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ABSTRACT. Hochster established the existence of a commutative noetherian ring R
and a universal resolution U of the form 0 — R¢ — Rf — R9 — 0 such that for
any commutative noetherian ring S and any resolution V equal to 0 — S¢ — S —
S9 — 0, there exists a unique ring homomorphism R — S with V=UQ®x S. In
the present paper we assume that f = e + g and we find a resolution of R by free
P-modules, where P is a polynomial ring over the ring of integers. For small values
of e and g our resolution is a minimal resolution of R. For e and g both at least 5,
we prove that R does not possess a generic minimal resolution.

Introduction.

Fix positive integers e, f, and g, with r; > 1 and ry > 0, for r; and 7o defined
to be f —e and g — f + e, respectively. Hochster [15, Theorem 7.2] established the
existence of a commutative noetherian ring R and a universal resolution

U: 0-R =R 2RI 0
such that for any commutative noetherian ring S and any resolution
V: 08— Sf -89 -0,

there exists a unique ring homomorphism R — S with V = U ®% S. Hochster
showed that the universal ring R is integrally closed and finitely generated as an
algebra over Z. Huneke [16] identified the generators of R as a Z-algebra. These
generators correspond to the entries of the two matrices from U and the ( 7:(’1 ) mul-
tipliers from the factorization theorem of Buchsbaum and Eisenbud [8, Theorem
3.1]. Brumns [3] showed that R is factorial. Bruns [4] also showed that universal
resolutions exist only for resolutions of length at most two. Heitmann [14] used
Bruns’ approach to universal resolutions in in his counterexample to the rigidity
conjecture. Pragacz and Weyman [23] found the relations on the generators of R
and used Hodge algebra techniques to prove that £ ®z R has rational singularities
when £ is a field of characteristic zero. Tchernev [25] used the theory of Grobner
bases to generalize and extend all of the above results with special interest in al-
lowing an arbitrary base ring Ry. In particular, his method yields the following
results.
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(a) The ring Ry ®z R is factorial, or Cohen-Macaulay, or Gorenstein if and only

if the base ring Ry has the same property.

(b) The ring Ry ®z R is regular if and only if the base ring Ry is regular and

rT = 1.

(c) If Ry is a perfect field of positive characteristic, then Ry ®7 R is F-regular.
When r; is equal to 1, then the universal ring R is the polynomial ring over Z
with variables which represent entries of the second matrix from U together with
variables which represent the Buchsbaum-Eisenbud multipliers. In particular, when
g = r1 = 1, then the Hilbert-Burch theorem, which classifies all resolutions of the
form

0-RITT SR SR =0,

is recovered. When e = 1 and ry = 0, then the universal resolution looks like
0-R' <R = RITL 0,

and the universal ring R is defined by the generic Herzog ideal of grade f [1, Def.
3.4] in the polynomial ring P = Z[{v; },{zi; }, B], where1 <i < f—land1 < j < f.
The minimal resolution of R by free P-modules is given in [22]. Further discussion
of this universal ring including its linkage history and a study of the rationality of
the Poincaré series of R-modules may be found in [1].

The present paper concerns the universal ring R when ryp = 0. In this case,
f=e+gand R = P/J, for P equal to the polynomial ring Z[B, {vjr }, {zi; },
with 1 <k <e 1<j<f,and1l < i < g, where {B} U {vjp} U {z;;} is a list
of indeterminates over Z. We give J in the language of [25]. Let V be the f x e
matrix and X be the g x f matrix with entries v;; and z;;, respectively. For each

(0.1) partition of {1,..., f} into AU A with |A| = e and |A] = g,

let V ;1 4 be the sign of the permutation which arranges the elements of A, A into
increasing order, V(A) the submatrix of V consisting of the rows from A, and X'(A)
the submatrix of X consisting of the columns from A. In this notation, the ideal

which defines the universal ring R is
(0.2) J =1L(XV) + ({det X(A) + V4 4Bdet V(A) | AUA from (0.1)}).

We produce four resolutions, F, G, I, and J, of R by free P-modules. Let E, F,
and G be free P modules of rank e, f = e + g, and g, respectively; and view the
matrices V and X as homomorphisms of P-modules:

ELFS G
The resolution F is given in Definition 2.3. It is infinite, but fairly straightforward
and coordinate free. One can view [ as the mapping cone of the following map of
complexes:
@ D.E® N F*®D.G*o \NYE®G*)

(a,b,c,d)
b=a—c+te

(0.3) l

A (E ® G*).



THE RESOLUTION OF THE UNIVERSAL RING 3

The map XoV: E — G induces a map E® G* — R which gives rise to an ordinary
Koszul complex

(0.4) S ANEG) S N ERG) - ... .
Also, the map X': F — G gives rise to the Koszul complex

S GONF = S GRNTTE L
and its dual
(0.5) i 3 D1 GFONTTFY 5 D.GF O NFF
the map V*: F* — E* gives rise to the Koszul complex

S S,E* QN F* o Se i E*o NV E
and its dual
(0.6) o 3 DeEa N P 5 D, E NV E L
and the identity map on E* ® G gives rise to the Koszul complex
5 S BT RS.GAINYE* ®G) = Sup1 B* © S 1GRINTHE* ®G) — ...

and its dual
(0.7) -+ = D1 EQDo1 G*ONHE®RG*) = DeE®QD.G*ON (EQG*) — ... .

The bottom complex of (0.3) is the Koszul complex (0.4). The differential on the
top complex of (0.3) involves the maps from (0.4), (0.5), (0.6), and (0.7). The map
from the top complex to the bottom complex involves the minors of X and B times
minors of V. The proof, in section 3, that [F is a resolution of R uses the acyclicity
lemma and induction on e. When e = 1, R is defined by a Herzog ideal and the
resolution of R is already known.

The complexes G, [, and J are obtained, in section 4, by splitting off summands
of F. The splitting is induced by (0.7), as well as by an occasional appearance of
A° X in the map between the two complexes in (0.3). The homology of the complex
(0.7) is quite interesting and is studied in [19, 20]. The complexes G, I, and J all
have length eg + 1, which is the projective dimension of R as well as the grade of
the defining ideal 7. The complex [ is smaller than G, and J is smaller than I.
For small values of e and ¢, J is the minimal resolution of R. For all values of e
and g, the beginning and the end of J agree with the beginning and the end of the
minimal resolution of R. Examples of J are given in section 7. Section 5 contains
our proof that J is a generically perfect ideal of grade eg + 1.

In Section 6 we show that if e and g are both at least 5, then R does not possess
a generic minimal resolution; that is, there does not exist a resolution X of R by
free P-modules with the property that X ®z k is the minimal resolution of R ®z k
by free P ®yz k modules for all fields k. The complex F is very large, but it is easy to
use F to compute that Tor) (R, Z) is the direct sum of the homology of complexes
of the form of (0.7). The homology of these complexes is not a free abelian group;
hence, Tor? (R,Z) is not a free abelian group. The conclusion follows from a result
of Roberts [24]; see, also, Hashimoto [11].

Section 8 consists of a proof that the last map in J is the dual of the first map
in J. We expect this to be the case since J is a resolution of a Gorenstein ring.
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1. Preliminary results.

In this paper “ring” means commutative noetherian ring with one. The grade of
a proper ideal [ in a ring R is the length of the longest regular sequence on R in
I. An R-module M is called perfect if the grade of the annihilator of M is equal to
the projective dimension of M. The ideal I of R is called perfect if R/I is a perfect
R-module. An excellent reference on perfect modules is [6, Sect. 16C]. A finitely
generated module M over the polynomial ring Z[X1, ..., X,,] is called generically
perfect if M is perfect and faithfully flat as a Z-module. The grade g perfect ideal
I is called Gorenstein if Ext%(R/I,R) = R/I. For any R-module F, we let F*
denote Hompg(F, R).

Let F' be a free R-module of finite rank. We make much use of the exterior
algebra A\° F and the divided power algebra D, F'; we make some use of the tensor
algebra T, F. In particular, A®* F and \°® F* are modules over one another. Indeed,

if ; € \' F* and b; € \’ F, then
(1.1) ai(bj) e NN'F and  bi(ey) € N7 F*

(We view /\Z F and D;F to be meaningful for every integer i; in particular, these
modules are zero whenever i is negative.) The exterior and divided power algebras
A come equipped with co-multiplication A: A -+ A ® A. The following facts are
well known; see |9, section 1|, [10, Appendix], and [17, section 1].

Proposition 1.2. Let F' be a free module of rank f over a commutative noetherian

ring R and let b, € \" F, b, € A" F, and og € \* F*.

() 1p = £, then [by(0g)|(8)) = by A xg(8)).
(b) If X: F — G is a homomorphism of free R—modules and s € N7 G*, then

(A XA X)(B0) ()] = by [ (A7 X) (0.

Notation 1.3. Let EF and G be R-modules. If Ay € Dy FE and v, € /\k G*, then
we write Ag >d 7y for the image of Ay ® v, under the natural map

(1.4) DyE® NFG* > N¥(E @ G¥).

In a similar manner, if €5 € /\k FE and By, € D;G*, then we write e <1 By, for the
image £, ® By, under the natural map A" E ® D,G* = \*(E @ G*).

Remark. To understand (1.4), first, consider the composition

DvE @ TG 225 TLE @ T,G* % NY(E @ G*),

where

1]

p(Ee. edhenlle. o) =l ¢

®’y£1]) Ao A (5[1 ®7£k]).

Observe that the composition factors through Dy E ® /\k G*.
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Indexing Convention 1.5. In sections 1 through 7, when we refer to an element
of an exterior algebra or a divided power algebra, the subscript of the element
usually tells the component of the element. For example, % is in /\k G*. If we
have many elements of the same component, we name the elements by using square
brackets in a superscript. For example, we would say, “Consider 7}”,7?], . ,ﬁ’ﬂ
in G*.” Round brackets in the superscript mean divided power; that is, if e; € E,

then sgk) is the k*" divided power of €1 in Dy E.

Definition 1.6. If Y: E — (G is a homomorphism of free R-modules of finite rank,
then let Y be the element of (E ® G*)* which corresponds to Y under the adjoint
isomorphism. In other words, Y (¢ ® v) = [V (¢)](7). In light of (1.1), we view Y as
a differential on the exterior algebra A\*(F ® G*).

Remark. If one thinks of Y as a matrix and takes € and 7 to be basis elements of £
and G*, respectively, then Y (¢ ®+) is the corresponding entry of Y. The differential
graded algebra (A\*(E ® G*),Y) is the “Koszul complex” associated to the entries
of a matrix representation of Y.

Observation 1.7. If Y: E — G, then
Y (e af?) = (I (m)en) ) oY

for all g}, € /\kE and y1 € G*.

Lemma 1.8. Suppose R is a polynomial ring over the ring of integers, E and
M are free R—modules, and ¢: D,.E — M is an R—module homomorphism. If

go(egr)) =0 for all e, € E, then ¢ is identically zero.

Remarks. In the above lemma, if R — R is any base change, then ¢ ® 13 is also
identically zero. On the other hand, the lemma would be false if R were allowed to
have torsion. Indeed, if R = Z/(2), E = Rz ® Ry has rank 2, and M has rank 1,
then p: D3sE — R, given by ¢(z®)) = ¢(y®)) = 0 and ¢(zy?) = p(zPz) = 1,
defines an R-module homomorphism with go(eg?’)) = 0 for all e; € E, but ¢ is not
identically zero.

Proof. Every element of D, F is a linear combination of elements of the form

(1.9) elm) .. gles)
for some positive integers s, and ay,...,as, with a; + --- + as = r, and elements
€1,...,€s in E. (In this argument, we do not follow Indexing Convention 1.5.)

We show that D,.(E) C ker¢ by induction on s. The case s = 1 is the original
hypothesis. Suppose that all elements of the form (1.9) are in ker ¢ for some s. Fix
the element ¥ = sgal) . -62“5)6£Cj:f1) of D.E. Let a = as + asy1, and X be the

(a1) |
1

element ¢ - 826151’ Y of D,_,E. The induction hypothesis ensures that for each

integer n, X (g5 + n€s+1)(a) is in ker . We see that X (e + n€s+1)(a) is equal to
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the product

nga)sgr)l
nga_l)sgzl

[1 n n? ... n%] X€£a72)egzl

L X ego)sgi)l _

The row vector in the above product is a row from a Vandermonde matrix. A
matrix argument produces a non-zero integer N so that N X s&“")sgﬁl € ker ¢, for
all 4, with 0 < i < a. It follows that No(Y) = 0 in the free abelian group M; so,

e(Y)=0. O

Lemma 1.10. Let (E,d) be a complex of finitely generated projective R-modules,
and B be a partially ordered set. Suppose that, as a graded module, E = @pe‘ﬁ El]
and that the differential d is monotone with respect to the B grading. Let O be the
homogeneous part of d of degree zero with respect to B. Fix an integer j.
(a) IfH;(E,0) =0, then H;(E,d) = 0.
(b) If H;(E,0) =0 and im0, is a summand of E;_1, then imd; is also a summand
Of Ej—l .

Remark. In the above statement, “the differential d is monotone” means that, for
each integer i, d(Egp ]) is contained in ZEgi]l The sum is taken over all 7 € P,
with 7 < p if d is monotone non-increasing; and the sum is taken over all 7 € 3,
with p < 7 if d is monotone non-decreasing. The map 0;: IEEP [N Egp_]l is defined to
be the composition

EF e g, 4 g PR R
The hypothesis that d is monotone ensures that (E,8) is a complex.

Proof. For the sake of concreteness, we assume that d is non-increasing. Let = be
a non-zero j-cycle of E. Consider z = 3" zlPl with 2P} € EIP!| and let

Ulz) ={peP|z™ =0 for all 7 € P with p < =}.

Let pp be a maximal element of the support of z. It is clear that 8(z[P0l) = 0. It
follows that there exists y € EPol with 8(y) = z[Pol. We see that U(z) C U(z —dy).
The proof of (a) is completed by induction. We prove (b). Let E’_; be a direct
sum complement of im@; in E;_;. Assertion (a) may be applied to

]Ej—l
!

— 0.
E

EI ]Ej_|_1 — Ej —
7j—1

We are given that (E,8) is exact. We conclude that (E,d) is exact. It follows
readily that ]Ej—l = lmd] ) ]E,jfl' D
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Terminology 1.11. Let (E,d) be a complex. Suppose that E; = K; & L; for each
module E; of E. If k;: K; — K; 1 is defined by

incl dz roj
K =5 E; S5 E 1 225 Ky,
then we refer to

k;
= K=K —

as a strand of the complex (E,d). In particular, for each p in the poset P of Lemma
1.10, we refer to the subcomplex (EP!, 8) of (E,d) as a homogeneous strand of (E,d).

Convention 1.12. Usually, we impose the inverse lexicographic order on Z x Z.
In other words, (P',Q') <; (P,Q), if @ < @, and if Q" = @, then P’ < P.
Occasionally, we consider the natural partial order: (P', Q") <,p (P,Q), if P" < P
and Q' < Q. It is clear that

(Plan) SIlp (PvQ) — (PlaQ/) Sil (PaQ)

Both of these orders are employed in [2].

Convention 1.13. If F is a free module of rank f, then we orient F' by fixing
basis elements wr € /\f F and wp+ € /\f F*, which are compatible in the sense
that wp(wp*) =1.

Convention 1.14. For each statement “S”, we write x(S) to mean “only if state-
ment S is true”. In numerical situations,

1, if Sis true, and
x(8) =

0, if S is false.

In particular, x(¢ = j) has the same value as the Kronecker delta d;;. In a set
theoretic situation,

AUB, if Sis true, and

AU x(S)B means .
A, if S is false,

for sets A and B. In a module situation,

A@ B, ifSistrue, and

Aa y(S)B
Ox(S) mwm{A, if S is false,

for modules A and B.

Terminology 1.15. The complex E is acyclic if E; = 0 for all ¢ < 0 and the
homology H;(E) = 0 for all i > 0. The complex E is a free resolution of the module
M if E is an acyclic complex of free modules and Ho(E) = M.
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2. The complex F.

Data 2.1. Let R be a commutative noetherian ring and let e, f, and g be positive
integers which satisfy f = e+ g. The complex F is built from data (b, V, X)) where
b is an element of R, and V and X are R-module homomorphisms:

oAy JENye]

with F, F' and G free R-modules of rank e, f, and g, respectively. For integers a,
b, ¢, and d, define

A(a,b,c,d) = DuE ® N\’ F* @ D.G* @ NY(E ® G*)

and B(d) = AY(E ® G*).

Remark. If V' = [vj;] and X = [z;;] are matrices, with 1 < k <e, 1 < j < f,
and 1 < ¢ < g, and R is the polynomial ring Ro[{b} U {v;x} U {z;;}], where
{b} U{vjr} U{zi;} is a list of indeterminates over a commutative noetherian ring
Ry, then we say that the data of 2.1 is generic.

Convention 2.2. Suppose that the ring R is graded, the element b is homo-
geneous, the homomorphism X: F — G is homogeneous of degree d,, and the
homomorphism V: E — F' is homogeneous of degree d,. If these degrees sat-
isfy degb = gd, — ed,, then we say that the data (b, V,X) satisfies the grading
convention.

Remark. Tchernev takes (degb,d,,d,) = (g,g,e + 1); and thereby satisfies the
grading convention.

Definition 2.3. Let (b,V,X) be the data of 2.1. For each integer ¢, the module
F; in the complex (F,d) is

@ A(a7 b? C7 d)7

(a7b7c7d)

where the parameters satisfy i = a+c+d+ 1 and b = a — ¢ + e. The differential
d: F; — F;_; is defined as follows. If z; € B(d), then

d(zq) = (X 0 V)(2q4) € B(d — 1), and

if x = 6( ) ® ap ® ”y( )® zq € A(a,b,c,d), then d(x) is equal to

(V@ V(Ee)](w) @19 @24 € A(a—1,b— 1,¢,d)
—1)®X*(7)/\ab®fy£ )®zd€A(a,b+1,c—1,d)
(=1)vFee (“>®a @1\ ® (X o0V)(2q) € A(a,b,¢,d — 1)
Y +(=1)2 D @y © 4 @ (e @) A zg € Ala—1,b,c—1,d+1)
HED (e = 0)f? 00 [(AT™" X) (anfwr)] (@) A 24 € Bla+d)
(+(=1)%x(a = 0)b - [(A° V*)(w)(wr) a1 A 24 € B(e+d).



THE RESOLUTION OF THE UNIVERSAL RING 9

Remarks. (a) When we want to emphasize the data (b, V, X') which was used in the
construction of F, we write F(b, V, X).
(b) Our notation is explained in 1.3, 1.6, 1.13, and 1.14. The map from

A(a,b,c,d) - A(a—1,b—1,¢,d)

is the composition

DE@ N FroM 228 b EoEeo N FroM 22V88L b EQFo N FroM

1®(1.1)®1l
Do 1E@ N F* e M,
where M = D.G* ® N*(E ® G*). The maps from A(a, b, c,d) to A(a,b+1,c—1,d)
and A(a—1,b,c—1,d+1) also involve co-multiplication in a divided power algebra.

Remark 2.4. If the data of 2.1 satisfies the grading convention of 2.2, then the
complex [F is homogeneous provided

(a) the shift for A(a,b,c,d) is (a + d)d, + (g + ¢+ d)d,, and

(b) the shift for B(d) is dd, + dd,.

Proposition 2.5. The maps and modules (F,d) of Definition 2.3 form a complex

Proof. In light of Lemma 1.8 it suffices to show that d o d(z) = 0 for
xr = 6§a) ® ap @ %c) ® zq € A(a, b, c,d).

The calculation is routine. We pick out a couple of high points. Use Observation
1.7 to see that the B(a + d — 1) component of d o d(x) is zero, when ¢ = 0, and
that the B(c + d — 1) component of d o d(x) is zero, when a = 0. In the B(c + d)
component of d o d(z), when a = 1, we use Proposition 1.2 (b) and (a) to see that

(A" V)V el ws) 2t = (21l(A" V) (@0)]) () a7
= <€1 A [(/\b V*)(ab)](wE)) D] ,Y£C) _ (81 ® 71) A <[(/\b V*)(O.’b)](wE) ] %C_l)) .

The same type of argument gives

(N7 300 () A aalfwor])] (war) =714 (A X) ofwr)) (wo),

which is the key to seeing that the B(a + d) component of d o d(z) is equal to zero
when c=1. [J

Definition 2.6. Let (b, V, X) be the data of 2.1. Define A to be the element
(=DUA? X*)(wa-)|(wr) + b(A"V)(wE)
of A F and define J to be the image of the map

(A (XoV)]: N°F*o(E®G*) — R.
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Observation 2.7. If (F,d) is the complex of 2.3 and J is the ideal of Definition
2.6, then the homology Ho(F) is equal to R/J. Furthermore, if (F,d) is formed
using the polynomial ring P and the data (B,V,X) of (0.2), then the homology
Hy(F) is equal to the universal ring R =P/JT.

Proof. The beginning of F is F'; — Fy — 0, with
F, = A(0,e,0,0) ® B(1) = N°F*® (E®G*) and F, = B(0)=R.
The map E ® G* — R is (X o V), and the element a, € \° F* is sent to
[(A? X) (e (wr)] (wee) + BIA" V) ()] (wr) = Aae) € R.

The first assertion is established. The homomorphisms X and V, of the second
assertion, are represented by matrices. Let a. be a basis vector in A° F*. The
element [(A°V*)(ae)] (wg) of R is the determinant of the submatrix of V deter-
mined by the e rows picked out by a.. The element a.(wr) of A7 F picks out the
complementary columns of X with the correct sign, and [(A? X)(ae(wr)] (wg+) is
the (signed) determinant of this submatrix of X. O

In Theorem 3.1 we prove that [ is acyclic whenever the data is generic. However,
F is far from a minimal resolution. On the other hand, it is possible to isolate the
part of IF in which the splitting occurs. To do this, we partition I into strands. Our
definition of the strands is motivated by Remark 2.4.

Definition 2.8. Let (F,d) be the complex of Definition 2.3 and let P and @ be
integers. The module A(a,b,c,d) from F is in the strand S(P,Q) if P = a + d
and @ = ¢+ d. The module B(d) is in S(P,Q) if P = d and Q@ = d — g. Let
0:S(P,Q) — S(P,Q) be the composition

S(P,Q) 2L F 4w 2% 5(p,Q).

Observation 2.9.
(a) If the strand S(P, Q) is non-zero, then 0 < P and —g < Q — P <e.
(b) As a module, F = @ pq) S(P, Q).
(c) The differential d is non-increasing with respect to the inverse lexicographic order
on {(P,Q)}, see 1.12.
(d) Each strand S(P,Q) is a complex with differential 8.

Proof. The first assertion holds because if A(a,b,c,d) is a non-zero summand of
S(P,Q),then0<b< fandb=a—c+e=P —Q+ e. Assertion (b) is obvious.
If P=dand Q =d— g, then B(d) C S(P,Q) and d(B(d)) C S(P—-1,Q —1). If
a+d=P and c+d=Q, then A(a,b,c,d) C S(P,Q) and
SP-1,Q)eSP,Q-1)aS(P-1,Q-1)®S5(P,Q)

S x(c=0)S(P,Q+a—g)®x(a=0)S(P+cQ—g)

We have already seen that if ¢ = 0, then a — g < 0. Thus,

d(S(P,Q)) c P S(FP,Q"),
(P,Q")

as (P, Q") varies over all pairs of integers with Q' < Q; or else, Q' = Q and P’ < P.
Assertion (c) has been established; and (d) follows from (c). O

d(A(a,b,c,d)) C {
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Definition 2.10. The complex (I, ) is defined to be @(RQ)(S(P, Q),0).

Example 2.11. Fix integers P and Q. Let b=P —Q +e. If P < @, then S(P, Q)
is

0— AP,b5,Q,0) % AP -1,0,0-1,1) 2 ... % 40,6, — P,P) > 0.

If @ < P, then S(P,Q) is

0 APbLQ,0 S AP-1,0,0-1,1) 2 ...

2 A(P—Q,5,0,Q) 2 x(Q =P —g)B(P) 0.

In each case, the module A(a,b, ¢, d) has position i = a + ¢+ d + 1 and is denoted
by Si(P,Q). The module B(P) is equal to Sp(P, P — g).

Let |S(P, Q)| denote the absolute value of the Euler characteristic of the strand
S(P,Q). We see that |S(P, Q)| is equal to

P
> (=1)rank A(i,P — Q +e,Q — P +1i,P — i) if P<@Q, and
=0

Q )
X(Q:P_g)(efaq)_ Z(—l)lrankA(P—Q—i—z,P—Q—i—e,z,Q—z) lfQSP
1=0

Theorem 2.12. The complex (F,d) of Definition 2.3 is acyclic when the data is
generic and e = 1.

Proof. In Definition 2.14 and Proposition 2.15, we produce ¢: P — P’, which is a
map of acyclic complexes. We define a map of complexes ¢: F — P in Proposition
2.16. It is clear that g o ¢: F — P’ is surjective. In Proposition 2.18 we identify
the kernel of g o ¢ as M +dM. Lemma 2.20 gives an isomorphism of complexes
©: (F,d) — (F, D) which carries M +d(M) to M + D(M). This lemma also shows
that M + D(M) is split exact. It follows that M +d(M) = ker(qo ¢) is split exact;
and therefore, H;(F) = H;(P') for all ¢; thus, F is acyclic. O

Data 2.13. Let R be a commutative noetherian ring, g be a positive integer, and
f =g+ 1. The complex P is built from data (b,v, X), where b is an element of R,
X: F — (G is an R-module homomorphism, with F' and G free R-modules of rank
f and g, respectively, and v is an element of F'.

Remark. If we think as the data of 2.13 as matrices v = [v;1] and X = [z;;], with
1<j< fand1l <i<g, and R is the polynomial ring Ro[{b} U {v;1} U {z;;}],
where {b} U {v;1} U {x;;} is a list of indeterminates over a ring Ry, then we say
that the data of 2.13 is generic.

Definition 2.14. Adopt the data (b, v, X) of 2.13. The complex (IP,d), has mod-
ules P; = AN°G* & A\ F* ® A" G* and differential
X(w) B; (=1)"1b
di=| 0 —v A, :
0 0 X
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where the maps A4;: AN G* — N\ F* and B;: A F* — A“'G* are given by
Ai(vi) = N' X*(v) and B;(o;) = [(/\f_ZX)(ai[wF])](wG*). The complex (P/,d’)
is the same as the complex (P,d), except

P, =N\ G & \'F*, P)=R, d’:{X(U) B _[’},

0 —U A1

and d] = [X(v) Bj + bv]. The map of complexes g: P — P’ be given by ¢; is the
identity map for 2 < 7,

1 00
Q1={0 1 0], and ¢ =[1 -b].

Proposition 2.15. If the data (b,v,X) of 2.13 is generic, then the complexes P
and P' are acyclic.

Proof. One may prove this directly or see [22, Prop. 1.2] or [21, Theorem 1.3]. [

Proposition 2.16. Let (F,d) be the complex of Definition 2.3 constructed from
data (b,V,X) with e = 1, and let P be the complex of Definition 2.14 constructed
from (b,v, X), where v=V (1) € F. If the function ¢: F — P is defined by

07 0
o) = | 0| and o(e) = | (0 < @)x(0 = )~ A (A X" (7a) | |
0 X(0 = a)(—=1)°(A°v) () - 1 A va

for 4q € B(d) and z = 1% @ oy ® ’yic) ® vq4 € A(a,b,c,d), then ¢ is a map of
complezes.
Proof. We pick out one high point of this calculation. Fix a, b, ¢, and d with
t=a+c+d+1landb=a—c+1. Let

y=(diopi—pi10d)(z) ePiiy = NGO N T Fra NG

When ¢ =0, the /\i_1 G™ component of y is zero because

Bi (o A (A" X)) = (A7 %) [ (a0 A A X7 (00)) (r)] ) (we)
= (=0 (AN X) [((A* X9 (0) (e (wr)] ) (wae)
= (1" A (N X) (w(wr))] (wer).

The final equality follows from Proposition 1.2 (b) and (a). O

Lemma 2.17. Let (F,d) be the complex of Definition 2.8 constructed from data
(b,V,X) with e = 1. If 1 < i, then there are submodules K(0,0,1,i — 1) and
L(0,0,1,7—1) of A(0,0,1,7—1) and a homomorphism s;: /\Z G* — A(0,0,1,i—1)
such that

(a) A(0,0,1,i—1)= K(0,0,1,i— 1) L(0,0,1,7 — 1),
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(b) K(0,0,1,i—1) is the image of 0: A(1,0,2,i—2) — A(0,0,1,i—1) (see Definition
2.8),

(c) exterior multiplication carries L(0,0,1,i — 1) isomorphically onto \' G*, and

(d) s; is a splitting of the exterior multiplication map

p: A(0,0,1,i — 1) = \' G*.

Proof. The module A(0,0,1,i — 1) is equal to G* ® A""" G*. The map p of (d) is
surjective; hence, there exists s;: /\1 G* — A(0,0,1,7 — 1) with p o s; equal to the
identity map on /\Z G*. Let L(0,0,1,7 — 1) = ims; and K(0,0,1,7 — 1) = ker p.
The decomposition A(0,0,1,i — 1) = ker u & im s; gives (a) and (b). To complete
the proof, recall that the Eagon-Northcott complex

= DG ® /\i_2 G*— Di1G*® /\i_1 G* = DoG* ® /\l G*—0
is split exact for 1 <. (See, for example, [5, Def. 1.8].) The map
0: A(1,0,2,7 —2) — A(0,0,1,7 — 1)
is exactly the same as the Eagon-Northcott map

D:G* RN G - DiGr R N Gr. O

Proposition 2.18. Adopt the notation and hypotheses of Proposition 2.16. Let M
be the submodule M = @ A(a,b,c,d) of F, where the sum is taken over all 4-tuples
(a,b,c,d), with1 < a and 1 < c. Then ker(qo ) =M +d(M).

Proof. 1t is clear that M + d(M) C ker(q o ¢). It is not difficult to see that
ker(qo¢); =0 for 0 <i <1, and M; = 0 for 2 < i. Henceforth, we take 2 < i. We
next show that

(2.19) F; = M; +d(M;1) + B(i) + A(i — 1,i,0,0) + L(0,0, 1,7 — 2),

where L(0,0,1,i — 2) is defined in Lemma 2.17. First of all, it is easy to see that

1—1
F; = M; + B(i) + A(0,1,0,i — 1) + A(0,0,1,i — 2) + Y _ A(a,a+1,0,i — 1 — a).

a=1

Indeed, if A(a,b, ¢, d) is a summand of [F;, but is not a summand of M;, then either
a=0orc=0.If a =0, then either ¢ = 0 (in which case (a, b, c,d) = (0,1,0,7—1))
or ¢ = 1 (in which case (a, b, c d) = (0,0,1,i — 2)). If ¢ = 0 and 1 < a, then

A(a,b,c,d) is a summand of Z A(a,a+1,0,5—1—a). Apply d to A(1,1,1,i—2),

which is a summand of Mz+1, to see that
A(0,1,0,5 — 1) € d(Miy1) + M; + A(0,0,1,5 — 2) + A(1, 2,0, — 2).
Apply d to A(1,0,2,7 — 3), which is a summand of M;,1, to see that

A(0,0,1,i —2) C L(0,0,1,i — 2) + d(M;41) + M;.
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If1 <a<i—2, then applyd to A(a +1,a+ 1,1,7 — 2 — a), which is a summand
of M; 1, to see that
Ala,a+1,0,i —1—a) C M; +d(M;11) + Ala+1,a+2,0,i — 2 — a).
Let

B(i) ® A(i — 1,4,0,0) & L(0,0,1,i — 2)
[B(i) ® A(i — 1,4,0,0) & L(0,0,1,i — 2)] N [M; + d(M;11)]’

Now that (2.19) is established, we know that F; /[M; +d(M;+1)] = P;. On the other
hand, the composition

P =

F; .
P, =~ B(i) ® A(i — 1,i,0,0) & L(0,0,1,i — 2) 224 p, =~ . RNy 3
(1) & A( ) & L( ) M, T d00)

is an isomorphism, where nat is the natural quotient map. It follows that
[B(i) ® A(i —1,i,0,0) ® L(0,0,1,i — 2)] N [M; +d(M;4,)] = 0,

and ker(qo ) = M +d(M). O

Lemma 2.20. Adopt the notation and hypotheses of Proposition 2.18. There ezists
a differential D on F and a module automorphism © of F, such that
) ( D) is a complez,
) ©: (F,d) — (F,D) is an isomorphism of complezes,
) © acts like the identity map on M,
(d) ©(M +d(M )) M+ D(M), and
) .

Proof. Recall sq and K(0,0,1,d) from Lemma 2.17. We define ©: F — F. The
map O acts like the identity on each B(i). If

z=19 @ ®’y( °) ® vq € A(a, b, c,d),
then O(z) is equal to

+1@) @ ®’)/( °) ® 4 € A(a,b,c,d)
x(e = 0x(1 < (DD @ ay AN X* () @917 @1
€ Ala+d,b+d,c,0)
—x(a = 0)x(c = 0)1® @ v(w) ® sa(74) € A(a,b—1,c+1,d — 1).

Let D; = ©;_1 od; 0 ©;'. Assertions (a), (b), and (c) are established. Assertion
(d) follows from (b) and (c). If the element z, from the above display, is in M;,
then a straightforward calculation shows that D;(z) is equal to

[ +x(2 < a)10e7D) @ v(ay) ®’y( °) ®v4 € Ala—1,b—1,¢,d)
+x(a=1)x(c =1)1"D @ v(ap) @ (id — s o p) (11 @ 74) € K(0,0,1,d)
X2 <) +xle=D)x(1L <N @ X*(m) Ay @1V @4

€ A(a,b+1,c—1,d)

+(—1)7+°1) @ oy, @ 119 @ [X (0)](74) € Ala,b,c,d — 1)
| +(=1)ate1(a-1) ®ab®7§ Y&~y Ayg € Ala—1,b,c—1,d+1).
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For each i, with 2 <, let

Si =M; ® K(0,0,1,i —2) ® Y _ A(a,a+1,0,d),
(a,d)

where the sum is taken over all pairs (a,d) with 0 < a,1 < d,and a +d+ 1 =i.
Observe that D(M;) C S;_1. The only term which causes any effort is the term in
A=A(a—1,bjc—1,d+1). If a— 1 =0, then b = a — c+ e forces ¢ < 2. On the
other hand, A is zero unless 1 < ¢. If ¢ = 1, then A = A(0,1,0,d+ 1) C S;_;. If
¢ =2, then A= A(0,0,1,d + 1), but it is clear that

(=11 D @ 0, @ 1Y @41 A € K(0,0,1,d+1) CS;_1.

If 1 <a-—1, then either A isin M;_; C S;_1 or ¢ = 1, in which case, we still have
A= A(CL— 1,a,0,d+ 1) g Sifl.

Let S = @,.,;S;. We have shown that D(M;) C S; 1; hence M + D(M) CS.
We complete the proof by showing that (S, D) is split exact and S € M + D(M). In
a manner analogous to Definition 2.8, we partition S into strands @( P,Q) S(P,Q),
where the sum varies over all pairs (P,Q) with 1 < P and 1 < Q < P+ 1. For
parameters P and @, the summand X (a,b,c,d) of S is in S(P,Q) if P = a +d
and Q = ¢+ d, where X = A for all (a,b,¢,d), except (0,0,1,d), and X = K
for (a,b,c,d) = (0,0,1,d). Observe that every summand of S lives in exactly
one strand. Our calculation of D(z), for x € M;, shows that D is a non-increasing
function with respect to the inverse lexicographic order on the parameters {(P, Q)}.
Furthermore, the restriction of the homogeneous part of D to S(P,Q) is

0— A(P,b,Q,0) > A(P—-1,b,Q —1,1) - - > A(P — Q,),0,Q) — 0,
if @ < P; and
0— A(P,b,Q,0) > A(P—1,b,Q—1,1) - -+ = K(0,b,1,Q — 1) — 0,

if @ =P+ 1, where b = P — @ + e. These strands are exact because the Eagon
Northcott complexes

0= DoG*@N°G* = Dg 1G* @A\ G* = --- = DoG* @ AY G* — 0, and
0= DoG*@N\°G* - Dg_1G*® \N'G* — --- = K(0,0,1,Q —1) = 0

are split exact since 1 < ). Lemma 1.10 completes the proof. [

3. The complex F is acyclic.

Theorem 3.1. If the data (b,V,X) of 2.1 is generic, then the complex (F,d) of
Definition 2.3 is acyclic.

Proof. Corollary 4.9 ensures the existence of a subcomplex G of F such that G
consists of free modules, G has length eg + 1 and F/G is split exact. According
to the acyclicity lemma [9, Cor. 4.2], it suffices to show that Gp is acyclic for all
prime ideals P of R with grade P < eg + 1. Thus, it suffices to show that Fp is
acyclic for all prime ideals P of R with grade P < eg+1. The ideal I; (V') has grade
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ef > eg+1. If vis an entry of a matrix representation of V, then Lemma 3.2 shows
that [, is isomorphic to the complex [ of Lemma 3.3, which is built with generic
data over the ring Ry[v~!]. The complex F of Lemma 3.3 has the same homology
as F’ ® K, where F’ is made from generic data, with e — 1 in place of e, and K is
the Koszul complex associated to the sequence of g new indeterminates. Induction
on e completes the result. The base case is Theorem 2.12. [

Lemma 3.2. Form the complez (F,d) using the data (b,V,X) of 2.1. Let 0 and T
be automorphisms of F' and E, respectively. Form (F,d’) using (u'b,0 0V, X 0f~1)
and form (F,d") using (u"b,V o1, X), where v/ = (N’ 6=1)[wr])(wp+) and v is
[(A°7 Y (wg)](wg~). Then the complexes (F,d), (F,d'), and (F,d") are isomorphic
to one another.

Proof. Define ¢': (F,d) — (F,d’) and ¢": (F,d) — (F,d"”), by ¢'(z4) = u'z4 in
B(d), ¢"(za) = (N(171 ® 1)) (24) € B(d),

(@) =¥ @ (N 0" 1) () ©® 1\ ® 24 € A(a,b, ¢, d), and

0" (2) = (Dar H(EM) @ ap @ 19 @ (N7~ @ 1))(24) € A(a, b, c,d),

for zq € B(d), and =z = eﬁ“) ®op @ ’Vgc) ® zq € A(a,b,c,d). It is not difficult to see
that ¢’ and ¢" both are isomorphisms of complexes. [

Lemma 3.3. Let (b,V,X) be the data of 2.1. Suppose that E = E' ® E" and
F=F &®F", with E" = Re and F" = Rf. Suppose further that

!/
V= {‘6 ‘9,,}, and X =[X" X"], where
e Y r B Y r Xq ad "X G
are R-module homomorphisms, and V"(e) = f. Form the complezes (F,d) and

(F',d’) using the data (b,V,X) and (b,V', X"), respectively. Let " = X" (f) € G.
Then there exists a split exact complex I and a short exact sequence of complexes:

0— (F',d)® (A\°G*,2") - F — 1L — 0.

Proof. Take wgp = ¢ Awpgr and wp = f Awpr. Let a be the element of F* with
a(F")=0and of) =1, A(a1,b1,c¢,dy;az,be,ds) equal

DalEl ® Da2E” Q /\bl F'* /\bz F'™* & DCG* Q /\d1 (E/ Q G*) ® /\dz (E// ® G*),
and B(dy;ds) = A* (B’ @ G*) @ A™(E" @ G*). We see that
A(a,b,c,d) = A(ay, by, ¢, di;a,by,dy) and  B(d) = B(dy;dy),

where the first sum varies over all tuples (a1, as,by,bs,dy,d2) with ay + az = a,
by +bs = b, and dy + ds = d, and the second sum varies over all tuples (dy, dy) with
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dy + d2 = d. The complex (F,d) is built using the modules A(a, b, c,d) and B(d).
The complex (F’,d’) is built using the modules

A'(a,b,c,d) = A(a,b,c,d;0,0,0) and B'(d) = B(d;0).
The differential in the complex ((F’,d’) ® (A* G*,z"), D) is given by
D(a®@b) =d'(a) @b+ (-1 a2 (b).

Define ¢ : ((IF’,d’) @ (\° G*,x”),D) — (F,d) by
v (zdl ® Y4, € B'(d1) ® \® G*) = (—1)% 24, A (€'%) pa74,) € B(dy; da),
( 1) (c) ' AN
and ¢ @ ap, @7 ® 2dy @ Yay € A'(a1,b1,¢,d1) @ A G*) is equal to

(al) ®Oéb1 /\Oé®’)’( ) ®Zd /\( (d2) > Yd, ) € A(al,bl,c d1,0 d2)

It is clear that ¢ is injective. We see that ¢ is a map of complexes, because d o ¢
and ¢ o D both carry the element z4, ® 74, of B'(d;) ® /\d2 G* to

(1% (X7 0 V') (z2) A (£%) 572,) + (~ 1) %24, A (470 02" (7))

and carry the element 6( “) & ap, ® ’y( ) ® Zd; ® Y, of A'(a1,b1,¢,d1) ® /\d2 G* to

(D @V (e)](an) Aa®1) @z, A (€@ b g,)

—e{™) @ X" (1) A, Aa@ TV @ za, A () a7a,)

_'_( 1)a1+c (@1) ® ap, A« ®,Y§C) (X' o V’)( ) ( (dz2) D Vdy )

(— 1)a1+c+d1€(‘11) ®ap, Na® ,Y( c) ® za, A (g(dz 1) g 2" (Va,))

(~n)eteet®™ D @ ap, Aa @V @ (e1 @ 1) Az, A () a7a,)
()0 g™ [N ), g i) 2, (89 07)
(=¥ x(ar = 0)b - (A" V') (e, )] (wir) 29 1? A zay A (£192) 0 7g,).

The cokernel of ¢ consists of all A(aq,b,c,dy;as,bs,ds) such that either 0 < ay

and 1 = bg; or 0 < as and 0 = by. Apply Lemma 1.10 to see that the cokernel of ¢
is exact. Decompose coker ¢ into a direct sum of strands S(P, Q)), where

+++

_|_

\

A(ay,b1,c,disaz,b2,d2) € S(P,Q) if P=ay —by +dy and Q =a1+c+d;.

Impose the inverse lexicographic order of 1.12 on {(P,Q)}. It is easy to see that
the map d is non-increasing on coker ¢ and each strand S(P, Q) is the split exact
sequence

@0 — A(alabhcv dl;a'2a 1ad2) i A(alablaca dl;a'2 - 1707d2) - Oa

where the sum varies over all tuples (a1, b1,c,d1;a2,1,d2) with az +ds = P + 1,
a1 +c+dy=Q,and 1 < as. [
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4. We split summands from F.

In this section we produce three complexes of free modules; each of these com-
plexes is homologically equivalent to the complex (F,d) of Definition 2.3. Each of
the new complexes has length eg + 1; and therefore is much smaller than [F, which
has infinite length. The complex G of Corollary 4.9 is a submodule of FF; thus, the
differential on G is merely the restriction of d to G. The complex I of Theorem 4.10
is much smaller than G, and the complex J of Theorem 4.15 is much smaller than
I. The proof of 4.15 incorporates the proof of 4.10 and then splits off more sum-
mands from F. We offer both stopping points because the description of I is cleaner
than the description of J, and surely I is sufficient for many purposes. All three
complexes are graded, provided F is graded in the sense of Convention 2.2. The
complexes [ and J are created using various unspecified homotopies, as described
in Observation 4.3; and therefore, the differentials are too complicated to record in
a meaningful manner.

Observation 4.3 is a fine tuning of Lemma 1.10. It is more complicated to state
than it is to prove. It provides a framework for splitting off part of a complex
without changing the homology. After the notation is set, then the hypothesis is
that various homogeneous strands of the complex E have been identified and each
of these strands contains a splittable substrand. The conclusion is that, in the
original non-homogeneous complex E, each splittable substrand may be replaced
by its homology, at the expense of complicating the differential.

Definition 4.1. We say that the complex L is splittable if I is the direct sum
of two subcomplexes I/ and L, with I/ split exact, and the differential on L'
identically zero.

Proposition 4.2. IfLL is a bounded complex of projective modules, then 1L is split-
table if and only if H;(LL) is projective for all j.

Proof. The proof is not difficult; see, for example, [19, Prop. 3.2].

Observation 4.3. Let (E,d) be a complez of finitely generated projective R-mod-
ules, and B be a partially ordered set. Suppose that each module E; from E de-

., and that the differential d is non-increasing
with respect to the P grading. Let 8 be the homogeneous part of d of degree zero

composes into a direct sum @pem E”

with respect to PB. Suppose that each module Egp ] decomposes into LEP ] ) KEP V. Let
L; = @plgp], K; = @pKEp], and L = @,L;. View L as a substrand of (E,d),
in the sense of 1.11. If IL is a splittable complex, then there exists a split exact
subcomplex (N,d) of (E,d) such that N is a direct summand of E as a module, and

(E/N); = H;(L) @ K;.

Proof. The hypothesis guarantees that . decomposes into the direct sum of two
subcomplexes P @ Q, where Q is split exact and P = H(IL). For each 4, let Q; equal
A; @ B;, where B; is equal to the image of Q11 in L. We see that the differential
in L carries A; isomorphically onto B; 1. Observe that E; = A; ® B; ®P; ® K, and
that the composition

(4.4) A b g S g P B
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is an isomorphism for each i. The second assertion holds because d; is non-increasing
and the homogeneous part of (4.4) is an isomorphism. Define N to be @, N; and M
to be @, M;, with N; = A; +d;11(Ai+1) and M; = P; @ K;. Use the decomposition
E; = A; ® B; ® Mj; to produce the projection maps

7TZBZ E, - B; and 7r£w: E;, — M;.
Let 0; 1: B; 1 — A; be the inverse of the map of (4.4); ¥;: E; — M; be
Y = 1o (1 —diyq 06; o?P);
and m;: M; — M;_; be the composition

incl Pi—1

Mi — Ez i> Ei—l —_— Mi—l-

A straightforward calculation (see, for example, [18, Prop. 7.2] or [17, Prop. 3.14))
shows that

0= (N,dly) 2% (E,d) % (M,m) — 0

is short exact sequence of complexes, and that N fulfills all of the requirements. We
notice, for future reference, that as a module, M is isomorphic to @pem MlP! and
that the differential m on M is non-increasing with respect to the ¥ grading. 0

For the rest of this section the complexes (F,d) and (F,d) of Definitions 2.3 and
2.10 are fixed. Let

(4.5) a=(e—1)(g—1).

We define complexes (P(ag, co,dp),d) and (E,8). Each of the new complexes is a
quotient of (F,0) under the natural quotient map. In particular, P; and E; are
defined for all integers ¢. If we don’t specify a value for one of these modules, then
the module is automatically equal to zero. Furthermore, if the parameters a, c,
and d of the module A(a,b,c,d) are known, then the parameter b is automatically
equal to a — ¢+ e. The position of the module A(a,b,c,d) is a + c+ d + 1 in every
complex which contains it. Let

- A(a,b,c,d)

) B(d)
Ala,b,c,d) = (A(a+1,b,c+1,d—1))

a(A(97 faoad - g)) .

and B(d) =

Definition 4.6. If ag, ¢y, and dy are integers, with ag and ¢y non-negative, then
let (P(ao, co,dp),d) be the complex

0 — A(ao-+do, b, co+do,0) 2 ... 2 A(ag+1,b,co+1,do—1) 2 A(ao, b, co, do) — 0,

where b = ag — ¢g + e. The absolute value of the Euler characteristic of P(ay, co, do)

1S
do

|]P)(CLO, Co, d0)| = Z(—l)l rank A(ao + i, b, co + i, do - Z) .
1=0
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Remarks. (a) If dg < 0, then P(ayg, co,dp) is the zero complex.
(b) If P = ag + dyp and @ = ¢y + dp, then the complex P(ay, cp,dp) is a quotient of
the homogeneous strand (S(P, @), 0) of Observation 2.9. Furthermore, if
(i) ap =0and 0 < ¢y < e; or
(ii) cp=0and 0 <ap <g—1;or
(iii) ¢ =0, a9 =g, and eg+ 1 < P,
then P(ag, cg,do) = S(P, Q).
(c) The homogeneous strands (S(P,Q),3) have been studied extensively, under a
slightly different name, in [19]. The exact connection between the two notations is

S(P.Q) = M(P,Q) @ \"F*, if —e<P—-Q<g—1,and
T\ MPQeNF, ifP=Q+g,

for b = P — @Q + e. The differential 8 of S(P, Q) is equal to the tensor product of
the differential of M(P, Q) or M(P,Q) with the identity map on A" F*.

Theorem 4.7.

(a) Assumel—e< P—-Q <g—1. If eithereg—g+1<Q oreg—e+1< P, then
S(P,Q) is split exact.

(b) If Q = e + P, then S(P,Q) has free homology which is equal to A(0,0,e, P);
furthermore, if eg — e + 1 < P, then A(0,0,e, P) = 0.

(c) If g+ Q = P, then S(P,Q) has free homology which is equal to B(P); further-
more, if eg — e + 1 < P, then B(P) = 0.

(d) Fiz integers a, ¢, and d. Assume that 1 —e < a—c<g—1. Ifg—1<a or
e — 1 < ¢, then the complez P(a,c,d) has free homology equal to A(a,b,c,d).

(e) Fiz integers a, ¢, and d, with 0 < a and 0 < c. Let P=a+d and Q = c+d. If
the pair (P, Q) satisfies any one of the hypotheses (a), (b), or (c), then P(a,c,d)
has free homology equal to A(a,b,c,d).

Proof. Assertions (a) — (d) are [19, Cor. 5.1]. We may assume that the base ring
in (e) is Z. The complex P is a truncation of the splittable complex S(P, Q). The
homology of S(P, Q) is concentrated at the right most non-zero position. [

Lemma 4.8. If (E,9) is the complez 0 — @ A(a, b, c,d) — 0, where the parameters
satisfy eg < a+c+ d, then E is a splittable complex and H(E) is equal to the free
module @ A(a, b, c,d), where the parameters satisfy eg = a + ¢ + d.

Proof. Observe that E is equal to the direct sum

@ ]P)(GO,CO,dO) D @ ]P(ao,Co,do),

eg=a0+co+d0 eg+10§ao+co+d0
=agpco

with the parameters ag, cg, and dy all non-negative. Indeed, let X = A(a,b,c,d)
be a summand of E. If a < ¢, then X is a summand of

P(0,¢c — a,d + a), ifeg+1<c+d, and
Pleg —c—d,eg—a—d,a+c+2d—eg) ifc+d<eg.
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If ¢ < a, then X is a summand of

P(a —¢,0,d + ¢), ifeg+1<a+d, and
Pleg —c—d,eg—a—d,a+c+2d—eg), ifa+d<eg.

Let P be the strand P(ag, cg, do) of E, and let P = ag+dy. If ag+co+do = eg, then,
according to Theorem 4.7, P has free homology equal to A(ag,b,cg,dy). Indeed,
if ap = g+ ¢y or cg = ag + e, then apply part (e), by way of (b) or (c). If
1—9g<cy—ap<e—1, then apply (d) if g — 1 < ag, or apply (e), by way of (a),
ifag <g—2. Ifeg+1<ag+ cyp+ dy and agcy = 0, then Theorem 4.7 yields that
P is split exact. If ap = g + ¢o, then ¢y must be zero; hence, eg + 1 < P and part
(c) applies. If ¢g = ag + eg, then ay must be zero; hence, eg — e+ 1 < P and (b)
applies. If 1 — g < c¢p —ag < e—1, then ¢y < e—1; hence, eg —e+ 1 < P and (a)
applies. [

Corollary 4.9. Let (F,d) be the complex of Definition 2.3. If A(a,b,c,d) is a
summand of F with a + ¢+ d = eg, then there ezists a free submodule A'(a,b,c,d)
of A(a,b,c,d) so that

A(a,b,c,d) = A'(a,b,c,d) ®OA(a+1,b,c+1,d —1).

If G is the submodule

P Aabede E  Al,bed o P B
a+c+d=eg a+c+d<eg—1 i
of F, then H;(G,d) = H;(F,d) for all integers i.

Proof. Lemma 4.8 guarantees the existence of A’(a,b,c,d). Apply Lemma 1.10 to
see that G and F have the same homology. [

Theorem 4.10. Let I be the complex of Definition 2.3. There exists a split exact
subcomplex N of F, such that the quotient complex 1 = F/N is isomorphic, as a
graded module, to

@ B(d) @ @ A(0,0,e,d) ® @ Aa,b,c,d) @ @ A(a,b,c,d),
d<eg—e d<eg—e Vi Zo

where Vi and Zs are the following sets of triples of non-negative integers

Vi ={(a,¢,d) |d<a, a<g—1, c<e—1, and(g—1—a)(e—1—c) =0} and

Zy ={(a,c,d) |a<g—2, ¢c<e—2, a+d<eg—e, and c+d<eg-—g}.

Each of the modules B(d) and A(a,b,c,d), which appears above, is a free module.
The complex I has length eg + 1.

Proof. The module A(a, b, c,d) is a summand of F only if b = a—c+e. This module
is non-zero only if 0 < b < f; which is equivalent to —e < a —c < g. Let

(4.11) U={(a,c,d) |0<a,c,d, and —e<a—c<g}.
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We see that

F=@DB(d) &P Ala,b,c,d).
d U

It is obvious that U is the disjoint union Z; U Zy U Z3 U Z4 U Z5, where

—e<a—c<g—1, a+d<eg—e, c+d<eg—g,}
Y

2= {(a,c,d) €U and at least one of g — 1 <a and/ore—1<c¢

Z3:{(avcad) EU|C—CL:—g},
Zy ={(a,c,d) €U | c—a=e}, and

—e<a—c<g—1, and at least one of }

Z5:{(a,c,d)EU eg—e+1<a+dand/oreg—g+1<c+d

Furthermore, if (a,c,d) € Z;, then there exists (ag, co,dp) € V1 and a non-negative
integer §, such that (a,c,d) = (ag + d,co + 9, dp — 9). Indeed, take
5:{ a—g+1, ifc—a<e—g
c—e+1, ife—g+1<c—a.
Decompose F into K @ L. where K =, A(a,b,c,d) and

L=EPB) e P Aa,b,cd).
d U\ Z2

We use Theorem 4.7 to show that (LL,8) is splittable. Observation 4.3 completes
the proof. Observe that B, A(a,b,c,d) is the direct sum of strands S(P, Q) with
1—e<P—-@Q <g—1 and at least one of the inequalities eg — e + 1 < P and/or
eg —g+1 < @ holds. Each such strand is split exact. The sum P, A(a,b,c,d)
is equal to the direct sum of strands S(P, Q) with @ = P + e. Each such strand
has free homology equal to A(0,0, e, P); furthermore, this homology is zero unless
P <eg—e. Thesum P, A(a,b,c,d)®D, B(i) is the direct sum of strands S(P, Q)
with P = Q +g. Such a strand has free homology equal to B(P); furthermore, this
homology is zero unless P < eg —e. The sum P, A(a,b,c,d) is the direct sum of
the complexes P(ag, co,dp), as (ag, co,dp) vary over the elements of V3. Each such
complex has free homology equal to A(ag,b,co,dp). O

Examples 4.12. (a) If g = 1, then the ideal J of Definition 2.6 is the order ideal
of Awp~x) € F*, and I is the Koszul complex associated to A(wpg+). Indeed, I is

B(0) ® A(0,0,¢,0) ® @AO@ ¢ c0),
c<e—1
with B(0) = R in position 0, A(0,0,e,0) = R in position f, and A(0,e — c,c,0)
equal to \°"¢ F* = A" F in position ¢+ 1.
(b) If e = 1, then I is the complex P’ of Definition 2.14 (after the isomorphism
By: /\f F* — /\f_1 G* has been split off). Indeed, [ is

P Bde P A0,0,1,de @ Ala,a+1,0,0),

d<g-—1 d<g-—1 a<g—1

with B(d) = /\d G* in position d, A(0,0,1,d) = /\d+1 G* in position d + 2, and
A(a,a+1,0,0) = /\a+1 F* in position a + 1.
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Convention 4.13. In the next result we have integers a, ¢, d, P, and () with
l1-e<P-Q<g—landa+d=P and c+ d = Q. The homology of S(P,Q) at
spot (a,c,d), is denoted Hg(a, ¢, d), and is equal to the homology of

Ala+1,b,c+1,d—1) £>A(a,b,c,d) 2>A(a—1,b,c—1,d+1),

where b = a — ¢ + e. Of course, this is equal to H;(S(P,Q)) for i =a+c+d + 1.
Furthermore, we have

HS(av ¢, d) = HM(G,C, d) ® /\b F*a

where H(a, ¢, d) is the homology module of [19].
The following result is [19, Thm. 5.7].

Theorem 4.14. Let S = S(P,Q). Assumel—e<P—Q <g—1.

(0) If (P,Q) is equal to (1,1) or (eg —e —1,eg — g — 1), then S is split exact.

(1) If 2 < P =Q < 4, then S has free homology concentrated at spot (1,1, P — 1).

(2) If2<eg—e—P =eg—g—Q <4, then S has free homology concentrated at
spot (9 —2,e —2,P — g+ 2).

(3) If 2Q — 1 < P, then S has free homology concentrated at spot (P — Q,0,Q).

(4) If 2P — 1 < Q, then S has free homology concentrated at spot (0,Q — P, P).

(5) If eg —2g+e—1 < 2Q — P, then S has free homology concentrated at spot
(P-Q-14+ee—1,Q+1—e).

(6) Ifeg —2e+g—1 < 2P — Q, then S have free homology concentrated at spot
(g—1,Q—P+g—1,P—g+1).

(7) If (P,Q) = (3,4) or (eg —e —3,eg — g — 4), then S have free homology. The

non-zero homology modules have rank

2
(‘Z) (e-:i))- )(21_?) at spot (0,1,3) or (9 —1,e —2,a — 3) and

1
() w029 062 n.an)

(8) If (P,Q) = (4,3) or (eg —e —4,eg — g — 3), then S has free homology. The

non-zero homology modules have rank

2
<Z> <g§ )(:?) at spot (1,0,3) or (g —2,e — 1, — 3) and

1
g(g) <6_§ >(Zi§> at spot (2,1,2) or (g —3,e — 2, — 2).

Note. Complexes (1)—(6) have free homology concentrated in one position. For
such a complex, the rank of the homology is easy to compute, because the complex
and the homology of the complex have the same Euler characteristic.
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Theorem 4.15. Let F be the complex of Definition 2.3. Let G be the set of pairs
of integers (P, Q) which satisfy all of the following conditions:

1_€§P_Q§g_17

4 < P<eg—e—4,
4§Q§eg_g_47
2<2P-Q<eg+g—2e—2,
2<2Q —P<eg+e—29—2,
(P,Q) # (4,4), and

(P,Q)# (eg—e—4,eg—g—4).

Let Wy and Wy be the following sets of triples of non-negative integers
Wo ={(a,c,d) | (a+d,c+d) € S, a < g—1, c<e—1, (9—1—a)(e—1—c) =0}, and

Wy ={(a,c,d) | (a+dyc+d) €6, a<g—2 c<e—2}.
LetT =T\ {(0,0,1),(g —1,e — 1,a@ — 1)}, where T is the set of all triples (a,c,d)
8

of non-negative integers |J T;, with
i=1
1,1,d) |1 <d <3, d<a},
g—2,e—2d)|a—3<d<a-1},
a,0,d) |a<g-1,d<a+1, a+d<eg—e, d<eg-—g},
0,c,d)|c<e—1,d<c+1, c+d<eg—g, d<eg—e},
a,e—1,d)|a<d—a+g, d<a, a <g—1},
(g lLe,d) | c<d+e—a, d<a, c<e—1},
Ty = x(2 < g)x(4 < eg — 9){(0,1,3), (1,2,2)}
U{(g—1—-4le—2—la—3+1)|0</<1},
Ty = X(4 < eg— ex(2 < ){(1,0,3), (2,1,2)}
U{(g—2—-Llie—1—la—3+¢)]|0<L< 1}

~~ Y~ I~

Then, there exists a split exact subcomplex N of F, such that quotient complex
J =F/N is isomorphic, as a graded module, to

@ @AOOed@@Hsacd@@Aabcd@@Aabcd

d<eg—e d<eg—e

Each of the modules B(d), A(a,b,c,d), and Hg(a,c,d) which appears above, is a
free module.

Remarks 4.16. (a) Some triples (ag, co, dp) are elements of more than one of the sets
T;; nonetheless, if (ag, ¢, dp) is in T, then the module Hg(ag, o, dp) is a summand
of @1 Hs(a,c,d) exactly one time.

(b) In the present context, x(2 < g) may be read “only if 2 < ¢g”; see Convention
1.14.
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(c) The complex J has length eg+1. Once the integers (a, ¢, d) have been identified,
thenb=a—c+e.

(d) The listed free modules B(d), A(0,0,e,d), and A(a,b,c,d) have rank equal to
|S(d,d — g)|, |S(d,e + d)|, and |P(a,c,d)|, respectively. (See Example 2.11 and
Definition 4.6). The rank of Hg(a,c,d) is equal |S(a + d, c + d)| for all (a,c,d) in
US_,T;. For each (a, ¢, d) in T UTg, the rank of Hg(a, c, d) is given in Theorem 4.14.
If the grading convention of 2.2 is in effect, then the complex J is homogeneous with
twists given in 2.4. The module B(d) is a summand of J;. The module A(a, b, c,d),
A(a,b, c,d), or Hs(a,c,d), from the statement of Theorem 4.15, is a summand of
Ji, provided t =a+c+d—+ 1.

(e) Notice that each module J;, in the complex J, naturally decomposes into a direct
sum of submodules @ J; (P, @), as (P, Q) varies over all of the strands S(P, Q) of
F. See the last sentence in the proof of Observation 4.3, where we realize J; as the
“B-graded” summand “M;” of F;.

Proof of 4.15. Take U from (4.11). Decompose F into K @ L, where

K=@DAa,b,c,d) and L=EPBd)e @ Ala,b,c,d).
d

Wy U\W,

We use Theorems 4.7 and 4.14 to show that (LL,d) is splittable. Observation 4.3
completes the proof.
The set U decomposes into the disjoint union of Uy U Uy, with

Ui ={(a,c,d) € U | (a+d,c+d) € &} and Uy = {(a,c,d) € U | (a+d,c+d) ¢ &}.
It is clear that U; = Zyg U W5 and Us = Z3 U Z4 U Z5 U Zg are disjoint unions, for

Zy=A{(a,c,d) €Uy | g—1<aand/ore—1<c},
Zg={(a,c,d)eUs|l1—e<a—c<g—1,a+d<eg—e, and c+d<eg—g},

and Z3, Z4, and Z5 as given in the proof of Theorem 4.10. In the proof of Theorem
4.10, we showed that

PBae P Alabcd)
d

Z3UZ\UZ5

is a splittable complex with free homology equal to

P Bae P A©0.e¢d).

d<eg—e d<eg—e

The argument from the same proof yields that
@ A(a,b,c,d) = @P(ao, o, dp);
Zo Wo

and hence, by Theorem 4.7 (d), @ ,, A(a,b,c,d) is a splittable complex with free

homology equal to Py, A(a,b,c,d).
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Let R be the set of pairs of integers
R={(P,Q)|1-e<P-Q<g—1, P<eg—e, Q<eg—g}
For each integer ¢, with 1 <1¢ <8, let
T ={(P,Q) € R| (P,Q) satisfies hypothesis (i) of Theorem 4.14}.

Let

Observe that the sets R\ G and T are equal. It follows that
Zs = {(a,e,d) € U | (a+dyc+d) € T

and therefore,

P Ala,b,c,d) =P S(P,Q).
Zg T

For each 4, assertion (i) of Theorem 4.14 establishes that the complex P+, S(P, Q)
is splittable with free homology equal to @, Hs(a, ¢, d). These eight results com-
bine to say that @+ S(P,Q) is a splittable complex with free homology equal to
@, Hs(a,c,d). The triples (0,0,1) and (g — 1,e — 1, — 1) might be elements of
T. However, the corresponding modules Hg(0,0,1) and Hg(g — 1,e — 1, — 1) are
zero by Theorem 4.14; and as a consequence, @, Hg(a, ¢, d) = @ Hs(a,c, d).

The complex L is a direct sum of splittable subcomplexes and the proof is com-
plete. [

The complex J may be decomposed as the direct sum of two submodules:

(4.17) T= P Bdeo @ 4(0,0,ed) o PHs(a,c,d)

d<eg—e d<eg—e T

and

(4.18) W =P A(a,b,¢,d) @ Ala, b, c, d).
Wo W2

Theorem 5.4 says that when the term “minimal resolution” makes sense, (that is,
the data is local, or graded over a field), then T, which is the tame part of J, is a
module direct summand of the minimal resolution of Hy(J). Section 7 consists of
examples of this phenomenon. We have not investigated exactly how much splitting
occurs in the wild part, W, of J; but Theorem 6.3 tells us that the answer depends
on the characteristic of the base ring.
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5. The ideal J is generically perfect.

The next result is essentially contained in [25], where, among many other things,
it is shown that R is a Cohen-Macaulay ring and a free Z-module. The grade of J
is also known by Tchernev. Our proof of Corollary 5.1 uses Tchernev’s description
of R, as given in (0.2); but, it is otherwise independent of Tchernev’s techniques.
Now that we have resolved R, we are able to read the perfection of R and the grade
of J directly from the resolution.

Corollary 5.1. If R = P/J is the universal ring of (0.2), then R is generically
perfect as a P-module and J has grade equal to eg + 1.

Proof. In light of Example 4.12, we may assume 2 < e¢ and 2 < g. Let F be the
complex of Definition 2.3 which is built using the generic data (B,V, X) over the
polynomial ring P and let J be the length eg+1 subcomplex of F which is introduced
in Corollary 4.15. Theorem 3.1 and Observation 2.7 tell us that ' and J both are
resolutions of R = P/J by free P-modules.

Let Ry be a fixed, but arbitrary, commutative noetherian ring. Let R¢ equal
R ®z Ry, Po =P ®z Ry, and Jy = JPy. We apply [6, Proposition 3.2] and prove
that R is generically perfect by showing that R is a perfect Py-module and 7 has
grade eg + 1. Theorem 3.1 continues to apply to the generic data (B,V,X) over
the polynomial ring Py. Observation 2.7 and Corollary 4.15 also continue to apply
after we perform a base change to Py. It follows that F®p Py and J®p Py both are
resolutions of Ry = Py/Jp by free Py-modules. Observe that the following string
of inequalities holds:

(5.2) eg+1 < gradeJy < pdPy/Jp < eg+ 1.

Indeed, the middle inequality is true for any ideal of Py. The right most inequality
is clear because J ®p Py is a length eg + 1 resolution of Py/Jy by free Py-modules.
The left most inequality holds because the acyclic complex J ®p Py looks like

_ d.,
0— A(0,0,e,eg — €) R LN

with A(Q, 0,e,eg —e) = Py. The exactness criterion of [7] guarantees that if the
ideal I (deg+1) is proper, then eg+1 < grade I; (dcy+1). Proposition 8.1 shows that
Ii(degy1) = Ii(dv) = Jo.

Equality holds everywhere in (5.2). It follows that Rg is perfect and Jp has

grade eg + 1. The proof is complete. [

Corollary 5.3. Let R be a commutative noetherian ring, b be an element of R,
X and V' be matrices over R of size g X f and f X e, respectively. Let J be the
tdeal of Definition 2.6 and let F be the complex of Definition 2.3 which is built from
the data (b,V,X). If J is a proper ideal and eg + 1 < grade J, then J is a perfect
Gorenstein ideal of grade equal to eg + 1 and the complexes F, G, I, and J all are
resolutions of R/J by free R-modules.

Proof. The complex F, the ideal J, and the quotient ring R/J are obtained from
the generic templates F(B,V, X)), J, and R of Corollary 5.1 by way of the base
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change P — R. The theorem about the transfer of perfection (see, for example,
[6, Theorem 3.5]) tells us that J is a perfect ideal of grade equal to eg + 1 and the
complex F is a resolution of R/.J by free R-modules. Proposition 8.1 tells us that
H_ (egr1)(F*) = H (¢g41)(J*) = R/J. We conclude that Ext®y*'(R/J,R) = R/ J;
hence, J is a Gorenstein ideal and the proof is complete. [

The next result does not depend on the characteristic; however section 6 shows
that there is not much room for extending this result. We record examples in
section 7.

Theorem 5.4. Let the ideal J and the ring R satisfy the hypotheses of Corollary
5.3. Suppose further, that either

(a) (R,m) is a local ring and b, I;(X), and I (V') are contained in m, or else,

(b) R = @y<; Ri is a graded ring, with Ry a field, and the data (b,V,X) satisfies

the grading convention 2.2 with degb, d,, and d, all positive.

Let T be the direct summand of J which is given in (4.17). If M is the minimal
resolution of R/J by free R-modules, then the module T is a direct summand of M.
If hypothesis (b) is in effect then T is a direct summand of M as graded modules.

Remark. The complement W of T in J is given in (4.18). If W; = 0, then J; = M
If W=0, then J = M.

Proof. If hypothesis (b) is in effect, then let m equal the irrelevant maximal ideal
@o-; Ri of R. The complex (J,d) is defined to be F/N for a subcomplex N of
(F,d). Let ’ represent the functor __ ®g k, with k = R/m. We study J' = F'/N'.
Remark 2.4 tells us that the differential d’ on F’ is equal to the homogeneous map
0’; and therefore, the complex (F’,d’) is equal to the direct sum of the complexes
(S(P,Q)",0"). In the proof of Theorem 4.15, we decomposed F, as a module into

(5.5) P sre @ SPFPQ).

(P,Q)e6 (P,Q)¢S

The left hand summand of (5.5) is the same as @, A(a, b, ¢,d) and this summand
contributes the summand W to J. The right hand summand of (5.5) equals the
submodule

(5.6) & B(d) ® P A(a, b, ¢, d)
d U

of F. In 4.15 we decompose the complex (5.6), with differential 9, as the direct
sum of two subcomplexes P @ QQ, where P has differential zero and Q is split exact.
We do not put Q directly into N, there are splitting maps involved. But every
map between two different strands S(P, Q) in F becomes zero in F’, so we do have
Q C N+ mF. The image of P in J is called T and the compositions

3 o incl a
Jl JI pr J and V]Iw/ % JI LN J/

are zero. [
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Corollary 5.7. If the set G of Theorem 4.15 is empty, then the complex J is a
generic minimal resolution of the universal ring R of (0.2).

Proof. The proof of Theorem 5.4 shows that the differential in J®p Z is identically
zero; see Definition 6.1. [

Examples of Corollary 5.7 are given at the beginning of section 7.

6. There does not exist a generic minimal resolution of R by free P
modules.

Definition 6.1. Let P = Z[x1,...,x,] be a polynomial ring over the ring of inte-
gers. View P as a graded ring in which each indeterminate z; has positive degree.
Let M be a finitely generated, generically perfect, graded P-module and let X be
a homogeneous resolution of M by free P-modules. The resolution X is a generic
minimal resolution of M if the differential in the complex X ®p Z is zero.

We access the concept of generic minimal resolutions by way of the following
result of Paul Roberts [24, Prop. 2 on pg. 105]. (See, also, [13, Prop. I1.3.4].) This
is the approach that Hashimoto [11,12] took in his proof that determinantal ideals
do not, in general, possess a generic minimal resolution.

Proposition 6.2. Let P = Z[x1,...,x,] be a polynomial ring over the ring of
integers. View P as a graded ring in which each indeterminate x; has positive
degree. If M s a finitely generated, generically perfect, graded P-module, then
there exists a generic minimal resolution of M over P if and only if Torzj(M, Z) is
a free abelian group for all integers i.

In both the Definition and the Proposition, Z is a P-module by way of the natural
quotient map P — P/({z;}) = Z.

Theorem 6.3. Let R = P/J be the universal ring of (0.2). If 5 < e and 5 < g,
then there does not exist a generic minimal resolution of R by free P-modules.

Proof. We prove that T0r77) (R,Z) is not a free abelian group. The complex F of
2.3 is a resolution of R; and therefore, Tor? (R, Z) is the homology of the complex
F ®p Z. This is the complex F with all of the variables set equal to zero. In other
words, F ®p Z is equal to the direct sum of the complexes (S(P,Q),0), where
each S(P, Q) is constructed with base ring Z. We are particularly interested in the
complex S(5,5), which, in the language of [19], is equal to M(5,5) ® A° F*. The
homology module Hp(1,1,4) of the complex M(5,5) is not a free abelian group.
See [19, Cor. 0.8]. O

7. Examples of the complex J.

If the parameters (e, g) satisfy e < 2, or g < 2, or (e,g) is equal to (3,3), or
(3,4) or (4, 3), then the complex J of Theorem 4.15 is a generic minimal resolution
of the universal ring R of (0.2) by free P-modules. If e = 1 or ¢ = 1, then the
complex [ = J is given in Example 4.12. Theorem 7.1 exhibits J for e = 2 or g = 2.
If (e,g) = (3,4), then the complex J is given in Example 7.3.

In Examples 7.4 and 7.6, the hypotheses and notation of Theorem 5.4 are in
effect with 3 < e and 3 < g. In particular, there exists a minimal resolution M of
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R/J by free R-modules and the module T of (4.17) is a (graded) summand of M.
Ifi<4oreg—3<i, then W; =0 and M; = T; = J;. The left and right sides of
M are recorded in Examples 7.4 and 7.6.

Theorem 7.1. (a) If e = 2 and g is arbitrary, then J is a generic minimal P-free
resolution of the universal ring R of (0.2) and J is given by

P Bae P A0.02de P Hsa0,do @ Hs,l,d),

d<2g—2 d<2g—2 d<a<g-—1 a<d<g-—1
where
module position  twist rank
A 29 g
B(d d dd, + dd, —(29g—d+1
(d) + <d> (29 +)(d_g>
A(0,0,2,d) d+3 dd, + (g + d + 2)d, 29 Y _a+3)( 9
B d+2 d—+2
2
Hs(a,0,d) a+d+1 (a+d)dy + (g+ d)ds (a—d+1)<fl> (Ziz)

+ 2
Hs(a,1,d) a+d+2 (a+d)d,+(g+d+1)d, (d—a+1)<dil><z+1>-

(b) If g =2 and e is arbitrary, then J is a generic minimal P-free resolution of R
and J is given by

P B e PA©0,0,e,d)e P HsO.cde P Hs(cd),

d<e d<e d<c<e-—1 c<d<e—1
where
module position  twist rank
B(d) d dd, + dd, (d+1) (2)
A(0,0,e,d) d+e+1 ddy+ (e+d+2)d, (e—d+1)<§>
e\ [e+2
Hs(0,¢,d) c+d+1 ddy,+ (2+c+d)d, (c—d+1)<d><c+2>

2
Hs(l,c,d) c+d+2 (1+d)d,+(2+c+d)d, (d_c+1)<dj-1><ij:1>'

Proof. We prove (a). The proof of (b) is similar. The hypothesis e = 2 ensures that
the set G is empty since every pair (P, Q) in & would have to satisfy 2 < 2Q—P < 0.
Apply Corollary 5.7. The resolution J of R is given in Theorem 4.15. The resolution
J is equal to

@ B(d) ® @ A(0,0,e,d)@@Hs(a,c,d).

d<2g—2 d<2g—2 T



THE RESOLUTION OF THE UNIVERSAL RING 31

It is not difficult to see that T (in the notation of 4.15) is equal to T3 UT5 UT7; U Ty
for

T3 = {(a,0,d) |a<g—1,d<a+1, a+d<2g-2},
Ts ={(a,1,d) |a<d+1,d<g-—1, a<g-1},

Tr ={(1,2,2)},

Ty = {(1,0,3), (9 - 2,1,9 — 4)}.

Furthermore, if (a,c,d) € T and Hg(a,c,d) is not zero, then (a,c,d) is in
{(a,0,d) |d<a<g—-1}U{(a,1,d) |a<d<g—1}.

Indeed, if (a, ¢, d) is in T7UTg, then Theorem 4.14 shows that the rank of Hg(a, ¢, d)
is zero. If (a,c,d) is equal to (a,0,a + 1) € T3 or (a,1,a — 1) € T5, then [19, Thm.
4.1] shows that the rank of Hg(a,c,d) is zero. The modules’ positions and twists
are given in Remark 2.4; the ranks are given in [19, Thms. 4.1 and 2.1]. O

Example 7.2. If e = 2 and g = 2, then the generic minimal resolution of R is the
direct sum of the following modules:

module p. strand twist rank module p. strand twist rank
B(0) 0 S(0,—2) 0dy+0d; 1 A(0,0,2,2) 5 S(2,4) 2d,+6d, 1
B(1) 1 S(,-1) 1dy+1d, 4 A(0,0,2,1) 4 S(1,3) 1dy, +5d, 4
Hs(0,0,0) 1 S(0,0) 0dy +2d, 6 Hg(1,1,1) 4 S(2,2) 2dy, +4d: 6
Hs(1,0,0) 2 S(1,0) 1dy, +2d. 8 Hs(0,1,1) 3 S(1,2) 1dy, +4d: 8
B(2) 2 S(2,0) 2d,+2d: 3 A(0,0,2,0) 3 S(0,2) 0dy, +4d, 3
Hs(0,1,0) 2 S(0,1)  0dy +3d, 8 Hs(1,0,1) 3 S(2,1) 2dy, +3d: 8

The label “p.” stands for “position”. We make certain that our meaning is clear by
writing J another way. If d, = 1 and d, = degb = 2, then the grading convention
of 2.2 is satisfied and J is

R(-10)%  R(-8) R(—5)8 R(-3)*
0— R(-14) — ) - & = & = @& — R
R(—11)* R(—9)8 R(—6)*  R(—4)°

We listed each module in the resolution J next to its dual. In each case, the twist
of the module plus the twist of its dual add up to (eg — e)d, + (eg + g)d., as
expected. Each module J;, in the complex J, naturally decomposes into a direct
sum of submodules @ J; (P, Q), as (P, Q) varies over all of the strands S(P, Q) of F.
In Observation 2.9 we imposed the inverse lexicographic order on the set {(P,Q)}.
In the above table, for a fixed position ¢, we have listed the summands of J; in
increasing order by strand in the left column and in decreasing order in the right
column.

Example 7.3. If e = 3 and g = 4, then the set & of Theorem 4.15 is empty and J
is the minimal resolution of R/J. Furthermore, J is the direct sum of the following
modules:
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module
B(0)

B(1)
Hs(0,0,0)
B(2)
Hgs(1,0,0)
Hs(0,1,0)
B(3)
Hs(2,0,0)
Hs(1,0,1)
Hs(0,2,0)
Hs(0,1,1)
Hs(3,0,0)
B(4)
Hs(2,0,1)
Hg(1,1,1)
Hs(1,0,2)
A(0,0,3,0)
Hs(0,2,1)
Hs(0,1,2)
Hs(3,0,1)
B(5)
Hs(2,0,2)
Hs(1,1,2)
A(0,0,3,1)
Hs(0,2,2)
Hs(0,1,3)
Hs(3,0,2)
B(6)
Hs(2,1,2)
Hgs(2,0,3)
Hs(1,2,2)
Hs(1,1,3)
A(0,0,3,2)
Hs(0,2,3)

p
0
1
1
2
2
2
3
3
3
3
3
4
4
4
4
4
4
4
4
5
5
5
5
5
5
5
6
6
6
6
6
6
6
6

strand
S(0,—4)
S(1,-3)
S(0,0)
S(2,-2)
S(1,0)
S(0,1)
S(3,-1)
S(2,0)
S(2,1)
S(0,2)
S(1,2)
S(3,0)
S(4,0)
S(3,1)
S(2,2)
S(3,2)
S(0,3)
S(1,3)
S(2,3)
S(4,1)
S(5,1)
S(4,2)
S(3,3)
S(1,4)
S(2,4)
S(3,4)
S(5,2)
S(6,2)
S(4,3)
S(5,3)
S(3,4)
S(4,4)
S(2,5)
S(3,5)
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twist

0dy + 0d
1d, + 1d,
0d, + 4d,
2d, + 2d,
1dy + 4d,
Ody + 5dx
3d, + 3d,
2d, + 4d,
2dy + 5dx
0dy + 6d,
1d, + 6d,
3d, + 4d,
4dy + 4dy
3d, + 5dg
2d, + 6d,
3dy + 6dx
0dy + 7dy
1dy + 7dy
2dy + Tdy
4dy + bdy
5dy + 5dz
4dy + 6d
3dy + 7dy
1dy + 8dx
2d, + 8d,
3d, + 8d,
5d, + 6dg
6d, + 6d,
4dy + Tdg
5dy 4 Tdy
3dy + 8dx
4dy + 8dy
2d, 4+ 9d,
3dy + 9dz

rank
1

12
35
66
105
84
220
126
420
70
378
70
480
672
630
350
20
420
504
420
696
1386
1820
135
1050
210
1050
662
840
1260
420
2100
396
1400

module
A(0,0,3,9)
A(0,0,3,8)
Hs(3,2,6)
A(0,0,3,7)
Hs(2,2,6)
Hs(3,1,6)
A(0,0,3,6)
Hs(1,2,6)
Hs(2,2,5)
Hs(3,0,6)
Hs(3,1,5)
Hs(0,2,6)
A(0,0,3,5)
Hs(1,2,5)
Hs(2,1,5)
Hs(2,2,4)
B(9)
Hs(3,0,5)
Hs(3,1,4)
Hs(0,2,5)
A(0,0,3,4)
Hs(1,2,4)
Hg(2,1,4)
B(8)
Hs(3,0,4)
Hs(3,1,3)
Hg(0,2,4)
A(0,0,3,3)
Hg(1,1,4)
Hs(1,2,3)
Hs(2,0,4)
Hs(2,1,3)
B(7)
Hs(3,0,3)

p.

E RS BEEN BEEN SR BEEN BEES T B e - B o B o e B o o BN~ B - SN BN B e Ve SN

strand
5(9,12)
S(8,11)
S(9,8)
S(7,10)
S(8,8)
S5(9,7)
S(6,9)
S(7,8)
S(7,7)
S(9,6)
S(8,6)
S(6,8)
S(5,8)
S(6,7)
S(7,6)
S(6,6)
S5(9,5)
S(8,5)
S(7,5)
S(5,7)
S(4,7)
S(5,6)
S(6,5)
S(8,4)
S(7,4)
S(6,4)
S(4,6)
S(3,6)
S(5,5)
S(4,5)
S(6,4)
S(5,4)
S(7,3)
S(6,3)

twist

9d, + 16d,
8dy + 15d,
9d, + 12d,
7dy + 14d,
8dy + 12d,
9d, + 11d,
6d, + 13d,
Tdy + 12dy
7dy + 11dg
9d, + 10d,
8dy + 10d,
6d, + 12d,
5dy + 12d,
6d, + 11d,
7dy + 10dy
6dy + 10d,
9d, + 9dg
8dy + 9dg
Tdy + 9dz
5dy + 11d,
4dy + 11d,
5dy + 10d,
6dy, + 9d,
8dy + 8dx
7d, + 8dy
6d, + 8dg
4d, + 10d,
3dy + 10d,
5dy + 9dg
4dy + 9dg
6dy + 8dx
5dy + 8dy
Tdy + 7dy
6dy + Tdz

rank
1

12
35
66
105
84
220
126
420
70
378
70
480
672
630
350
20
420
504
420
696
1386
1820
135
1050
210
1050
662
840
1260
420
2100
396
1400.

The triples (1,0,3) and (g —2,e— 1, — 3) are in T'; however, Theorem 4.14 tells
us that the corresponding modules Hg(1,0,3) and Hg(g — 2,e — 1, — 3) are zero
because the binomial coefficient (Z) is zero.

In the graded case, the module R(—3d, — 8d,)

210 ;

s a summand of both J5 and

Js, and the module R(—6d, — 8d,)?'° is a summand of both Jg and J;. These
summands can not be predicted if one only knows the Hilbert function of R/J. In
this particular example, every other summand of the J can be correctly predicted
from knowledge of the Hilbert function of R/J, together with the assumption that
the minimal resolution of R/J is as simple as possible.
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Example 7.4. Assume that the hypotheses and notation of Theorem 5.4 are in
effect with 3 < e and 3 < g. The beginning and the end of the minimal resolution
of R/J are given by the corresponding parts of the complex J of Theorem 4.15.
The beginning of the minimal resolution of R/J is the direct sum of the modules

module
B(0)
B(1)

HS(Oa 07 0)

B(2)

HS(]-v 07 0)

HS(Oa 17 0)

B(3)

HS(27 07 0)

HS(17 07 1)

HS(Oa 27 0)

HS(Oa ]-7 1)

p.

0

[y

strand

S(Ov _g)
S(1,1—g)

5(0, 0)

S(2,2—g)

S(1,0)

5(0,1)

S(3,3—9)

5(2,0)

5(2,1)

5(0,2)

5(1,2)

twist
0dy + 0dg
1d, + 1d;

0dy + gdz‘

2d, + 2d,

1d, + gdw

0dy + (9 + 1)dz

3dy + 3ds

2d, + gdz‘

2dy + (g + 1)dz

1dy + (g + 2)ds

rank
1

€eg

see 7.5
(3001
15(2,1)|
(1))

15(1,2)],

and the end of the minimal resolution of R/J is the direct sum of the modules

module
A(0,0,e,eg — €)

p- strand
eg+1 S(eg—e,eg)

A(0,0,e,eg —e — 1) eg S(eg—e—1l,eg—1)
Hs(g—1l,e—1,a) eg S(eg —e,eg —g)
A(0,0,e,eg — e — 2) eg—1 S(eg—e—2,eg—2)

Hs(g—2,€—1,a)

eg—1 Sleg—e—1,eg—g)

twist
(eg —e)dy
+ (eg + g)de

(eg —e—1)dy
+(eg+9g—1)do
(eg —e)dy

+ egdz

(eg — e — 2)dy

+ (eg + 9 —2)da
(eg —e—1)dy

+ egdy

rank
1

e(e—{-l)
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Hs(g—1,e —2,a)

A(0,0,e,eg —e — 3)
Hs(g—3,e—1,@)
Hs(g—2,e—1,a—1)
Hs(g—1,e —3,a)
Hs(g—1,e -2, —1)
The rank of B(d) is

(1)

(7.5)
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eg—1 S(eg—eeg—g—1) (eg — e)dy a(.7)
+ (eg — 1)da
eg—2 S(eg—e—3,eg—3) (eg — e — 3)dy rank B(3)
+ (eg + 9 —3)da
e+1 f
eg—2 S(eg—e—2,eg—g) (eg — e —2)dy ( 5 )(e+2)
+egda:
eg—2 Sleg—e—2,eg—g—1) (eg—e—2)d, |S(2,1)]
+ (eg — 1)da
eg—2 S(eg—eeg—g—2) (eg — e)dy (1)eEth
+ (eg — 2)dx
eg—2 Seg—e—1l,eg—g—2) (eg—e—1)dy, |S(1,2)].
+ (eg — 2)de

d—g
g<d Z

1=

Yerank A(g + 4, f,i,d — g — i).

The ranks |S(2,1)| and |S(1,2)| are easy to compute; see Example 2.11.

Example 7.6. Assume that the hypotheses and notation of Theorem 5.4 are in
effect with 3 < e and 3 < g. The free module in position four in the minimal
resolution of R/J is the direct sum of the following modules:

module

B(4)

x(4 < g)Hs(3,
Hgs(2,0,1)
Hg(1,1,1)
Hs(1,0,2)
A(0,e — 3,3,0)
Hg(0,2,1)
Hg(0,1,2)

strand twist rank comment
S(4,4 —g) 4d, +4d, see 7.5

0,0) S(3,0) 3dy + gda (1) L.
5(3,1) 3dv + (g +1)da |S(3,1)]
5(2,2) 2dy + (9 +2)ds [5(2,2)]
5(3,2) 3dy + (9 +2)dz [S(3,2)]
5(0,3) 0dy + (9+3)de (75)(73?) 2.
S(1,3) ldy + (9 +3)d=  [S(1,3)]
5(2,3) 2dy + (9 +3)dz 15(2,3)],

and the module in position eg — 3 in the minimal resolution of R/J is the direct

sum of the modules

module
A(0,0,e,eg — e — 4)

Hs(g—4,e—1,@)
Hs(g—3,e—1,a—1)
Hs(g —2,e — 2,0 — 1)

strand

twist rank
Sleg—e—4,eg —4) (eg — e —4)dy rank B(4)
+ (eg+ g9 —4)da
S(eg—e—3,eg—g) (eg — e —3)dy + egdy see 7.7
Seg—e—3,eg—g—1) (eg—e—3)dv +(eg—1)dx [S(3,1)

S(eg —e—2,eg—g—2)

(eg—e—2)dy + (eg — 2)dy

15(2,2)|
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Hs(g — 2,e — 1,0 — 2) S(eg—e—3,eg—g—2) (eg—e—3)dy+ (eg—2)dz |5(3,2)]
x(e = 3)B(eg — 3) S(eg —e,eg — g — 3) (eg —€)dv + (eg — 3)de (32
x(4<e)Hg(g—1l,e—4,a) S(eg—e,eg—g—3) (eg —e)dy + (eg — 3)dx (ef?)) (g-é-z)
Hs(g—1l,e—3,a—1) Sleg—e—1l,eg—g—3) (eg—e—1)dy + (eg —3)dx |S(1,3)]
Hs(g—1l,e — 2, — 2) Sleg—e—2,eg—g—3) (eg—e—2)dy + (eg —3)dz |5(2,3)].

The rank of Hg(g —4,e — 1, @) is

(1.7) w=o(“39(.1,)

Comments. 1. The module Hg(3,0,0) does not contribute to the minimal resolu-
tion when 3 = g. In this case, the strands S(3,3 — g) and S(3,0) coincide and the
rank of Hg(3,0,0) has been subtracted from the rank of B(3) in (7.5) in order to
produce the rank of B(3).

2. In Theorem 4.15, the module “A(0,e— 3,2,0)” is called A(0,0,3,0), when e = 3;
and it is called Hg(0,3,0) when 4 < e.

8. The right side of the complex J.

The main result in this section is Proposition 8.1 which we have already used
in the proof of Corollaries 5.1 and 5.3. The complexes I and J are understood for
e =1 and g = 1 in Example 4.12; consequently, throughout the present section we
insist that 2 < e and 2 < g.

Proposition 8.1. Assume 2 < e and 2 < g. If (J,d) is the complex of Theorem
4.15, then the truncated complex

d d d
e — Jeg+2 — Jeg+1 — a]]eg

1 tsomorphic to
; B(eg—1)
o= 0= R— @
N F*,
with R in position eg + 1, and

d(1) = (X E’)‘\?Z}(}‘:iﬁ;@C#*)

The proof of Proposition 8.1 appears after (8.8). In theory we “know” the
differential d on the complex J = F/N which is induced by the differential d of F.
However, in practice, we don’t really want to record the splitting of the various
strands S(P, Q) and, we certainly don’t want to record the map 6;_1: B;_1 — A;
which is the inverse of the map (4.4). The next lemma is the technical calculation
about the complex map 1 of 4.3 which allows us to make some computations
involving the differential in the complex J. Recall that each module J;, in the
complex J, naturally decomposes into a direct sum of submodules @ J;(P, @), as
(P, Q) varies over all of the strands S(P,Q) of F. Convention 1.12 describes the
two partial orders which appear in the next result.
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Lemma 8.2. If J is the complex of Theorem 4.15 and ¢¥: F — J is the map of
complexes which is given in Observation 4.3, then 1 is a non-increasing map with
respect to the natural partial order on 7 X 7.

Proof. Apply the technique of the proof of Observation 4.3. Decompose each mod-
ule S;(P, Q) into

where the composition
incl o roj
Ai1(P,Q) =% Sipa(P,Q) = Si(P,Q) = Bi(P,Q)
is an isomorphism, B;(P, Q) ® P; (P, Q) is contained in the kernel of 8, and

The submodules A4; and B; of F; are defined to be @ A;(P,Q) and @ B;(P,Q),
respectively, where each sum is taken over all strands S(P, Q). According to Ob-
servation 2.9, the differential d;: F; — F; 1 is non-increasing with respect to the
inverse lexicographic order on Z x Z. However, the behavior of the restriction of d;
to A; is even better. Indeed,

(8.3) d;(A;(P,Q)) C @Sifl(PlaQ/)a

where the sum is taken over all pairs (P, Q’), with (P’,Q’) <,p (P,Q). Look at
the proof of Observation 2.9. Almost all of the components of d;(S;(P,Q)) are
contained in the right side of (8.3). The only exception occurs only when S;(P, Q)
is equal to A(a,b,c,d) with a = 0. However, in this case, A;(P, Q) is zero because
A;(P, Q) is isomorphic to

B;_1(P,Q) C S;—1(P,Q) = 0.
It follows that the map

(4.4) A; 2 S E P B
as well as its inverse 0; 1: B; 1 — A;, are non-increasing with respect to the natural
partial order on Z x Z. Recall that the map 1 is defined by

P = 759 0 (1 —diy1 06; oP).

Let x = a+b+p-+k be an element of S;(P, Q) witha € A,bc B,pc P, and k € K.
The right most factor of v; leaves a +p + k unchanged and replaces b with a sum of
terms from strands S(P’, Q") with (P', Q') <up (P, Q). It follows that 1;(x) is equal
to p + k plus a sum of terms from strands S(P’, Q") with (P, Q') <np (P, Q). O

The official description of the strand S(P, Q) is given in Definition 2.8 and Ex-
ample 2.11. Let Z;(P, Q) be the module of cycles in the strand S(P, Q) at position
i, and let H;(S(P,Q)) be the homology of S(P, Q) at position i; that is,

BB = 55 2.

In the context of the above result, if K;(P,Q) = 0, then Z;(P,Q) is equal to
B;(P,Q)®P;(P,Q), H;(S(P,Q)) = P;(P,Q), and the restriction of the homogeneous
part of ¥; to Z;(P,Q) is the natural quotient map Z;(P,Q) — H;(S(P,Q)). The
next result follows immediately.
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Corollary 8.4. Let N be the subcomplex of F from Theorem 4.15 and ¢: F — J be

the map of complexes which is given in Observation 4.3. Fiz a strand S(P,Q) of F
and a position t.

(a) If J;(P', Q") = 0 for all (P',Q") with (P',Q") <unp (P,Q), then ¥(S;(P,Q)) is
equal to zero.

(b) If I;(P,Q) = H;(S(P,Q)) and J;(P',Q") = 0 for all (P',Q") with (P',Q") <up

(P,Q), then the restriction of map ¢ to Z;(P,Q) is the natural quotient map

The calculations throughout the rest of this section use bases and are very similar
to the calculations of [20]. We adopt the notation of that paper by fixing bases

(8.5) x1,...,z4 for G5 y1,...,y4 for G*; uy, ..., u. for E; and vy, ..., v for E¥,

with {z;} dual to {y;}, and {u;} dual to {v;}. Keep in mind that the indexing
convention of 1.5 which held in sections 1 through 7 no longer applies.

Lemma 8.6.
(a) If 0 < s < g— 1, then the homomorphism

v: A(0,0,e,eg — e — s) — B(eg — s),

which is given by Y(1®1®Y ® Z) = (wg ™ Y) A Z, induces an isomorphism
from A(0,0,e,eg —e — s) to B(eg — s).

(b) If My_1: A(g —1,9,e — 1,a) — N\? F* is the homomorphism which is given by
My;_1(U®oy® ygbl) - --yébg) ® Z) is equal to

(we s ySYAZ AUy A Ayg—1))(wrega) - 0, ifbg=e—1, and
0, otherwise,

then My_1 induces an isomorphism

Hs(g—1,e — 1,a&) — A\ F*.

Proof. The calculations are taken from [20]; see, especially, section 4. The module
A(0,0,e,eg — e — s) is equal to M(0,e,eg—e—s) in the split exact complex €¢T9>5
and A(g —1,9,e — 1, ) is equal to

M(g—1e—1,0) N\ F*

in the split exact complex €4° @ AY F*. Each of the complexes €* may be viewed
as the mapping cone of two complexes; see [20, Rmk. 1.10]. In the situation of the
present proof, the top complex is S(P, @), the bottom complex is concentrated in
one position, and the indicated maps v and M,_; are the maps of complexes from
the top complex to the bottom complex. The mapping cone is split exact; hence,
the map from the top complex to the bottom complex induces an isomorphism on
homology. [

We name the components of the differential d of the complex F of 2.3.
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Notation 8.7. Consider the maps

A: Aa,b,c,d) — A(a—1,b—1,¢,d)

B: A(a,b,c,d) — A(a,b+1,c—1,d)

C: A(a,b,c,d) — A(a,b,c,d — 1)

D: A(a,b,c,d) — A(a—1,b,c—1,d + 1)
E: A(a,b,c,d) — B(a+d)

F: A(a,b,c,d) — B(c+d)

which are given by

A2) ="V @ V(e () @ 1) © 2
B(x s§)®X*('y)/\ab®’y£ )®zd
C(x €§)®ab®’y(c)®(XOV)(zd)
D (a—1)

z) = x(e = 0)ef”) s [ (A" X)(awlewr]) | (we-) A za
= x(a=0)[(AN"V*)(@)|(wg) a1 Az

forac—s( )®a ®7()®zd€A(a,b,c,d). If P=a+dand Q =c+d, then

(z) =
(z) =
(x) =€ ® ap ®’y£c_1) ® (61 ® 1) A 24
()
()

’+A() A(a—1,b—1,¢,d) C S(P - 1,Q)
B(z) € A(a,b+1,c—1,d) C S(P,Q — 1)
B +( 1)teC(z) € A(a,b,e,d—1)C S(P—1,Q — 1)
(88)  d®@) =9 {(_1)e+D(z) c A(a—1,b,c—1,d+ 1) C S(P,Q)
+(=1)*TE(z) € B(a + d) C S(P Q+a—g)
{ +(=1)%b-F(z) € B(c+d) C S(P+¢,Q — g).
Proof of Proposition 8.1. We know, from Example 7.4, that
0, if eg + 2 <1,
J; = ¢ A(0,0,e,eg — e), if eg+ 1 =1, and

A(0,0,e,eg —e—1) ®Hg(g — 1,e — 1,a), if eg=1.
Lemma 8.6 exhibits isomorphisms

A(0,0,e,eg —e) — R, A(0,0,e,eg —e—1) — B(eg — 1), and
Hs(g — 1,e — 1L,a) = A\ F*.

In Definition 8.12 we identify elements

ETEA(raraeaeg_e_’r), fOI‘OST‘Sg—]_,and
@TGA(g7f_Taraeg_g_'r), fOI‘OST‘Se—]_,

and constants Ag and Bg. Let Y be the element

(8.9) y={ =0
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of Fegi1. Notice that Y consists of ApZ plus an element of @ Sey41(P, Q) as
(P, Q) varies over tuples with @ < eg. Every module S;(eg — e, eg), with i < eg, is
zero; so, ApZp is automatically a cycle in Z.,41(eg — e,eg). Corollary 8.4 tells us
that 1 (Y) is equal to the class of Ag=g in A(0,0,e,eg —e). We learn in (8.15) that

A =1®1® yée) ® [wgx > mge)](wE(@G*);
thus, the isomorphism A(0,0,e,eg —e) — B(eg) — R of Lemma 8.6 sends AyZ, to

(wp >y A [we- > 2 (wree) = weee: = 1.

We conclude that 9 (Y') is the element 1 in Jeg41. The map ¢: F — J is a map of
complexes, so d(1) = (d(Y)).
In Lemma 8.18, we calculate that d(Y') is equal to

Ap(=1)°[C(Ep) — A(E1)] € A(0,0,e,eg — e — 11) C Sleg—e—1,eg—1)
+(=1)0 1 (—1) &) 4oB(Z4-1) — (~1)7+(2 ") ByA(©._1)]
cAlg—1,9,e—1,a) C S(eg —e,eqg — g)

plus an element of @(P,Q) S(P,Q) with P < eg—e—1and Q < eg — 2; or
P<eg—1and Q < eg—g—1. Every element of A(0,0,e,eqg —e — 1) is a cycle
in S(eg —e —1,eg —1). Lemma 8.16 shows that B(E,_1) and A(©._1) both are
cycles in S(eg — e,eg — g). Once again, Corollary 8.4 applies. We see that ¢(d(Y))
is the class of

Ao(—1)°[C(Eo) — A(E1)]
in A(0,0,e,eg — e — 1) plus the class of

e—1

(1) (-1 B¢ 4 B(Ey1) — (1) (2 ) ByA(O, 1)
in Hg(g — 1,e — 1,@). Lemma 8.19 shows that the isomorphism

A(0,0,e,eg —e—1) — B(eg — 1)

of Lemma 8.6 sends the class of Ag(—1)¢(C(Zo) — AoA(Z1)) to (X o V)(wrea)-
Lemma 8.21 shows that the isomorphism

Hs(g—1,e —1,a) -+ N\Y F*
of Lemma 8.6 sends the class of
egl

(-1)E+4B(Z,1) — (-1)7 () ByA(©.-1)

to wa(yr A ... Ayg) - Awp+). O
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Definition 8.10. For each non-negative integer r, let

={(1) = (i1,..,ir) | 1 <@g <dip <--- <

< TS }and
={(h) =(h1,...,hs) [1<hy <hg <.~ <h.<e

where each ¢; and h; is an integer.

(a)

(b)

(c)

Fix (i) = (i1,...,4,) € Z, and (h) = (h1,...,h,) € H,. For notational conve-
nience, we give meaning to the symbols ig, @11, ho, and h,;;. We allow the
symbols 79 and hy to mean 1, 4,41 to mean g, and h,;; to mean e. Notice that
neither i nor i, is an element of the r-tuple (i) and neither hg nor h,,1 is an
element of the r-tuple (h).

If (j) = (j1,-..,Jr) is an r-tuple of integers, and s is an integer, then we define
the number #4(j) to be equal to the number of subscripts p, with 1 < p < r,
and j, = s.

If (j) = (j1,---,7r) is an r-tuple of integers, then we define |(j)| to be Z;Zl Jp-

Lemma 8.11. If (i) = (i1,...,iK,..-,ir) and (i) = (i1,...,ix,.-.,ir), then

Proof. The exponent of y;

zir (3O @) = POy,

(#irc () is positive, so

‘/’CZ'K iK

1(2 Fig (4 i 1(2 i (1)—1 i
(yi#ox,,yZ(KK()), (#g(») ylF ) Fixe () >...y§#g(>)_

On the other hand,

#p(i) if p#ix

#o(E) = { #,() =1 ifp=ig. O

Definition 8.12. (a) For 0 <r < e — 1, define

GTGA(gaf_Taraeg_g_r) and treA(g—l,f—r—l,r,eg—g—T‘)

by ©,. is equal to

T

NN (i bpt1—ip A g L (i
D (_1)r+|(z)|u£7)r I Ugf?ﬂ, )® [/\ V(uer+q)] (wr) ® [] yg# (%))

(3) €L p=1 q=1 s=1

®

A (/\ (Verse ® xw>>] (wEsc-)

t=0 w:it

and t, is equal to

> (_1)T—H(i)| Hou((;f:ﬂ-_li_plp) ®
p:

()L,

™ g .
A v<ue_r+q>] (wr) ® ] yi#e®

q:O S:l

w:it

A (/\ (Ve rst ® a:w))] (wEe0").
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(b) For 0 <r < g—1, define
E. € A(r,r,e;eg—e—r) and &.€ A(r,r+1,e—1l,eg—e—r1)

by =, is equal to

r * 1 hpt1—hp
S (1) H WF ) @ N X (g rag) © 5 H Al

(h)eH, s=1 q=1
r hit1
X /\ /\ Vw X :cg r+t LdE@G*
tZO w= ht

and &, is equal to

r s(h * o hp 1*hp
S (=)o) Hu(# ™) g /\ X (Wgreq) ® I 943,
p:

(h)EH. s=1
r hit1
® té\o Ah (Vo ® Tg_rit) | | (WERGH)-

(c) Define the constants Ag, Ai, and By in R to be Ay = (ue A ... Aug)(wg+),
A1 = (ys A... A1) (wg), and By = (—1)¢T1A;b.

Remark 8.13. The elements (v1 A ... Ave)(wg) - wg+ and v1 A ... Ave of A® E* are
equal, as may be seen by applying wg to each element. Apply u. A...Auy to these
two elements to see that

(V1 Ao Ave)(wg) - Ag = 1.
A similar argument gives
(331 VANPIA $g)(wG*) - A1 =1.

Lemma 8.14. The following statements hold:
(a) AlE(@O) = WERG*;
(b) AoF(S0) = wpec-,
(¢) My_1(te—1) = (~1)E*(2) - [(A°V)(wp)|(wp-), and
(d) AoMy_1(§g-1) = (=1)9F°A; - (N X*)(wg~)-

Proof. Notice that Oy is equal to

g

'U,((eg) Quwp ®1Q® ( /\ (Ve ® xw)) (weeG:)

w=1
=1l @uwp- @1® (V19 > (x1 A ... Az,))(Weecr)
= (1 A Azg)(wge) v @wps 10 (V19 X we)(Wegar);

and therefore, Remark 8.13 yields that

Al@o = U((ag) Rwpx X 1® (’l)ég) > UJG)(UJE@)G*).
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Apply the map E of 8.7 to obtain (a). A similar straightforward calculation shows
that

(8.15) AZ=1810 4y ® [we- =zl (Wrega+);

thereby establishing (b).

The homomorphism M, 1: A(g — 1,g9,e — 1,a) — A? F* is defined in Lemma
8.6. The only term of t._; which is not in the kernel of M,_; is the term which
corresponds to the element (i) € Z._; with i, =g for 1 <p < < e — 1. This term is

{ (—1)2ul V@ (A V)(ur Ao Aue)(wpe) @y

® [((vig) D (21 AL A :cg)) A ((v2 Aot AUg) DX acge )>] (WEgGH)-
Thus, M,_1(t._1) is equal to

(=D)*WL AWa](weega) - (A" V)(ur A Aue)l(wr-),

where W7 is equal to
(wg yée)) A [(vgg) > (z1 Ao A xg)> A <(v2 Ao Ave) D xgefl))} (WEeG*)

and Wy = (u gg Y Y, ), forY,_; =y1 A... Ayg—1. Apply Proposition 1.2 to
see that My_1(t._1) is equal to

wp(vi Ava Ao Ave) Y (@ A Azg 1) - [(ATV)(ur Ao Aue)](wr ).

It is easy to see that Y~ j(z1 A... Azy_1) = (—1)(951) and that

U Ao AU = (—1)(§)ue Ao ANug = (—1)(;)A0 - WE.

Remark 8.13 completes the proof of (c).
The only term of {,_; which is not in the kernel of M,_; is

i @ (N X A Ayg) © V0
[(vig_l) > (z1 AL A :vg_l)) A ((vl Ao Ave) D] xge))} (Wega*)-

A calculation similar to the proof of (c) completes the proof of (d). O
Lemma 8.16.

(a) If 0 <r <e—1, then A(O,) =t,.
(b) If0<r <g-—1, then B(E,) =&,.
(c) If1<r<e—1, then D(O,) =1t,_;.
(d) If 1<r<g-—1, then D(E,) = fr_l
(€) (DoB)(Eg-1) = (DoA)(Oc1)=
Proof. Assertions (a) and (b) are obvious. Assertion (e) follows from (a) through

(d) because the maps D and B commute and B? = 0:

(D OB)(Eg—l) = (B OD)(Eg—l) = B(EQ—Z) = B2(Eg—2) = 0.
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The same argument works for (D o A)(©._1). The proofs of (c¢) and (d) are fairly
complicated but totally analogous to one another. We exhibit the proof of (c) and
surpress the details of the proof of (d). The expression D(0,.) is equal to

T

A V(ue—r-i-q)] (wr~)

1<k<
1205, (DETr

@t <H - “>> (us @ o) A [i\ (/:\ (verst ® m)] (wrsc-).

q=1

>3 (1)t @ly, (uiiilpli[lungjiglp)> ®

Notice that vy, <u£l_13n IT ugijﬁr;ip) is zero unless k = e — r + K for some K with
p=1

0 < K < r. Notice, also, that (ue r1x @ Y¢) (Ve rit ® ) is equal to zero unless
K =t and £ = w. Furthermore, the graded product rule tells us that

/\ ( /\ (Ue—r—i—t ®xw)>]

t=0 w:it

(ue—r—i—K X yﬂ)

is equal to (—1)+E~-1 times

K—1 [ tt+1 iK1
A ( /\ (Ue—r-i—t ®$w)> A (ue—T+K ®yé) ( /\ (ve—r-}-K ®$w)>

W=t

t=K+1 \w=1¢

r Tp41
AAN N (Ve—rit @ Tw) | .
The sign was calculated using the fact that we have moved across each subscript
w from 1 to ix at least once and we have moved across the subscripts w equal to

(ip+1 _ip)

i1,-..,5K—1 exactly twice. Notice that if 1 < K, then ve_,.1 i u(“) H Ue Zrip
=1

is equal to zero unless ix < ix41. We split D(0,) into two pieces A +C. In A we
have K = 0 and i3 = 1. In C, we have K arbitrary and ix < ix41. Thus, A is
equal to

Z Z ( 1)T+|( i) H (1p+1 Zp) |:/;\1 V(ue—r+q):| (wF*) Q Ty <1i[1 yg#s(z)))

1<t<g (3 )EIT
r 41
®|:(uer®y€)< /\ (ve 7‘®ww)> t/\1< /\ (UET+t®ww)>:| (WE(X)G*)
w=1 = w=iy

and C is equal to

.

0<K<r (i)E€Zp
16y ig<ikyn

® /\ V (e r+q)] (wie) ® 2 (illyg#s(i)))

» (_1)r+|(i)\+iK+K71ve_r+K (ugz_ll plill “Sf:ipip)>

q_

[K—1 Tt41 TR 41
/\ /\ (Ue—r+t ® ww) A (uefr+K & yZ) /\ (ve r+K & -Tw)
t=0 \w=ig W=l

® r Tp41 (UJE®G*)-
ASVAN < N (ve—rit ®$w)>

t=K+1 1t
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i1
In A, the expression (ue_r ® yp) < N (Ve—r ® :L'w)> is zero unless £ = 1. Notice
w=1
that there is a bijection between

{(Z) = (il,. .. ,7:7«) e, | 11 = 1} and Z, 1.

The r-tuple (i1,...,%,) from the set on the left corresponds to the (r — 1)-tuple
g . g ~
(i) = (i2,---,4) InZ,_1. Lemma 8.11 tells us that <H yg#s(’))> =11 y$#= )
s=1

s=1

Notice that |(7)| = |(7)'| + 1. Also, if 1 <p < r+ 1, then i, =i}, 4; so,

r r—1

(tp+1—ip) _ (i;+1_i;)
H Uertp =~ = H Ye—(r—1)+p’ and

p=1 p=0

</\ ( /\ (Uefr—i—t & xw))> = /_\ /\ (Ue—('r—l)—i—t ® a:w)

t=1 \w=i, t=0 \w=i,

We conclude that A =t¢,_;.
LK1
The expression (te—rtx @ Yo) | N (Vemrix ® Ty) |, in C, is equal to zero
w=1g

g .
unless i < ¢ < igy1. On the other hand, z, (H yg#s(z))> is zero whenever
s=1

ig <l <igy1. So C decomposes into Cy + Cs. In_Cl, we have ¢ = ig. In Cy,
we have £ = ig 1. In Cs, the contribution when K = r is necessarily zero because

g :
tx < k41, tells us that i, < g; hence, x, (H yg#s(l))> is zero at £ = ig41 = g.
s=1

The contribution to C7, when K = 0 is also zero. Use Lemma 8.11 to see that Cy
is equal to

N +ip+EK—1 (1) 14 . (pr1—ip)
> > ()@ Verii Uty TT ue i, "
1I<K<r (V)EI, p=1

i <igi1

A g I T
® /\1 V(“e—r+q)] (wp*) ® Hlyg#S( R SRRER)
q= s=

[K—1 [it41 TK41
A ( N (Ve—r+t ®ww)> N < N (Ve—rik ®xw)>

t=0 \w=1it w=ip +1

® r Tp41 (WE®G*)'
A A ( N (Ve—rtt ® Tw)
L L t=K+1 \w=1¢

The derivation (te—r+x @Yiy +1) still has to move across i1 —ix one forms before
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it finds the one form which it does not annihilate. We see that (5 is equal to

i)+ - i (ip4+1—ip)
S (=)@ K=y u‘(a_ll I ue—p:——f—p P
0<K<r—1 (i)€Z, Pl
K <'K+1

-

® /\ V(ue r+q):| (wF*)® H (#s(’l: 7’K+17"'7i7’))

K—l Tt41 tg+1—1
/\ ( /\ (Ue—r+t ®$w)> AN < /\ (Ue—r—l—K ®$w)>

t=0 w=1¢ W=TK
® r ig41 (wEoG*)-
A A /\ (Ve—r+t ® Tw)
L L t=K+1 it

We shift the indices in C'; twice. First, replace K by K + 1 to get C; is equal to

' r+|(@)|+ig 1+ K (i1) 19 (ipp1—ip)

> (-1) + Ve—r+K+1 | Uty [T ueliy,
0<K<r—1 (i)€Zp p=1
IK+1<iK42

[ - 9 PR 2SN
®| A V(uer+q)] (wpe) @ [ ysfolrmmiestin))
_q:l s=1
[ K tg41 LK 42
A /\ (Ve—r+t ® Tw) AN (Ve—rik+1 ® Tw)
t=0 ’Lt ’w:’LK+1+1
® r ip41 (wEgG*)-
A A N (Ve—rit @ zw)
L | t=K+2 \w=is

Fix K with 0 < K < r — 1. Observe that there is a one-to-one correspondence
between
{G@) = (1, .yir) €Ir |ix41 <ik42} and {(j) = (J1,---,Jr) €Lr | jx < Jr+1}
If (¢) is in the left hand set, then the corresponding (j) in the right hand set has
. iy ifl#+#K+1
(8.17) Je:{iK+1+1 =K +1
It is clear that
1<t < <ig <igq1 <igt2<igy3<---<1i.<g
if and only if
1< < <ig <igy1+1< ik <ig3 < <4 < g

i
Use (8.17) to transform the sum Cj. Observe that |(¢)| +1 = |(4)],

i (ip+1—ip) J (dp+1—Jp)
Ve—r+K+1 (Ug_ll H ue_piip i > = Ve—r+K ( ( 1) H Ug p;«ﬁ-p ? ) and
p=1

K41 LK 42
( /\ (vefr—i—K ®xw)) A /\ (Uefr—}—K—i—l ® xw)

W=1iK w=tg41+1
is equal to
Jrk+1—1 JK+2
/\ (Ue—r—i—K b2 xw) A /\ (ve—r—i—K—i—l b2 xw)
wW=JK W=JK 41

It is now clear that C; + Cy =0 and D(©,.) =t,_;. O
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Lemma 8.18. The element d(Y') of F., is equal to

Ap(—1)¢[C(Ep) — A(E1)] € A(0,0,e,e9 — e —_11)
H(=D) (=)D 4B, 1) — (1)) BoA(O.-1)]
€ A(g - 17976 - 17a)7
plus an element of@(P,Q) S(P,Q) with P <eg—e—1and Q < eg—2; or P <eg—1
and Q <eg—g—1.
Proof. The element Y is defined in (8.9). Apply (8.8) to see that d(Y") is equal to

¢ Ao(—1)°[C(Zo) — A(Z1)] € A(0,0,e,eg — e — 1)
H(-1)eetor () BoA(O, 1) — (~1) B4 B(5, 1) € A(g - 1,9, — 1,0)
+Ao(~1)°9bF(Z,) + Bo(—1)*E(8y) € B(eg)

r+1

g—2
- (—1)( 2 )”eAOB(ET) € A(r,r+1l,e—1,eg—e—r)
r=0
g—1 r41 *
+ > (—1)( 2 )+T6+T+6A0D(Er) cA(r—1,re—1l,eg—e—r+1)
r=1
e—2 ”
+ 3 (-1 BoA(©,) € A(g— 1, f —r —L,reg— g — 1)
r=0 *

e—1 ,
Y+ 3 (1)etet(G) BoD(©,) € A(g — 1, f —rr—1eg—g—r + 1)
r=1

g_]' r+1
+3 (_1)( 2 )+T6A0A(Er) € Sleg—e—1l,eg—r)
r=2

g—1 r+1

+ > (—1)( 2 )+T6+T+6AOC'(ET) € Sleg—e—1leg—r—1)
r=1
e—1 ”

~ Y (-1 G ByB(6,) € S(eg —reg — g — 1)
r=1
e—1 ”

+ (—1)Tg+g+T+(2)BOC(@T) € Sleg—r—1,eg—g—1)

. r=0

Lemma 8.14 shows that the B(eg)-component of d(Y') is zero. Each of the sums
labeled * is zero by Lemma 8.16. [J

Lemma 8.19. The isomorphism A(0,0,e,eg — e — 12 — B(eg — 1) of Lemma 8.6
sends the class of Ao(—1)¢(C(Eo) — ApgA(EL)) to (X o V) (wgga+)-
Proof. The element AgZE is calculated in (8.15) and the map
v: A(0,0,e,eg —e — 1) — B(eg — 1)
carries 49C(Zp) to
(8.20) (w2 y{) A (X 0 V) (|wp- 02| (wrsar) ) -

We know, from Definition 8.12, that =; is the element
. « h)  (e—h
> (~1) s © X () @ "
h=1

® [( /h\ (Ve ®xg_1)) A < /C\ (Vw ®xg))} (WEgG+)

w=1 w=h



THE RESOLUTION OF THE UNIVERSAL RING 47

of A(1,1,e,eg — e —1). Remark 8.13 shows that Aqwg = ue A ... Au;. It follows
that (—1)*¢Ay(y 0 A)(Z;) is equal to

€ erv h) (e—h
X (1M V) @) - (e Ao ) sy

M(A@ese0) A (A tuos)| @see)

w=1 w=h

Most of the terms of (ue A ... Auq) > yé@lyé‘%h) send

h e
(/\ (V0 ® xg—1)> A ( /\ (v ® mg))
w=1 w=h

to zero. The only living term is

(Ue @Yg) Ao A(Unt1 ®Yg) A (Up @ Yg—1) Ao A (U1 @ Yg_1).
It follows that

h e
((ue Ao ANug) yéh,)lyée_h)) [( /\ (Vo ® m9—1)) A < /\ (v ® x9)>]

w=1 w=h

is equal to (—1)°~"v, ® 2,4, and (—1)'F€Ay(y0 A)(Z;) is equal to

D (X oV)(un ®yy) - (vh © 24)(WERG)

_ ZG: (X o V)(up ® Yy) + (vh ® ) ((wE DI yée)) A [wE* = g;s(]e)} (wE®G*)>
h=1

= Z (X o V)(un @ yg) - (vp ® x4)(wg yée)) A [wE* D] xée)} (Weoc+)
h=1

— (X 0 V)(wg 2 () A [wE* - xge>] (WEeG-)-
Combine this with (8.20) to complete the proof. [

Lemma 8.21. The isomorphism Hg(g—1,e—1,a) — AY F* of Lemma 8.6 sends
the class of

e—1

(~1)E+4B(E, 1) - (-1)* () BoA(6, 1)
towg(y1 Ao .. Ayg) - Mwp=).

Proof. The element A\ of A°F is defined in 2.6. Apply Lemmas 8.16 and 8.14,
together with the fact that

Y

(—1)(2)H(E)+e1 g
to see that M,_1: A(g—1,9,e — 1,a) = \? F* carries
(-1)&+e40B(Z,-1) — (1) (2) ByA(©._1)
to (=1) D A1 - A(wp-). O
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