both types of improper integrals; that is, we may consider functions that are
continuons except at a finite number of points on [ or at points on the boundary of 1,
and define [f, / d4 appropriately.

If f takes both positive and negative values, we can use a more advanced integration
theory, called the Lebesgue integral, to generalize the notion of convergent integral f [,
FdA. Using this theory, it is possible to show that if [[ ) f dA exists, it can then be
evaluated as an iterated integral, This latter fact is also known as Fubini's theorem.

Thus,

Unbounded Regions

As was mentioned previously, we will leave consideration of unbounded regions to the
exercise section. However, we must point out that we have already addressed the main
idea in Example 5 of Section 6.2 on the Gaussian integral. In that example, we integrated
exp(—x? — ) over all of R? by integrating first over a disk of radius @ and then letting
a — 00,

exercises

In Exercises 1 10 4, evaluate the following integrals if they exist (discuss how vou define the integral if it was not given in the

text).

5. LetD=[0,1]x[0,1] letd <o <land0 < 8 < L.

- _

1. //me/f)—’ d4, where D = 1[0, 1] x [0, 1] Evaluate:

z. //——~——1 dxdv,where D = {(x,») |0 <x <1 m
D'Vix—yl ’ ! -7 Dxayg'

O=y=<ly=sx}

6. LetD =[l,00) x[LoolLetl <« yand ] < p.
N //(y/x)«:ixafy1 where D isboundedbyx =1, x =y, Evaluate: -
D

and x = 2y

1 pe*
4. f f logx dx dv
4 J0

dx dy
Jtb x¥ye’




The Change of Variabies Formula and Applications of Infegration

7. (a) Evaluate

d4
S Ty

where D) is the unit disk in R2.
{b) Determine the real numbers A for which the integral

[ 5
b {xz +y2})\

is convergent, where again I is the unit disk.

(a) Discuss how you would define [, f d4 if D is an
unbounded region—for example, the set of (x, v)
suchthata < x < coand ¢1(x) € ¥ < o (x),
where ¢1 < ¢ are given (Figure 6.4.5),

(b) Bvalate [[, xpe " drayifx > 0,
0=gy=L

Yi

¥ = ¢yix)

figure 6.4.8 An unbounded region D.

Using Exercise 8, integrate e ™ forx = 0,1 <y <2
in two ways. Assuming Fubini’s theorem can be used,

show that
00 -x _ —2x
/ £ ¢ dx = log 2.
h

Show that the integral

i a
f f (x/va? — y?)dydx
o JU

exists, and compute its value.

Discuss whether the integral

XAy
dxd
/fDx2+2xy+y2 4

exists where D = [0, 1] x [0, 1]. If it exists, compute its
value,

We can also consider improper integrals of functions
that fail to be continuous on entire curves lying in some

i3

14

15

16

i8

19

.

region D, For example by breaking D =10, 1] %
into two regions, define and then discuss the
convergence of the integral

1
— ¥ dy.
//p Vix~ e

Let W be the first octant of the ball x2 + y? + 22 < 42,
where x > 0, y > &, z > 0. Evaluate the improper
integral

[0, 1]

(x% + y2 214

24,2
] g
WAz + (x4 2 4222

by changing variables.

dydz

Let [ be a nonnegative function that may be uzlbounde:d
and discontinuous on the boundary of an ¢lementary
region ). Letgbe a similar function such that

Slx ¥y <glx, 1 whenéver both are defined. Suppose :-.:;:

f f 1 &(x, ¥} d4 exists. Argue informally that this
implies the existence of f jD Flx, ) dA.

Use Exercise 14 to show that
sin®(x — y)

I

exists where [ is the unit disk x2 + y? < 1.

dy dx

Let f be as in Exercise 14 and et g be a function such

that 0 < g(x, ¥} < f(x, ¥) whenever both are defined.

Suppose that [, 2(x, y) dd does not exist. Argve
informally that ['[ f(x, ¥) dd cannot exist.

Use Exercise 16 to show that

s

g

x2+y.7

dy dx

does not exist, where D is the set of (x, y) with
dsx=land0 <y <x.

Let D be the unboundeé region defined as the set of

(x, ¥, 2) withx? + 32 + 2% > 1, By making a change ¢ of

variables, evatuate the improper integral

e

dxdvdr
(xz ,,,},y ‘gz 2)2

Evsluate

i 1 '
//—dxdy and fffdydx.
o o Jx ¥

Does Fubini’s theorem apply?




[0, 1]
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20. In Exercise 17 of Section 5.2 we showed that

1 pl 2 2 1 pt 2 2
Xt =y X -y
gt il /[ e X .
_/(j /0‘ (x2 +}’2)2 o Jo {x?. +y2J2
Thus, Fubini’s theorem does not hold here, even though

the #terated improper integrals both exist. What went
wrong?

21. 10 < f(x,y) < glx, ) forall (x, y) € D, and the
improper integra? of g

//g(%y)dxdy
"D
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exists, then f‘fD J(x, y) drdy also exists. Use this fact
and exercises 5 and 6 to argue that if 0 < «, 8 < 1 and

1<y, p, then
dxdy
xﬁyﬂ +x}"y.‘0

exists, where D = [0, oo) x [0, 0o).
[HiNT: Write D = Dy U Dy and apply Exercise 14 to
each D; separately,]

review exercises for chapter 6

1. () Find a linear transformation taking the square
S == {0, 1] x {0, 17 to the parallelogram P with
vertices (0, 0), (2, 0), (1, 2), (3, 2).

{b} Write down a change of variables formula
appropriate to the transformation you found in
part (aj.

2. (a) Find the image of the square [0, 11 x [0, 1} under the
transformation 7(x, y) = (2x, x -+ 39).
(b) Write down a change of variables formula
appropriate to the transformation and the region you
found in part {a).

3. Let B be the region in the first quadrant bounded by the
curves xy = 1, xy_.3 xt -y =1, and x% — 3? =4,
Evaluate ! j (x% -+ v%) dr dy using the change of
variables u = x% — 3%, p = xy.

4. Inparts (g) to (d), make the indicated change of
variables. (Do not evaluate.)

VT
) / / f (2 + 3% dv dy dz,
)

cylindrical coordinates
V) E=x )
(b} / / / xyzrdzdxdy,
VA= - 8T

cyhndrlca coordinates

VT RN (TR )
(c) ] / f Z2ds dx dy,
V= IV

spherical coordznﬁtes

/4
{d) / ] 0 sin 2¢ d6 de¢ dp, rectangular

0 JO 0
coordinates

. Find the volume inside the surfaces x? + y? == z and

+

h

x~f~y2‘z-—2

Find the volume enclosed by the cone x% + y? == 22 and
the plane 2z — y - 2 = 0.

A cylindrical hole of diameter 1 is bored through a
sphere of tadius 2. Assuming that the axis of the cylinder
passes through the center of the sphere, find the volume
of the solid that remains.

Let £ and Cz be two cylinders of infinite extent, of
diameter 2, and with axes on the x and y axes,
respectively. Find the volume of their intersection,
100,

. Find the volume bounded by x/a + y/b + zjc = 1 and

10

i1.

12.

the coordinate planes.

Find the volume determined by z < 6 — x2 — 2 and
22 /x4 2

The tfetrahedron defined by
xz20,y=0,z=0,x+y+z<listobesliced inton
segments of equal volume by planes paralle] o the plane
X + ¥ + 2 == 1. Where shouid the slices be made?

Let £ be the solid ellipsoid £ = {(x, y, 2) | (x2/a%)+
(P2/B%) + (22 /c?) < 1}, where a > 0, b > 0,




13.

14.

15,

16.

17.

18.

19,

20.

and ¢ > Q. Evaiuate

f//xyzdxdydz

{a) over the whole ellipsoid; and

{(b) over that part of it in the first quadrant:

y z2
xzb yz0 and 220, -5 bf+2_
Find the volume of the “ice cream cone” deﬁned by the
inequalities x? + »? < 22 and 0 < =

54 /5= x% — 32,

Let g, 6. ¢ be spherical coordinates in B* and suppose
that a surface surrounding the origin is described by a
continuous positive function p == (6, ¢). Show that the
volume enclosed by the surface is

2x i
y=1 / f 118, ¢)) sing dg do.
30 o

Using an appropriate change of variables, evaluate

j f exp (3 — )/ + )1 de
B

where B is the interior of the triangle with vertices at
(0,04, €0, 1), and (1, ().

Suppose the density of a solid of radius R is given by
(1 +d*y~!, where d is the distance fo the center of the
sphere. Find the total mass of the sphere.

The density of the material of 2 spherical shell whose
inner radius is 1 m and whose ouler radius is 2 m is
0.4d* glem?, where o is the distance to the center of the
sphere in meters, Find the total mass of the shell.

If the shell in Exercise 17 were dropped into a large tank
of pure water, would it fioat? What if the shell leaked?
{Assume that the density of water is exactly 1 g/cm3.)

The temperature at points in the cube € = {(x, y,2) [ —
I<x=<l,-T<y<land—1<z<l1}is32d%
where d is the distance fo the origin.

(a) What is the average temperature?

(b) At what points of the cube is the temperature equal
to the average temperature?

Use cylindrical coordinates to find the center of mass of
the region defined by

2

s -1 4yi4 sl x2

ol =

The Change of Variables Formula and Appiications of Infegration

21.

22

23.

24.

25,

26.

27.

Find the center of mass of the solid hemisphere
Vo= {(x,y,2) |x2+y2+zz <atandz > 0},
if the denéity is constant.

Evaluate f f ge 2 g dy, where B consists of those
(x, y) satisfying x2 +y? < landy < 0.

Evaluate

dx dy dz

e

where § is the solid bounded by the spheres
w2t =gl and x? + 3% + 22 = b?, where
a>b=>0

Evaluate f [ 3+ 28 xyz dx dy dz over each of-
JJbp
the following regions. '

() Thesphere D = ((x, y,z) | x> 432 + 22 < R}

(b) The hemisphere D = {(x, y, z) | x2+
Y +z22 < R?andz > 0}

{c) Theoctant D = {(x,y,2) | x = 0,y 2 0,z = 0,
andz2+y2+22 ERZ}

Let C be the cone-shaped region
{(x, v, 2) | /% + 2 <z < 1) in R? and evaluate the

integral /f {14+ /x2+ N dedydz,

Find f/ fix, y, zy dx dydz, where
R
Slx, p,2) = exp [—(x? + y? + 2232,

The flexural rigidity EI of a uniform beam is the product
of its Young’s modulus of elasticity £ and the mometi ':of
iniertia [ of the cross section of the beam with respect
a horizontal line ! passing through the center of gravi

of this cross section. Here

I = / [d(x, y)Fdxdy,
R

where d(x, y) = the distance from {x, y) to / and R = '
the cross section. of the beam being considered.

(a2} Assume that the ¢ross section R is the rectangle
-lsx <], -t <y=<2, andlﬁtheimey“__f
Find 1, :

{(b) Assume the cross section X is a circle of radius 4
and / is the x axis. Find J, using polar coordinatcs.
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28. Find, fffi@: flx, v, 2) dx dy dz, where

1
[+ (2§ p2 4 2P

f(x,y,z)z

29. Suppose D is the unbounded region of k2 given by the

30.

31.

setof {x, y)with0 < x < 00,0 <y < x Let
S(x, ) = x732¥% Does the improper integral
[f, £Cx, y) drdy exist?

If the world were two-dimensional, the laws of physics
would predict that the gravitational potential of 2 mass
point is proportional to the logarithm of the distance

from the point. Using polar coordinates, write an integral

giving the gravitational potential of a disk of constant
density.

(a) Evaluate the improper integral

oC ¥ 5
/ f xe ™V dxdy.
0 0

32.

33,

Review Exercises for Chapter g

(b Evaluate

/ [ (c*+ 2622 4 ) deay,
JJEB

where B is the portion of the disk of radius 2
[centered at (0, 0) in the first quadrant].

Let f be a nonnegative function on an x-stmple or a
y-simple region I} ¢ B2 and that is continuous except
for points on the boundary of 13 and at most finitely
many points interior to 1. Give a suitable definition of

[fp 1

Evaluate f J]lﬁz S, v) deddy, where f(x, y) =
11+ x% + )32 (HINT: You may assume that
changing variables and Fubini’s theorem are valid for
improper integrals.)




