THE MINIMAL FREE RESOLUTION OF THE
MIGLIORE-PETERSON RINGS IN THE CASE
THAT THE REFLEXIVE SHEAF HAS EVEN RANK

ANDREW R. KUSTIN

ABSTRACT. Let R be a commutative noetherian ring and ¢: F — G be a homo-
morphism of free R—modules where rank FF = f and rank G = g. Fix an element
bgt1 € /\g"'1 F and a generator wg+ for A9 G*. The module action of A® F'* on
A°® F produces the element b1 = [(AY ¢*)(wg*)] (bg+1) in F'. Let J denote the image
of by: F* — R. Assume that grade J = f — g, which is the largest grade possible
and is attained in the generic case. The ideal J may be interpreted as the defining
ideal of the degeneracy locus of a regular section of a rank f — g reflexive sheaf. It
may also be interpreted as the order ideal of an element in a second syzygy module
of rank f — g. Also, J may be interpreted as the defining ideal for the symmetric
algebra of a module of projective dimension two. Migliore and Peterson have studied
the ideal JY"™  which is the unmixed part of J. Under geometric hypotheses, they
have shown that R/J"™™ is a Cohen-Macaulay ring and they have resolved this ring.
Furthermore, if f — g is odd, then J"™™ is a Gorenstein ideal and is not equal to J.
On the other hand, if f —g is even, then J""™ = J. In the present paper, we produce
the resolution of R/J by free R—modules in the case that f—g is even and (f —g—2)!
is a unit in R. Our resolution is minimal whenever the data is local or homogeneous.
Our resolution is built from the differential graded algebra (A® F*<X1, ..., Xg>,d),
where the restriction of d to A® F'* is the Koszul complex associated to b1: F* — R
and the degree two divided power variables X1, ..., Xy have been adjoined in order
to kill the cycles ¢*(G*) C A F*. The acyclicity lemma is used to prove exactness.
If g = 1, then the ideal J is equal to the Huneke-Ulrich almost complete intersection
ideal I1(yX), where y is a 1 X f matrix and X is an f X f alternating matrix. The
resolution of this ideal is already known.

Let R be a commutative noetherian ring, and let F' and G be free R—modules
of rank f and g, respectively, with g < f. Consider an R—module homomorphism
p: F — G. Let M and K represent the cokernel and kernel of ¢, respectively.
Assume that the R—ideal I;(yp), which is generated by the maximal minors of
@, has the largest possible grade, as permitted by the determinantal bound of
Eagon and Northcott; namely, gradel,(¢) = f — g + 1. In this case the entire
free resolution of M is given by Eagon-Northcott complex; in particular, the next
map in the resolution of M is n: /\ngl F — F, where every entry of the matrix
representation of 7 is a g X g minor of ¢. There are at least three ways to describe
the ring R/J which is resolved in the present paper. First of all, and this is the
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approach of Migliore and Peterson (first in [13], and later, with Nagel, in [12]), one
can take a regular section s of the sheaf, K , associated to K. In this approach,
the ideal J is the defining ideal of the degeneracy locus of s. Essentially, for each
vector v in the column space of n, the ideal J, which is generated by the entries
of v, represents a section of K. The rank of K, as an R—module, is f — g. If the
ideal J has height f — g, then J represents a regular section of K. The second
approach which yields the same object involves the language of order ideals. If n
is an element in the R—module N, then the order ideal of n in N is defined to
be {f(n) | f € Homg (N, R)}. It is clear that the ideal J is the order ideal of the
element k£ in K which is represented by v. The Eisenbud-Evans Principal Ideal
Conjecture (see [2, Theorem 1] or [6, Theorem 2.7]) ensures that the height of J
is no more than f — g, provided the element £ is not a minimal generator of Kp
for some prime ideal P of R. Once again, we study the order ideal J, provided its
height is the largest possible. The third approach to the ideal J comes from the
theory of symmetric and Rees algebras. The cokernel of n* is the R—module of
projective dimension two which is resolved by

0— G* L*> * "7_*> /\g+1 F*.

The ideal generated by the maximal minors of the last map in the above free res-
olution has grade given by the Eagon-Northcott bound for determinantal ideals.
Furthermore, any module of projective dimension two whose last map attains the
Eagon-Northcott bound, may be obtained in this manner. At any rate the sym-
metric algebra of cokern* is equal to R[T%,...,T,]/J, where n = rank A9 F*
and J is generated by the entries of the product of [T7,...,T),] with the matrix
representation of n*. The ideal J is generated by the entries of a general element of
the row space of n*; and consequently, it is equal to one of the ideals JR[T1, ..., T,],
since these ideals are generated by the entries of a general element of the column
space of 7).

The quotient R/J is in general not Cohen-Macaulay; indeed, it has embedded
components. Migliore and Peterson observed that the correct object to study is
the unmixed part of J. (If the primary decomposition of J is NPp, where Pp is
a P—primary ideal and the intersection is taken over all associated prime ideals

of J, then the unmized part of J is J"™™ = (| Pp where this intersection is
ht P=ht J
taken over all associated prime ideals of J which have the same height as J.) In

the geometric setting, J""™ defines the homogeneous coordinate ring of the highest
dimensional component of the degeneracy locus of the regular section s. In the
situation where R/J is a symmetric algebra, then the passage from J to J""™
kills the torsion submodule of the symmetric algebra, thereby producing the Rees
algebra of the projective dimension two module cokern*. Migliore and Peterson
have shown, under geometric hypotheses, that R/J"™ is a Cohen-Macaulay ring
and they have resolved this ring. Furthermore, if f — ¢ is odd, then J"™™ is a
Gorenstein ideal and is not equal to J. On the other hand, if f — g is even, then
Jum = J. In the present paper, we produce the resolution M of R/J by free
R—modules in the case that f — ¢ is even and (f — ¢ — 2)! is a unit in R. The
resolution M is minimal whenever the data is local or homogeneous. Our resolution



THE MIGLIORE-PETERSON RINGS 3

arises from a different point of view than the resolution of Migliore and Peterson and
it does not require the geometric hypotheses which are inherent in their approach.

We now give a brief description of M. Let K be the Koszul complex (A* F™*, by).
It is clear that Hyo(K) = R/J and ¢*(G*) C Z;(K). We adjoin g divided power
variables of degree two in order to kill the homology represented by ¢*(G*). We
could write A\®* F*<Xy,..., X ;dX; = 7£Z]> for the new object, where 7%1], .. .ﬁgl
is a basis for G*; however, instead we prefer to write the coordinate free version
(K,d) = (DeG* @ \°* F*,d), with

d (7@ ® aj) =V @ o (1) Ay + 41 @ b1 (ay).

For each integer n, let K[! represent the subcomplex @ D;G*@ A\ F* of (K, d).
t+j<n

Let N = %. The resolution M is obtained by glueing KV to the shifted dual

(]K[N *1]) [—(f — g)]. The only complicated part of M is the glue which joins the

two pieces.

Section 1 is a quick review of multilinear algebra. Section 2 contains the official
description of M, as well as various examples. We show that M is a complex
in section 3. In section 4, we establish the acyclicity of M and record various
consequences. The final section is a partial list of avenues for further study.

1. Preliminary results.

In this paper “ring” means commutative noetherian ring with one. The grade
of a proper ideal I in a ring R is the length of the longest regular sequence on R
in I. The ideal I of R is called perfect if the grade of I is equal to the projective
dimension of the R—module R/I. The inequality grade I < pdy R/I always holds.

We begin with a few remarks about multilinear algebra. Let R be a commutative
noetherian ring, and F' be a free R—module of finite rank. We make much use of
the exterior algebras A* F' and A\°® F*. Each element of F'* is a graded derivation
on A° F. In other words,

—

oy <a[11] A A a[f]) = Zj(—l)j“al(a[lj]) A nd A adT e NTUR

for all a; € F* and a[lj l'e F. This action gives rise to the \* F*—module structure

on A\°* F. In particular,

(a1 Aad)(a,) = ar (af(ar)).

for ap,a) € F* and as € A\° F. The A* F—module structure on A\* F* is obtained
in an analogous manner. In particular, if a; € A" F and a; € \” F*, then

ai(a) e N'F*  and o (a) e N F

One consequence of these two module structures is that as(as) = as(as) € R for all
as in A\°F and oy € \° F*. The following well known formulas show more of the
interaction between the two module structures. See [4, section 1], [5, Appendix],
and [10, section 1].
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Proposition 1.1. Let F be a free module of rank f over a commutative noetherian
ring R and let a, € N F, a, € \' F, and oy € \* F*.

(a) Ifr =1, then [a.(ag)](ap) = ar A [ag(ap)] + (=1) T ay(ar A ayp).
(b) If ¢ = f, then [ar(ag)l(ap) = (=1)V U =Pa, (ag)](ar).-

)
(c) If p=f, then [a,(ay)](ay) = ar A agy(ay).
(d) If o: F — G is a homomorphism of free R—modules and s, € N G*,

then (\° ¢*) [((/\r go)(%)) (%w)} =a, [(/\SH 90*> (’Ys+r)].

Note. The exponent which is given in (b) is correct. An incorrect value has ap-
peared elsewhere in the literature.

Remark 1.2. Let F be a free module over a commutative ring R. Let T, F represent
the R—module F'® ... ® F. (We do not make any other use of the tensor algebra
N————

T
T,F.) The exterior algebra A\® F, the symmetric algebra S,F, and the divided
power algebra D4 F' each comes equipped with multiplication mult: A® A — A and
co-multiplication A: A — A ® A. Co-multiplication is the algebra map which is
induced by the diagonal map F' — F @& F. Often, we will use A to represent only
one graded piece of the co-multiplication map. In other words, if p + ¢ = ¢, then
we let A: A\'F — AP F ® \? F represent the composition

AL F nduon, ne g AN F @ AT F 2N Ap oo TR

Example 1.3. The co-multiplication map A: Sy4F — SoF ® F ® F carries the

element a[ll] -a[lz] -a[ls] : a[14] of S4F to

(4]

+a[11] . [12] ® a[13] Ray + a[11] . [12] ® a[14] ® a[13] + a[11] . [13] ® a[12] ® a[14]

a a a
+a[11] .a[13] ®a[14] ®a[12] +a[11] .a[14] ®a[12] ®a[13] +a[11] .a[14] ®a[13] ®a[12]
+a[12] 'a[13] ®a[11] ®(1[14] 4 a[lz] 'a[13] ®a[14] ®a[11] T a[lz] ,a[14] ®a[11] ®a[13]
+a[12] . a[14] ® a[13] ® a[11] + a[13] . a[14] ® a[11] ® a[12] + a[13] . a[14] ® a[12] ® a[lll.

Remark 1.4. For each integer i, there are canonical perfect pairings
NFo\NF—R and D;F*®S;F — R.

For more details, see [1] or [11].

Definition 1.5. Let m = [mq,...,my] be a vector of non-negative integers. De-
¢
fine the value of m to be |m| = >  h-mjy. We think of m as the partition
h=1
1,...,1,2,...,2,...,4,..., 0 of |m|. The number of pieces in the partition m is
———— N — ——
mi mo me

4
r(m) = > mp.
h=1
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Definition 1.6. For each vector m = [my, ..., my] of non-negative integers, define
A™ F to be

/\m161 F ® /\m262 F ® L ® /\mzéz F
where €, is the vector with 1 in position h and 0 everywhere else, and
A" (/\h F) if h is odd, and
/\mheh F =
S, (/\h F) if h is even.

Let Am = Ay: A™ F — A™ F represent the composition

NMF 2 A™FoAN™Fe.. o \N™F
lAmq@AmzeZ@...@Ameel
NS Fo N2 Fo... .o \N™F,

where A is the co-multiplication of Remark 1.2 and A, ¢, : /\hmh F— \N""F
is the natural map. If m = [mq,...,my] is a vector of integers with m;, < 0, for
some h, then we take A\™ F to be the zero module and A, to be the zero map.

Example 1.7. The map Age,: A\*F — A\ F = S3(\° F) carries

[1] /\a[2] /\a[ ] /\a[4] to

2]

A A 0¥ A al® — ol A0l @ el gl 1ol A gl g 62 A gld,

The map Age,: A°F — N> F = A*(\® F) carries

a[ll] A a[lz] A a[13] A a[14] A a[15] A a[16] to

(

_|_

_|_

(af a’y A ( ) — (al ) A (@l A )
(af ™y A ( ) — (ay ) A (al A )
+(a 1]/\ 3]/\a )/\(a[12]/\a[15]/\a[16])—(a[ll]/\a[lg]/\a[f])/\(a[l] a[14]/\a[16])
(af af) A ( Phy 4+ ( Ph A @ A )
—(al P A )+ ( ) A (al? )

Some of the interplay between the co-multiplication map A and the map Ay, of
Definition 1.6 is captured in the following three results.

Observation 1.8. If m = myey, then the diagram

/\kmk F Am /\m F

y |

Am_e, ®1 m— mu
/\k(mkfl) F® /\kF k® /\ €f F® /\kF 1t /\ Ja
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commutes, where the map labled my is multiplication by the integer my and the
map labled mult is multiplication in the exterior algebra /\'(/\k F) (if k is odd) or
multiplication in the symmetric algebra So(\* F) (if k is even).

Proof. This result holds because the composition
A 1
Ay = A1 @ Ay =5 Apy,

is multiplication by my, for A = SoG or A = \°* G, where G is any free R—module.
O

Observation 1.9. If m = > mpe€p, then the composition

/\|m|F Am /\mF mult /\|m|F

s multiplication b [t

1S mu Zp cation y .
IR
1<h 1<h

Proof. The maps

/\h.mh F i‘_o_) /\mheh F mult /\h'mh F

are multiplication by

|m|' and (hmh)'
(1-m)N(2-m2)!--- (€-my)! (h)ymrmp!’
respectively. [J
Observation 1.10. Fiz a; € F, a; € /\j F, and a vector m = [mq,...,my] of

non-negative integers, with |m| = j 4+ 1. For each positive integer h, let £(h) and
u(h) be the lower part of m and the upper part of m, respectively, with respect to
h; that is,

£(h) = Z my€r  and u(h) = Z MLEL.

k<h h<k

For each h, let ) a[_h’i] ® al™l @ a[f’i] be the image of a; under the composition

7

NP A A=l g A1 p g Al —enl
A.®1®A.l

/\e(h—l) F® /\h—lF® /\u(h)—eh F,
where o™ ¢ /\e(h_l) F, a1 e \" ' F, and a[f’i] € /\u(h)_eh F. For each h, let

L /\f(h—l) F® /\hF® /\u(h)—eh F _ /\mF b@
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/\l(h—l) F®/\hF®/\(mh—1)eh F®/\u(h+1) F 1®@mult ®1 /\l(h—l) F®/\mh€h F®/\u(h+1) F,

where the multiplcation \" F ® /\(mhfl)eh F — N™" F takes place in So(\" F)
or /\'(/\h F), depending on the parity of h. Then

Am(ar Aaj) = Z(_Dle(h_l)luh <a[f’i] ®ai N al?l @ a[f’i]> )
hi

Proof. The statement merely says that if a'l,..., eV are each in F, then every
term of Ay, (a[l] AN a[j+1]) may be manipulated in order to have al'l appear in
the first position of \""" F for some h. [

Convention 1.11. If S is a statement, then we define

(9) = 1 if S is true,
X L 0 if Sis false.

For example, x(i = j) has exactly the same meaning as the Kronecker delta §; ;.

Convention 1.12. The empty sum is zero. The empty product is one. For each
positive integer r, &, is the set of permutations on {1,...,r}. The set G consists
of the identity permutation.

2. The definition of M.
The following notation and assumptions are in effect everywhere.

Data 2.1. Let R be a commutative noetherian ring and ¢: F' — G be a homo-
morphism of free R—modules where rank F' = f and rank G = ¢g. Fix generators
wr, Wr+, wg, and wg- for /\f F, /\f F*, AYG and \? G*, respectively, with the
property that wp(wp+) =1 and wg(wg+) = 1. Let

bg+1 € /\g+1 F, By = (AN ¢ )we-) € N F*, and by = Bg(bg+1) € F.
Assume always that f — g is even and greater than zero. Let N = %. The
R—ideal J = J(bgy1, ) is the image of by : F* — R.

Remark. Observe that J is the prototype for the ideals studied by Migliore and
Peterson. Indeed, we saw in the introduction that such an ideal is generated by
the elements of some vector v in the column space of the map 7. In the notation
of Data 2.1, n: /\ngl F — F'is the map which sends the arbitrary element b,41 of
N’ " Ftob; in F. Thus, by is a general element in the column space of  and J is
generated by the entries of b;.

Convention 2.2. We use the following conventions:
aiE/\zF, OéiE/\ZF*, CZ'E/\ZG, ’}/Z'E/\ZG*, and C; € S;G

are arbitrary elements. In particular, elements a and « are always in the exterior
algebras A\* F and A\°® F'*, respectively. Furthermore, the subscript of the element
tells the degree of the element. When we need several elements from a particular
module we identify them by using superscripts inside square brackets. For example,
agl], . ,ayc] represent k elements from /\Z F.

Most of M is easy to describe. The one difficult part is the map ¥, ,; ;, which
may be found in Definition 2.7. We prove that M is a complex in Lemma 3.2; the

acyclicity of M is established in Theorem 4.3.
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Definition 2.3. Adopt Data 2.1. The modules of M = M(b,1,¢) are given by

0— My_y =% M,y <204 2, 2 My,
with .
M= ) DG oNF @ > SGaN'F
2it+j=t 2pt+q=f—g—t
i+j<N p+q<N-1

The differential is given by
(1 @a) =V @@ () Ay @ bilay),

for ) @ a; € D;G* ® N\’ F*, and

Cp ® b1 A Qg
q —
+ N NN AL W o - 1 B NN L /NS ¢
d<0p®aq> _ kz=:1( ) 90( 1 ) p 1 1 1 |
+ S U, 00 (Cr®a,®@__®__)e D,G*o N F*,
2p+2itj+g=2N—1
<N

for Cy@a,=Cp@al’ A...Adl” € 5,G@ \F.
Remark. The map ¥, ,;i(Cp,®a, ®__® __) of Definition 2.7 is a homomorphism
from S;G ® A\’ F to R; hence, it is an element of D;G* @ \’ F™*.

The map V¥, ,;; is based on two other maps; namely, ®, which is found in
Definition 2.5, and A,,, which is given in Definition 1.6.

Definition 2.4. Adopt Data 2.1. For each intger n, define
Tn: GON'F— N'"F and 7,: 5,(G) — N\ F
by
Tl ®@an) = (N7 o) (alwer])| (bgs1 Aan),
and 7, is the composition
S,G Sp(A2F) 25 AP F

When the domain of 71 ,, or 7, is clear from context, we simply write 7.

Sn(71,0)
EESAESAEAN

Definition 2.5. Adopt Data 2.1. Let r, nq,...,n,, and p be non-negative integers
T
which satisfy 2p + > np = 2N — 1. Define
k=1
Ppny i S GOIN'"F®...9 \N""F—R

to be the composition

S,GON " F&.. .o N"F225 6, .GoT, .G\ F®...9 N F — R,

where the last map is given by Cpi1_, @@ ... @ d" M ®a,, ®...®a,, is sent

to

(T(Cpﬂ_r) A @an ) A AT T ®an ) Aan, A bg+1> (Wp-).

Remark 2.6. When the domain of ®,,.,,, .., is clear from context, we simply write
¢ If p<r—2orr=0,then ®,,, .. isthe zero map. We have ®g.,, (1 ® a,,)
is equal to [an, A bgi1](wp=).
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Definition 2.7. Fix p, q, ¢, and j with 2p +2i+ j + ¢ = 2N — 1. The map
Up.qij: SpG @ /\q F®SGe /\j F—R

is given by
Vp.4,i.i(Cp ® ag ® C; @ aj)

is equal to

" i P+ (2N - 2)! o '
|m§;1+j Eh(h!) O () ER i (O Ci® Amea )

Remarks 2.8. (a) The sum > is taken over all vectors m, such that m is a
|m[=q+j

partition of ¢ + j, in the sense of Definition 1.5. The contribution of the partition

m is zero, unless r(m) < p+i+ 1.

(b) At first glance, it is not completely clear that ®(C)p - C; ® Am(__)) is a well
defined function, because some work is required in order to show that

¢(Cp ®anl ... ®an'r—2 ®anr ®a’n1‘—1) = (_1)717’”7671@(0?@@”1 ... ®a’nr—2 ®a’n1‘—1 ®an'r)'

Nonetheless, the equation does hold; see Lemma 3.1, and the function is well de-
fined.

(c) The coefficient in ¥, ,;; is an integer, whenever this map appears in the
complex M of Definition 2.3. Indeed, the only concern occurs when p + ¢ = 0.
However, in this case, g= N — 1, j = N, m = ean_1, and the coefficient

mp(_1\N—1 p—l—z (2N—2)'
[T @™ (=) (N—i—j)(ZN—p—z’—l)!

1<h

is equal to (2N — 2)!(—=1).

(d) Assume that the data of 2.1 is homogeneous. In particular, R = @ ., R; is
a graded algebra over the ring Ry, ¢ is represented by a homogeneous matrix, all
of whose entries are in R4, and every component of by 1, with respect to any basis

for F', is an element of Ry. Then M is a homogeneous complex with D;G* ® /\j F*
equal to
)

R (= |l(g+1)i+gjla+ (i + )| )(
and S,G ® \? F equal to

R(— [[g(f—g—1—p—Q)—p]a+(f—g—p—q)bD(Hi_l)(D,

In particular,

My = R(=N(ga+a+0)"5 )& R (= |lg(f =g~ Dla+(f —g)b]).
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Example 2.9. When f — g = 2, then the complex M of Definition 2.3 is

G*
0— @ 2 R
R

where

di(c1) = bi(a1), da(m) =¢" (1), and da(1) = —bgy1(wr+).

The above complex is the Hilbert-Burch complex which is associated to the map
ds; consequenly, this complex is acyclic whenever 2 < gradeJ. In the notation of
Remark 2.8 (d), witha =b=1, M is

0— R(=[g+2))""" — R(~[g +1])""* — R.

Example 2.10. When f — g = 4, then the complex M of Definition 2.3 is

N F
DyG* G*® F* S
0—» & 4 o B g & pr4p
R F S)
G
where ~
[6%) 0
di(ar) =bi(en), do| 0 | =bi(az) da|m | =¢*(mn)
0 0
0 [ (1) A
®
dy| 0| =Plei®_), ds {% 00411 = bl(@l) Y1
C1 L
0 2[&1 /\bg+1 wF*
dg |: :| = —P ®a1
a1
2 1 % 7
dy '7§) '7§)®€0 (1) and dy — P(_®_)
0 0 ]’ by ’

where P: G ® F — R is given by
Pla®a) = | (A ¢)(erlwe-])) (bgr1) Aar Abgia | (wpe).
In the notation of Remark 2.8 (d), witha =b =1, M is

R(-[2g+2)("3")

R(—[29+4)(°3")  R(~[29 +3])90s+9 A
- @ - ® ~  Rlg+2) —RClH)TH SR
R(~[3g +4]) R(—[2g + 3])9+4 A

R(—[29 +2])¢
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Example 2.11. When f — g = 6, then the complex M of Definition 2.3 is

G* ®/\2 F*
P /\3 F* /\2 F*
DsG* DyG* @ F'* D>G* &) S5
0= o g TR g B g A dp
R F A2 F & ®
D GRF SoG
G
where
[6%) 0
di(a1) =b1(an), do| 0 | =bi(aa), da|m| =¢" (M),
0 0
0 (6%} bl(ag)
d| 0 | =P (Cz &® _), ds | 0 | = 0 ,
Co 0 0
0 p* (’}/1) N oy 0 PQ(Cl & a1 N _)
ds |m@ar | = bifar) -7 |, ds 0 =|-P(a-_®a)]|,
0 i 0 1 ® ay olar) -1
® o y 0 7
n 0 @2 ©*(71) N Ne 0
dy 0 = [ m@bi(az) |, dal | =@ (M) ],
0 0 0 0
/ 07
0 ~24®o5(1®@ay Aay A __) 0 Py(ci @ _)
d4[ 1/0\,]= —Py(__ ®arNdyAN_) |, da ol= —2Pi(c; - ®_ )|,
a al
0 p(a1) ® a) — p(ay) ® ay o c1 ® by
Y1 ® 9" (11) Aag -P(_ ®aAN_)
ds 7;2) ®ay | _ %2) ® by (1) ds 0 _ 2P (_ ®a1)
0 0 ’ aq b1 N aq
0 ¢(ar)
(3) (2) *
N [ nT®et(n) o _A(C®_)
d6 |: 0 } |: 0 5 and d6 1 bl N

where P;: SoG ® /\1 F—Rand P,: S1G® /\3 F — R are given by

P (Co®ay) = —4P2,1(C2 ®ay), and
PQ(C:L & Gg) = —6q)1;3(01 & (13) — 2(131;1’2 (Cl ® A51+e2 ((13)) .
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In the notation of Remark 2.8 (d), witha =b=1, M is

R(~[3g +4))9("3")
2 1 @ 1
R(-13g+6)("5)  R(=3g+5)("2) O R(—[2g+4)("2)
O — @ — @ — @
R(~[5g + 6]) R(—[4g + 5])9+6 R(—[3g + 4)(*1°)
D
R(—[4g + 4])9

R(-3g+3)("T)  R(-[29 +2)("3")

® ® .

= R(-[2g+3))900t9 —  R(-[g+2))? — R(-[g+1)*"" = R.
® ®

R(—[3g+3))99+  R(—[3g +2))("3)

Proposition 2.12. If g = 1, then the complex M of Definition 2.3 takes the fol-
lowing form. Let R be a commutative notherian ring and p: F — R be a homo-
morphism of R—modules where F is free of rank F' = f = 2N + 1. Fix a generator
wp for /\f F*. Letby € N°F, by = o(by) € F, and J = Iy (by). The complex M is

dy_ dy_
0—>Mf_1 LMf_QLdiMl i>I\\/[[0,

with
M= Y 19N F* @ > 1P N\ F.
2i4j=t 2pt+q=f—1—t
i+ <N p+g<N-—1
0<i 0<p

The differential is given by
d (1(i) ® aj> =10V 9o Aa; +19 @by (), and
1P @by Aag+ 1P @ ¢(ay)

al N—i p+i 11(4) (p+i+1)
+ 20(_1) (N—l—p—q) (2N - 2)1 ® [bQ N Qq (wF*)

d(1? ® aq) =

Furthermore, if f —1 < grade J and (2N —2)! is a unit in R, then M is a resolution
of R/J.

Proof. We first show that we have correctly described the complex M of Definition
2.3, when g = 1. Fix p, q, ¢, and j with 2p + 2i + 7+ g = 2N — 1. We must show
that

Uy g, (17 ® ag®__ & _)

= (DN (y AT )N =210 @ b A ag)(wp-)

(2.13)
in D;G* @ N\ F* =10 @ A7 F*. Observe that

(1P ®an, ®...@an,) = <£1> (r =D AN an)(wr),
k=1
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T
whenever 1 < r < p+1and 2p+ > ny = 2N—1. Apply the most recent observation,
k=1
together with Observation 1.9, in order to see that ¥, ,; ;(1? ®a,®1*®a;) is equal
to

_if p+i (2N —2)! lm|! p+i
—1)N-i —1)!
2 =1 (N—z'—j)(2N—p—i—1)!Hmh! r(m) — 1) ") =1
|m|=g+j 1<h

times [bg““ Aag A aj] (wp+). Recall that b = n!b;"). To complete the proof of
(2.13), it suffices to show that

(p+i+1)  |m] bt o
Imlzzqﬂ' @N=p-i=1) 11;[h mp! <7“(m) - 1) (r(m) =1t =1.

The left side of the above line is

(¢ +7)!(p+12)! 3 (p+i+1)
<2N —p—i- 1)‘ |m|=2N—1-2p—2i (p+ i+1- 7’(1’1’1))' ' H mh!’

r(m)<p+i+1 1<h

and Lemma 2.14 shows that this is equal to 1.

Now we turn to the issue of acyclicity. Assume that f — 1 < gradeJ. The
resolution of R/J from [9] has been recorded as M’ in Proposition 2.15. Consider
6: M — M’ given by

9(1(1) & Oéj) = h(i)Oéj
0(17 ® ay) = (—1D)NFTL(2N — 2NN -1=p=a)q

It is easy to see that # is a homomorphism of complexes and that € is an isomorphism
whenever (f —3)!is a unit. O

Lemma 2.14. If P and M are non-negative integers, then

(P +1)! (M+P
;(P—i—l—r(m))!]—[mh!_( P )’

1<h

where the sum is taken over all partitions m = > mpep with r(m) < P+ 1 and
lm| = M.

Proof. Compute the coefficient of XM in

1 (P4 o
2 3 P+1 __ _E

two different ways. [
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Proposition 2.15. Let R be a commutative noetherian ring, N an integer, with
2 < N, F be a free R—module of rank f = 2N +1, by € /\2F, and ¢ € F*. Fix an
orientation element wp~ € /\f F*. Let by be the element p(bs) of F. Define

(M, d): 0—M;_ 25y, 222y
by .
M= Y RONF @ > APAF
2i4j=t 2p+qg=t—2
i+j<N p+q<N-1

d'(hYa;) =h Vo Aa; + B Db (), and
AP=Dp A gy + AP o(ay)

7()\(P) — i g i N+i—qg—
d' (A ay) {+ %(_1) +1(N+ ;Dz P 1)h() <bg a—p) /\aq> (wpe).
1€

Then (M',d") is a complex; furthermore, if f —1 < grade J, then (M',d") is acyclic.
Proof. This result is a combination Propositions 2.6 and 2.16 from [9]. In order to
make the notation of [9] compatible with the present notation, we have replaced £
by wge, ¢ by ba, Y by ¢, and g by by. (One may think of h(?) as the i*" divided
power of degree two variable or merely as a place holder. One must think of A(?) as
a place holder. At any rate, h(¥) and A(P) are zero unless the parenthetical exponent
is a non-negative integer.) O

Proposition 2.16. If g = 0, then the complex M of Definition 2.3 is isomorphic
to (K,6), where K; = N" F* for all i, and §;: K; — K;_1 is given by

b1 (i) ifi#N+1
(f =2)1(cw) ifi# N +1.

Furthermore, if f < gradeJ and (f — 2)! is a unit in R, then M is a resolution of
R/J.

Proof. Tt is easy to see that

M A'F* ift <N, and
TAANTE ENT1<t

di(a;) = {

The only complicated map in M is the map My 41 — My, which is given by
an—1— Yon_1on(I®@an_1®1®__).

Remark 2.6 shows that the contribution to ¥ y_1 0,n of the partition |m| of 2N —1
is zero for all m except m = esn_1. It follows that

\PO,N—I,O,N(l ® anN—1 ® 1 ®_) = :i:(QN — 2)' bl(aN_l[wF*]).

The map A’ "'F — A'F*, which is given by af_¢ — aj_¢(wp-), provides an
isomorphism from M to K. If (f — 2)! is a unit in R, then K is isomorphic to the
Koszul complex. [
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3. M is a complex.

Data 2.1 is in effect throughout the entire section. In this section we prove the
following two results.

Lemma 3.1. Fiz C), € S,G and a; € A" F. The functions
Q(C, ®an, ®@...0a,,.) and P(Cp®an, ®...Q an, A By(a;))

are both graded-symmetric in the terms ap,,...,ay, .

I

Lemma 3.2. The maps and modules of Definition 2.3 form a complex.

We derive Lemmas 3.1 and 3.2 from Lemmas 3.3 and 3.4; and then we spend
the rest of the section establishing Lemmas 3.3 and 3.4.

Lemma 3.3. Let r, ny,...,n,, and p be non-negative integers and let J equal
™
2p+ 14 > ng. Consider the two maps
k=1

Q1 and Qy: S,GON" Fo...o N""F - N\ F,
which are given by
S,GRN"F&.. o \N"F22L 8, GoT,.GoN"Fo..a N"F- 5N\ F
and

S,GON" Fo.. o\ F 225 5, ., .GoT,_.GoN" Fo..o N F 2 N\’ F,

respectively, where qp (C r ® c[ ] ®R...Q c[lr] Rap, ®...Q anr> 1$ equal to

b AT(Cop) AT @ an ) A AT @ ay,)

and qo (Cp+1 r® c[l] R...Q c[1 g p, @ ... ® anr> is equal to

St (Cpirr) A N (1" (e @ ) A By(byir A ang) A /\ 9. ).

/=1 k=1

If J = 2N, then By [(®(Cp @ an, @ ... an,)) (wr)] is equal to

(=1)9MQ1(Cr ®an, ®...®@an, )+ Q2(CpRan, @...® an, )]
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Lemma 3.4. If2p+2i+q+j=2N -2, a4 = a[ll] AN, a[lq], and a; is equal to
a[qu] AR a[1q+j], then

Up,q+1,i,j (Cp ® b1 Aag ® C; ® a;)
+Vp,q,i,+1(Cp ® aqg ® C; @ a; Aby)

a —
0= + E (—1)k+1\11p+17q,177;7j (go(a[lk]) . Cp X a[ll] VANAAN a[lk] TANAN a[lq] RC; ® aj)
k=1

q+J TR i
+ Y (DR, g i1-1(Cp®ag @ Cy - plalfy @alt™ A AaF AL A Gl
k=q+1

Proof of Lemma 3.1. Definition 2.5 shows that both maps are graded-symmetric
in the terms a,,,...,an,_,. Let ag be

¢(Cp ®a’nl ... ®a’nr—2 ®a’n7‘ ®anr—1) - (_1)77«7’77«7«—1@(0}) ®a’nl ... ®anr—2 ®anr—1 ®an'r)'

It suffices to show that ag = 0 and that

P (Cp@an, ®...Q0an,_, @ ay, ®an,_, ABy(a;))
= (-1)" 1P (Cr@an, @...0 an,_, ®an,_, ® an, A Bg(a;)).

The second equation follows from the first equation together with the fact that

(3.5) T(c1 ® an A Bglai)) = 1(c1 @ ayn) A By(a;).

If we prove that ag = 0 whenever R is a polynomial ring of the form Z[ X1, ..., X,,],
then we may apply a ring homomorphism in order to conclude that oy = 0 over
an arbitrary commutative ring. Consequently, we assume that R is a domain
and 3, is a non-zero element of AY F*. Proposition 1.1 (b) or (c) shows that
[By(ao(wr))|(wr+) = ag - By; therefore, it suffices to show that G,(ao(wr)) = 0.
This statement is established by Lemma 3.3. [

Proof of Lemma 3.2. The only interesting part of this calculation is the compo-
sition ‘ . .

S,G & NF 2% My = M1 -5 My =25 DiG* @ N F,
where p+q < N—1,i+j < N, and 2i+j~2 = 2N —2p—q. Let C,®a, € S,GI\" F
and C; ® a; € S;G @ N\ F. Write aq = A nal? and ay = aM A nd
Observe that when the element

(projododoincl)(C), ® a,)
of D;G* @ N’ F* is applied to C; ® a’;, the result is

Vp,q+1,i,5(Cp ® b1 Nag ® C; ® a’)

. _
+ gl(—l)’“l\l/p“,q,l,i,j(ap(a[lk]) CpoalA.  Ad A AdD e Ci®ay)
j , T :
+ kz (—1)R 490, 4115 1(Cp ®ag @ Ci - p(@Fy@aM A AdF AL AdD
=1

+¥p,q,i,i+1(Cp ® ag @ C; ® a; Aby).
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It is clear that the top two lines are correct. The third line is the image of
U, 0it1i-1(Cp®a,®__ ®@_ )€ Di1G*® A’ ! F* under the composition

W @ aj_1 =1 @ " (1) Aajr = (G - [e™(n) Aaj-i](a)) € R,

The fourth line is the image of ¥, ;;;41(Cp ®a;® _ ® ) € D,;G*® /\j+1 F*
under the composition

1 @ aze =1 @ biagan) = 17 (G - baag))(@)) € R.
Lemma 3.4 completes the proof. [J

The next four results are used in the proof of Lemma 3.3.
Lemma 3.6. If ay_1 and ay,_; are in the image of /\g_1 ©*, then

(a) ag-_1(ag-1(a;) ANaj) = (—1)(9+1)(i+1)0ég—1(ai) Aag_1(aj), and

(b) agr(a) 4 (as) Aay) + ) (-1 (a) A ay)

= (=) oy (a;) A gy (ag) + af_y(ai) A agi(ay)],

foralla; € \'F and a; € N F.
Proof. Assertion (b) is obtained by applying (a) to ay—1 + ag_;. To prove (a), we

let 7&1], e ,ﬂg ! be a basis of G*, and a[li] = p* (7@). The general case quickly boils

down to the case ag_1 = ag_s Aol Nt a,_s Aol where ay_o = ol AL A QLT

In this case the assertion is obvious. [
Corollary 3.7. If ay_1 is in the image of /\g_1 ©*, then

Bylag—1(a;) Aaz) = (—1) VDG (a) Aag_y(a;) + (1) ag_1(a:) A By(ay),
for alla; e N\'F and a; € N F.
Proof. Let ag_1 = (A?"" ¢*)(c1]|we+]) for some ¢; € G. The proposed equation is
linear in c1; consequently, it suffices to establish the equation when ¢; is part of a

basis for G. In this case, there exists oy such that oy A ay—1 = 4. Apply Lemma
3.6 to complete the proof. [

Corollary 3.8. If aglll, e ,agsll are in the image of /\g_1 ©*, then

By (O‘_Eylll(ngrl) ARERNA Oé[gsl—l(bg+1) A aj)

18 equal to
5 q s ¢
; i A el (bga) Ao nald (b)) AL el (b)) A ald (a))

oyl (bg) A A el (byia) A By(ay),
for alla; € N F.

Proof. The result follows from repeated application of Corollary 3.7 together with
the observation that

b1 A arg1(ag_1(bgs1) Aag) =bi Aag_y(bgi1) A ag-1(ay)

for ag_1 and o, in the image of A’ ~! p*. This last observation holds because if
1 is in the image of ¢, then a1 (ag_;(bg11)) = rby for some r € R. O
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Definition 3.9. Let t: G@ \'F — A" 9" F be given by
e @ai) = [(N o) (alwe])| ().
Remark. Notice that 7(c1 ® a;) =t(c1 @ bg1 A a;).

Lemma 3.10. Fiz a positive integer r. Ifc[lk] €G,an, € N F, andmy = i Nk,
k=1
then
(a) > ¢t (c[f(l)] ® A t(c[la(k)] ® Uy, ) N anr) is equal to

ceS, k=2

(~p)letemtrt ) N A 4 @ an,),  and
c€6, k=1

b) (/\ t(clr®)] ®ank)/\anr) is equal to

UGGT 1
/—1 r—1
Z Z (g+1)(mr+r+€)+mg /\ t(c[lcr(k)] ®ank)/\ﬁg(an5)/\ /\ t(c[la(k)] ®ank+1)'
€6, _1 {=1 k=1 k=t

Proof. Both results are obvious for r = 1. (See Convention 1.12.) Lemma 3.6
establishes (a) when r = 2. The proof of (a) is completed by induction on r.
Corollary 3.7 shows that the left side of (b) is equal to L' + L, where

L = (_1)(g+1)(m+1) > 5g(an1) /\t< [o(1)] & /\ t(cl [0 (k)] ® an,) /\anr>
€S, _1 k=2

and

L= (-1 Y t<c5““”®am>wg(m< “““@anmam).

ce€SG,_1

Complete the proof by applying (a) to L’ and induction to L”. O
Proof of Lemma 3.3. Fix Cp,a,,,...,a,,, with J = 2N. Let

Qo =L [(P(Cr @ ap, ®...Qay,)) (wr)] and Q;=Qi(Cr@an, ®...Ray,),

forve=1,2. If
i1 ir—1
g p+1 . [ ]®...®c[1 ]

is the image of C, under A: S,G — S,+1-»G ® T,,_1 G, then Definition 2.5 shows
that Qg is equal to

Zﬁg ( p+1 r) (C[li’ll ® apy ) A A T(C[li’r_l] ® an,_,) N an, N bg+1> '
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Let ZC“ il ®c [l " be the i image of Cz[H]—l ,under A: Sp_,.G — S,_,G ® S5:G.
Apply Corollary 3.8 to see that Qo = Q) + @, where Q) is equal to

Zbl AT(CEY At ( ] & (P @ an )AL AT @ an ) Aan, A bg+1>

and @ is equal to
[Z] [171] [’i,’l‘—l]
> T (Coia ) A By (T @an )AL AT ®@ap, ) Aan, Abgyr) .
i
Co-multiplication is co-associative; thus,

Z C[Z h] ’L h [i,l] ® . [2 r—1] Z C[] ® c[], ® C[lj,r]

where the right side is the image of €}, under A: S,G — S,_,G ® T;.G. It follows
that Q) is equal to (—1)@+)7r times

Zbl AT C’[] ( [lj’” ®7’(c[1j’2] ® apy ) Ao A T(c[lj’r] ® ap, ;) ANbgy1 A am> .

Recall that Y ny is odd. Apply Lemma 3.10 to see that Qf = (—1)971Q; and
k=1

0 =(-1)"Q. DO
We now gather the definitions and lemmas which are used in the proof of Lemma

3.4.

-
Lemma 3.11. If2p+ > nip =2N — 1 and a,, = 1 for some i, then
k=1

P(C,Rap, @...Qa,)=pP+2-—1)P(C,Qan, &...Qan, ... Q0 ap,).

Proof. The hypothesis forces 2 < r. In light of Lemma 3.1, we may assume that
1 =1 < r. The co-associativity of A shows that the composition

A®1L

(3.12) SG—>S+2 'GRT oG —— Sp11,GRGRT,_2G
is equal to
(3.13) S,G = Spi1 G @ Th_yG.

The first map in (3.12) is the first step in the calculation of ®(C) ® ap, ®...®ay,.).
The map of (3.13) is the first step in the calculation of ®(C), ® ap, ®...®ay,, ). We

complete the proof by observing that if Cpio_, = 0[11] c[lp 2y Sp+a—rG, then

A(Cpya—r) is equal to c[ll] e c[lj] a c[1p+2_r] ® c[l] in Sp41-»G ® G and
J

—~

S el Y AT @ an,) = (p+2 = 1)T(Cpray). O
J
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Definition 3.14. Let r, 7, ny,...,n,, and p be non-negative integers with 2 < r
T
and 2p+1i—g+ >, np = 2N — 1. Define the maps
h=1

Zky Zepy and Ean: N'FOS,GON" Fo...9 N""F - R

by Zi(a; ® Cp @ ap, @ ... R ay,,) is equal to
( k—1 r

D(Cp®@ Q an, ®Byla; Nan,) Nan,,, @ Q apn,) fl<k<r—1
h=1 h=k+2
r—2
(I)(CP® ® Upy, @ Qr—1 /\ﬁg(ai/\anrw ifk=r
h=1
L 0 for any other k,

Ee, (0, @Cp @ ap, ®...® ay,) is equal to

D x(ng = h)(=1)m 0t E ) E (0, 0 Cp @ a, @ ® an,),
k=1

and Eall = Z‘Eﬁh‘
h

Remark. The observation of (3.5) shows that Z(a; ® Cp @ an, ®...R@ay,, ) is equal
to

(=1)eti= ) 1t 41 B (C) @y, @ ... @ Gy @ .. @ i, A Byg(ai A any)),
forl1<k<r-—1.
Lemma 3.15. If r, ny,...,n,., and p are non-negative integers with 2 < r and
2p + hil np = 2N — 2, then

OO, ®an, @...0 a4y, , @an, Nb1)+ Zan(bg1 @ Cp @ ap, @...Qay,) =0.

Proof. The argument below (3.5) shows that it suffices to prove that Ty + T5 = 0,
where

T = (—1)9+1ﬁg([<1>(0p Rap, @...Q a4y, , Da,, Nb)](wr)) and

Tr = (_1)g+1ﬁg([5all<bg+1 QC,®an, ®...Q an, )] (WF))-
Apply Lemma 3.3 to see that T} = Q2(Cp®an, ®...Qay, )Aby and T = T2[1] +T2[2],

where
-

Ty =3 () e ) QU (C @, ® . R, @ @ an,) ABy(bg 1 Aan,).
k=1

A straightforward calculation, using the definition of the maps @Q;, shows that
Tv+TM=0and TP =0. O

Remark 3.16. When r = 1, Lemma 3.15 becomes: if 2p +n; = 2N — 2, then
O(Cp @ By(bg41 A any)) = (=1)" T (p + 1)P(Cp ® an, Abr).

(The proof is obtained by combining Corollary 3.8 and the trick below (3.5).) In
particular, if p = N — 1, then ®(C), ® b;) = 0.
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Lemma 3.17. If2p+ > np = 2N — 3, then ®(C, - p(a1) ® ap, ® ... R ay,.) is
k=1
equal to

(0] (Cp Rap, @...Q an, /\ﬁg(bg_H /\Cll))
+x(2<7) - Ea(bgr1 Na1 @ Cp @ apn, @ ... Q ay,)
+x(r=1)-2(Cp®an, Nas ANby).

Proof. Definition 2.5, together with Proposition 1.1 (d), shows that the left side is

{ ®(Cp®an; ®...Q an, Ala1(By)](bg+1))

r—1
T kgl(_l)nk(nk+1+-..+nr)<I><Cp®an1®...®¢fn\k ®...®an7_71®anr/\[a1(,8g)](bg+1/\ank ))

Apply Proposition 1.1 (a) to write

[al(ﬁg)](bgﬂrl A an) =a; N\ ﬁg(bg+1 A an) + 5g(bg+1 ANai A an).

The proof is complete when » = 1. Henceforth, we assume that 2 < r. Lemma 3.15
shows that

{@(Cp@)anl@...@anr/\al/\bl)

r—1
+ kzl(—1)"k<"k+1+'“+"”q>(cp®an1 ®...Qan, ®...Qan, | ®an,.ANa1ABg(bgr1Aan, ))

is equal to
(=)@ (Cp ® apy @ ... @an, | ABy(bgs1 Aan, ANar)).

When the most recent expression is added to

r—1
D (=)t F G (Cp @ any @ . @ Gny @ ... @ Gny_y @ any A Bg(bg1 Aar Aany))
k=1

the result is Zan(bg+1 N a1 @ Cp R ap, @ ... ®ayp, ). O
Lemma 3.18. If1 < j, 2p+j = 2N — 2, and m = |[mq,...,my] is a vector

of mon-negative integers with |m| = j + 1, in the sense of Definition 1.5, then
O(Cp, @ Am(a; Ab1)) is equal to

(P +2=r(m)®(Cp @ Am-e, (a5) Ab1)

+ Z (mk + 1)<I> (Cp ® Am+ek—ek+1 (CLj) A bl) .
1<k

Remark. Recall, from Definition 1.6, that Ay, _¢, is the zero map unless 1 < m;. If
X =z, ®...0x,,, then X Ab; means z,,, ®...3x,, Ab;. Lemma 3.1 guarantees
that the expression ® (Cp, ® Am—_¢, (a;) A by) is well defined.

Proof. In the notation of Observation 1.10, we have ®(C), ® Am(a; A b1)) is equal
to
(_1)‘] Z(—l)'e(h_1)|®(cp ® a[ll’l] ® bl /\ a[h,i] ® ag},l])’
h.i
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which, by (3.5), is equal to
Z o(Cp @ a" @ dm g a[fi] Abi) =Ti + 1,
hi

where T} is the summand with A = 1 and T3 is the summand with 2 < h. Apply
Lemma 3.11 and Observation 1.8 to see that

Th=((p+2—r(m)®(C, ® Am—_e, (a;) ANb1) and
Ty = Z(mh—l +1)® (Cp ® Amte, q—e, (aj) A bl) 0

2<h

Lemma 3.19. Fiz h, i, j, p, and m with |m| = j and 2p+j+i—g =2N — 1.
Let Q: N'F ®S,G® N F — R be the composition

NF@S,GoNF 2N Fes,coN"FoN'FLR,
where q(a; ® Cp ® aj—p @ ap) = P(Cp @ Am—e¢, (aj—n) N Bg(a; Nap)). Then

Ee, (ai ® Cp ® A (ay)) = (-1)79"Q(a; ® C, @ a;).

Proof. The result follows quickly from Definition 3.14. [
Corollary 3.20. If m|=j—1,2p+j=2N -2, and a; = a[ll] A a[lj], then

j — :

STD)MR(C, @ Am(ai! AL Al AL Al A By(bgar Aar))
k=1

is equal to (—1)7Z¢, (byr1 © Cp @ Amte, (a5))-

Proof. Apply Lemma 3.19. [

Lemma 3.21. Ifjm|=j—1,2p+j =2N —2, 1< h, and a; = al’ A... A a7,
then

j —

ST(-DMIE, (bgar Aay @ Cp ® Amlay) Al Aalt AL A
k=1

is equal to (—1)7(h + 1)Z¢, ,, (bg41 ® Cp @ Am_e,t+en,1(aj)).

Proof. Use Lemma 3.19 to convert the result into the following commutative dia-
gram:

/\jF L/\j‘l‘hF@/\lF@/\hF

A J{ 1®multl Il

/\jflth® /\h+1F h+1 /\j—l ®/\h+1F
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Proof of Lemma 3.4. Observe that ¢ + j is even. Let S be the sum of the top
two lines of the right side of the proposed identity and 7" be the sum of the bottom
two lines. Use Definition 2.7, together with ( N_T_'Zj_l) + ( N t’_g) = ( ]{’ftlztlj), in
order to see that S is equal to

| ZJr +1 Eh(h')Mh( D l( +Z+1)(2N(2_A;:?i 1)!(I)(CP'Ci®Am(aq/\aj Ab1)).
mi=qg-j

Lemma 3.18 shows S that is equal to

H (h!)mh(—l)N_i(p+7’+l)%(P#’H’l T‘(m))‘P(Cp C; ®Am(aq/\ag)/\bl)

7'L
Im|=q+j 1<h !

" \Z+-1Z<:k Eh(h‘)mh(k“)( DN (R iy e (CpCi®@Am (agha;)Aby )
mi|=q+j 1>

Recall that > (k4 1)my = lm|+7r(m) = ¢+ j+r(m) and that p+i+ 14+ g+ j is
equal to 2N — p — 1 — 1. It follows that S is equal to

Z H (h)™n (—1)N z(p —|;z+ 1) (2N(2J\If)_l); 2)'@(01) -Ci @ Am(ag Naj) Abr).
lm|=q+j 1<h

Write S = 51 + 52, where S; has m = €,4; and S5 involves all other m. In other
words, S is

i1 2N — 2)!
p+z+) ( Y (- Cy@agnay Ab)

R e (e ]

and S5 is

m N_i(PF+i+1 (2N - 2)! . _
\m;m Eh(h|) nEpN (T _J) N 12 (Cr Ci® Bmlag nap) Abr).
2<r(m)
If g+ 7 =0, then T'=0 and S = S7; furthermore, Remark 3.16 shows that S; = 0.
Henceforth, we assume that 2 < g + 7.
Definition 2.7 yields that T is equal to

Jjta ) T .
kz1(71)k+1+NT | Z+‘ 1 1I;Ih(h!>mh(ptljla)%‘PW(G[M)‘CP'Q@A“‘(GF’\"'A“[1k]/\""\“[1q+3]))'
= mi|=q-Tj— >

Apply Lemma 3.17 to write T'= T} + T5 + T3, where T} is

j+ 4 \ T ;
i;j(—l)k“JrN*i(quj—1)!(}\’:1;1].)%@(CP-C@#M.../\a[l’“}A...Aa[lq”]/\a[lk]/\bl),
e k+1 N\Nmp N—i ( p+i+l (2N-2)!
> (—1) > [T ()™ (=N (XT0)) an—p—ioa
T2 — = |m|:q—|—]—l lgh
O(Cp-C; @ Am(aN A A dT A AT A B (040 A alY),
and
s k+1 Nmn N—i(pt+i+l (2N —2)!
2 (=1) > I ()Y (RED) ey
To — J k=1 jmi=ati—1 1<h
3 = 2<r(m) -

Zan(bgr1 Aat ©Cp - Ci @ Am(a A AaT AL AT
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Observe that S; + 177 = 0. Lemma 3.21 yields that T3 is

m i i IN—2)
Z ‘ Z H (h') h(_l)N (]{)[tztlj) (2]\(]_p_i)_2)156k+1(bg+1®cp'ci®Am(aq/\aj>)'
‘Q“S'Z{ii’f 1<k 1<h

In a similar manner, Corollary 3.20 yields that T5 is

_i(pti+1 (2N —2)!  _
> ey (=N Z(N_._‘)(QN_ — =1 (o1 © Cp - Ci & Dan(ag Nag).
Im|=q+j 1<h t=J p—z :

2<r(m)

We see that T, + T3 is equal to

_i(pt+i+1 (2N —2)!  _
2 I (N ) oy =gl 8Cp Ci® Am(ag A ay).
m|=q+j 1<
2<r(m)

Apply Lemma 3.15 to conclude that Sy + 715 + 73 =0. [

4. The complex M is acyclic.

In this section we prove Theorem 4.3, which establishes the acyclicity of M. At
the end of the section, we record a few consequences of the fact that J is a perfect
ideal. In the proof of Theorem 4.3 we use “generic data”, which is described below.
Such data forces one to deal with bases. In fact, bases play only a very minor role
in the present section; however, they play a significant role in section 5. We have
recorded all of our conventions about bases at this time. These conventions are
different than the ambient conventions of 2.2.

Convention 4.1. Adopt Data 2.1. Fix dual bases f1,...,ff and f7,..., f} for F'
and F™, respectively, and g1,...,94 and g7, ...,g, for G and G*, respectively. For
each index set I = {iy,...,ip}, with iy < --- <y, we write |I| = ¢,

fr=fuN...Nfiy,, and fr=fI N...ANf.

Let [¢] represent the index set {1,...,¢}.

Generic Data 4.2. Adopt Convention 4.1. Assume that Ry is a commutative
noetherian ring, ¢ is represented by a g x f matrix of indeterminates (x;;), by41 is
the element > vy fr, where I varies over all index sets with |I| = g+ 1 and {v;} is
a set of indeterminates, and R is the polynomial ring Ro[{z;;}, {vr}].

Theorem 4.3. Adopt Data 2.1. If J is a proper ideal of R with f — g < grade J,
and (f — g —2)! is a unit in R, then J is a perfect ideal of grade f — g, and M is
a resolution of R/J. Furthermore, if the data of 2.1 is local (i.e., (R,m) is a local
ring, imp € mG, and by € m/\gle F) or homogeneous in the sense of Remark
2.8 (d) with 1 < a,b, then the resolution M is minimal.

Proof. The assertion about minimality is obvious. We first establish acyclicity for
generic data, as in 4.2, with Ry = Z[1/(f — g — 2)!]. Once the result is established
in this case, then the principal of the transfer of perfection; see, for example [3,
Theorem 3.5], yields the result in general.
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Observe that the hypothesis f — g < gradeJ holds in the generic situation.
We prove this by showing that there exists a regular sequence of linear forms with
f—g < grade J, where represents reduction modulo the regular sequence. Indeed,
the specialization

0 1 =z ... xTf_4 0 0 0
0 0 =z =xo zr_g 0 ... 0 ~ f—g
©o=1. and bg+1 = Z z; fi /\fi+1 AL ./\fi+g
: i=1
0 0 0 0 X1 P 3] .Z’f,g
' _ f—g 41 .
yields by = > (297 +y;)fi + a1, for some elements y; € (z1,...,2;—1) and a; in
=1

Rff—g+1®...® Rfs; and therefore, the radical of .J is equal to the (x1,...,77_,).
Fix a prime ideal P in R with grade P < f — g — 1. Since

grade P < f — g+ 1 =gradel;_,(p),

we know that some g x g minor of ¢ is a unit in Rp. For the time being, we work over
the ring Rp. There exists an isomorphism 6: F' — F, of determinant 1, such that
pofisequalto ' =[I 0]. Lemma 4.4 shows that Mp is isomorphic to a complex
M, formed using ¢’. Lemma 4.5 shows that the homology of M’ is isomorphic to
the homology of a complex M", which is formed with ¢ = 0. Proposition 2.16 shows
that M is the Koszul complex which is associated to the ideal J = R. It follows
that M” is split exact; and therefore, Mp is also split exact. Now we return to the
ring R. The acyclicity lemma [4, Corollary 4.2] yields that M is a resolution. Also,
we know that
gradeJ < pdp R/J < f — g < grade J,

and the proof is complete. [

Lemma 4.4. Adopt Data 2.1. Let 0: F — F be an isomorphism of determinant

one. If ' = o and by | = (AT 0=1)(bg+1), then the complexes Ml = M (by41, ¢)
and M = M(bj,,1,¢") are isomorphic.

Proof. Define ©: M’ — M by

{ (1) @ a;) =1 @ (N 071%)(ay)
@(Cp ® aq) =Cp ® (/\q ‘9)(%)'

It is clear that © is an isomorphism of modules. It is not difficult to show that it
is a map of complexes. The most interesting step involves showing that

'[Cp @ (A" 07 ) (an,) @ ... @ (A" 07 )(an,)] = ®(Cp @ an, @ ... R ay,).
This holds because
'ler @ (A" 071 (an)] = (A" 07 ) [r(c1 ® an)],

and 0 has determinant 1. O
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Lemma 4.5. Adopt Data 2.1. Suppose that ¢ decomposes as
¢ = [0 1} F=F ®Ra — G=G ©Ge,
where F' and G’ are free R—modules of rank f — 1 and g — 1, respectively. Let
bgr1 = b Aay —I—bg+1,

with b, € \' F' and b, ,, € AL F! be the corresponding decomposition of bgt1-
Then the compleres M = M(by11, ) and M’ = M(by, ") have the same homology.
Proof. Let F'™* & Ra; and G'* & Ry, be the corresponding decompositions of F™*
and G*, respectively. It follows that

QO* = |:(‘0(;* (1):| - G :G/*@R’Yl — F~* :F’*@Ral.

Write wp = wpr ANaq, wg = wgr N ey, wp = a1 A wpr+, and wgx = y1 Awgr+. Let
! = (A" ") (wer) and by = B_,(b). Observe that
Bg = Q7 A\ ﬁ;—l and b1 = —bll
Let A be the sum of all modules from M of the form
DGy @ N F* Ao, with1<korl="¢

Observe that d(A) C A. It follows that A is a complex with differential given by
the restriction of d to A. Consider the map s: A — A, given by

{(’“v&’” @) =0

P9 @ ay A o) = A @ o

It is easy to see that ds + sd = id,; and therefore, A is a split exact complex. At
this point we know that M/A is a complex with H;(M/A) isomorphic to H;(M) for
all 4.

We next show that the map p: M/ — M/A, which is given by

{ p(1" @ o)
p(Cp®a ) =

= (-1 >z+j,y’(i) ® O/
( )p+q+1c/ ® CL

is a map of complexes. The only complicated step in this calculation involves
showing that

(_1)p+q+1\llp7%i,j (Czl) ® a’:] ® —® ) = p\Ilp q,t j(Cl ® a’ ® ® —)
in D;G"™ @ N\ F’*, when C, ®ay, € S,G" @ A\ F' and

W+2i+j+q=2N—-1, p+q<N—-1, and i+j<N.
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On the other hand, the above equation is equivalent to

\Ij%q,i,j(q; ® a; ®Cl® a;-) _ (—1)i+p\lf’

D;q,t,]

/ / / /
(C), ®a, ®Cj ©df)

for Ciwa’; € S;G’®@ N\ F', and this equation holds because 7(¢| ®a’,) = —7'(¢, ®d.,).
Define B to be the cokernel of p. Notice that B consists of the modules

S,G" et @ NTF' Aaf, withl1<rorl=/
The differential on B is given by d(C}, - ¢] ® a} A af) is equal to

Cl -] @b ANal, Naf

q —
+ kzl(—l)k“w'(a'l[k]) b erowdl A AdMT AL Ad Y Nl
Fin (11 0.,

where a; = all[l] AN a’l[q]. Consider the map s: B — B, which is given by

s(Cl-ef @al,Nay) =0
s(Cl-ei@a)=Cl -7 ®ay Aal,.

There is no difficulty in showing that sod + do s = idg. Thus, B is split exact and
the short exact sequence of complexes

0—M & M/A —B— 0,

shows that the proof is complete. [

We conclude the section by recording a few consequences of the fact that J is a
perfect ideal. First, we estimate the size of the singular locus of R/.J in the generic
situation.

Proposition 4.6. Adopt Data 4.2, with (f —g—2)! a unit in Ry. If P is a prime
ideal of R with depth Rp < f —g+3, then (R/J)p is a localization of a polynomial
ring over Ry.

Proof. The hypothesis on depth Rp ensures that some g — 1 x g — 1 minor of ¢ is
not an element of P. For notational convenience, we assume that § ¢ P, where § is

the determinant of the lower left hand g — 1 x g — 1 submatrix of ¢. Let 61: F — F
and 03: G — G be isomorphisms so that

O /
Oy 0po0b = {I Sg}

It is easy to see that the ideal J((AYH 07 1) (bgr1),02 00 080;) is equal to J. Let b
be the element f,_q (AT 07 1) (bgs1)] of /\2(@9<k Rfi). Lemma 4.5 shows that
J is equal J(b5,¢'). Let Ry be the polynomial ring which is obtained by adjoining
complement of

{l‘lk|g§k§f}U{U[g—1],p,q|9§P<QSf}a
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in {z;;} U{vr}, to Ro. A careful analysis of the matrix ¢; shows that 6; is an
invertible map over (R;)s, the coefficients of ¢’ and b/, are algebraically indepen-
dent over (R;)s, and Rs is equal to the polynomial ring obtained by adjoining the
coefficients of ¢’ and b}, to (R;)s. The ideal I (b;(N)) in Rs is generated by the
maximal order pfaffians of a generic alternating matrix of odd size. It follows that
L)+ 1L (b/Q(N)) has grade f — g+ 4 in Ry; therefore, the hypothesis on depth Rp
ensures that I1(¢') + I 1(b/2(N)) is not contained in PRs. We have successfully re-

duced to the case g = 1, where the result is both well known and easy to prove.
OJ

Corollary 4.7. Adopt Data 4.2, with (f —g —2)! a unit in Ry. Let R =R/ .J.

(a) If Ry is a domain, then so is R.
(b) Let k be an integer with k < 3.
(i) If Ry satisfies the Serre condition (Syy1), then so does R.
(i) If Ry satisfies the Serre conditions (Ry) and (Ski1), then so does R.
In particular, if the ring Ry is reduced, then so is R; if the ring Ry is normal, then
s0 is RR.

Proof. This result follows from Proposition 4.6 by way of a standard argument. See
[3, Theorem 2.10] for (a), and [11, Theorem 9.4] or [10, Corollary 5.4] for (b). O

Finally, we describe the canonical module of R/J.
Corollary 4.8. Adopt Data 2.1 with J a proper ideal of R, 4 < f — g < grade J,
and (f — g —2)! a unit in R. Fiz an element a, in \° F. Let L be the ideal

I — {[7(Cn) N agl(wp-) | Cn € SNGY, Bglag), J)
J

of R/J. Then there exists an R/J—module surjection \: Ext{%_g(R/J, R) — L.
Furthermore, if 1 < grade L, then X is an isomorphism.

Remarks. (a) If R is a Gorenstein ring, then Exté_g (R/J, R) is the canonical mod-
ule of R/J.

(b) In the generic situation of 4.2, the hypothesis 1 < grade L does hold because
the ideal I,(y) has positive grade in R/J and f,4(ay) can be taken to be a g X g
minor of ¢.

(c) If 2 = f — g, then the canonical module of R/J is already well understood.

Proof. Let K denote Extjl;_g (R/J, R). Theorem 4.3 ensures that M* is a resolution
of K. Use the hypotheses about (f — g — 2)! and f — g to see that K is presented
by

(Sy_1GR@F) & F* L Sy\Ge& R — K — 0,

where

! {CN_;H@ al} {—[T(CN—l) /\(J;]:: 'A(ZE(]IEZJF*) + b1 (1)
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Consider the map A: SyG @ R — R, which is given by
A(Cn) =[1(Cn) Nagl(wp+) and  A(1) = By(ag).
The calculations of section 3 show that 7(yp(a1)) = a1 A by + B4(bg41 A aq) and

T(Cn-1) A Bglag+2) A ag
—7(Cn-1) Nagra A Bglag)

0
+ b AT A AT AL ATETY A (A @ agan) A ag,
¢
for Cy_1 = 6[11] e c[lel]. (Use Corollaries 3.8 and 3.7 and the idea below (3.5).)

It follows that the image of XA o d is in J, and therefore, A induces the desired
R/J—module surjection \: K — L. The last assertion is obvious because K is a
torsion-free R/J—module of rank one. [

5. Further questions.
There are at least three promising directions for further study.

1. We hope that the resolution M is able to shed light on the case when f — g is
odd. In particular, we want to know the extra generators of J""™ 2 J. The case
g = 1 provides encouragement for this hope. We have seen that when g =1 and f
is odd, then J is a Huneke-Ulrich almost complete intersection ideal. On the other
hand, when g = 1 and f is even, then J"™™" is generated by J together with the
pfaffian béQ). In other words, J"™™ is a Huneke-Ulrich deviation two Gorenstein
ideal. Furthermore, the resolution of a Huneke-Ulrich almost complete intersection
[9] is very similar to the resolution of a Huneke-Ulrich Gorenstein ideal [8, 14, 7].
(The similarity is best exhibited in [8].)

2. A great deal is already known about the Rees algebra of an ideal. (See, for
example [15], especially its extensive bibliography.) In the present paper, we resolve
the Rees algebra of certain projective dimension two modules. We hope to use the
insights we have gained to learn more about the Rees algebra of modules.

3. We are hopeful that the complex M may be modified in such a way that the
hypothesis “(f — g — 2)! is a unit in R” may be removed from Theorem 4.3. No
modification is needed when f — g = 2; see Example 2.9. The next result shows the
flavor of the desired result.

Theorem 5.1. Adopt Data 2.1 with f = g+ 4. Let (M,d) be the complex of
Ezample 2.10 and let (M, d’) be the sequence of maps and modules with M, = M
and d} is equal to d;, except

d’zlgl =pler ® _), dg[o}:

ai
C1

[a1 Ab +1](wp*)
s ] wa 0] =[5 0].
1
p(a1)

Then there exists a map p: G ® F' — R such that

(1) M’ is a complez,

(2) M’ is exact whenever 4 < grade J, (the commutative noetherian ring R is

arbitrary), and
(3) if 2 is a unit in R, then M and M are isomorphic.
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Proof. The key step in this argument is that we prove that there exists a map
p: G®F — R and an element £ € DoG* such that

(5.2) P(c1 ®ar) = 2p(c1 ® a1) + &(c1 - p(ar)),

for all ¢y ® a1 € G ® F. For the time being, let us assume that (5.2) holds. Let
7: M — M’ be given by 79 = id, 71 = id,

o) a9 0 0 0 0
T2 0 = 0 s T2 | 71 = 71 y T2 0 = C1 (f) s
0 0 0 0 C1 261

7'32[3 g] and 74:[(1) _25}

It is easy to verify that 7 is a homomorphism of complexes, and it is clear that
7 is an isomorphism whenever 1/2 € R. The rest of this paragraph is devoted to
establishing assertion (2). Exactly as in the proof of Theorem 4.3, it suffices to
prove that M’ is acyclic when the data is generic, in the sense of 4.2, with Ry = Z.
We are not interested in establishing analogues of Lemmas 4.4 and 4.5 for M.
Instead, we use the long exact sequence of homology which is associated to to the
short exact sequence of complexes:

0-ML-M — N0,
where N, which is defined to be coker 7, is

0—-R2%FBG202%0,

with n4(1) = by and n3(a@;) = p(a;). (We take ~— to mean modulo 2.) By the
acyclicity lemma, it suffices to show that M is acyclic, whenever ¢ is a g X g minor
of ¢. Fix such a ¢, localize at d, and change notation. (That is, write R in place of
Rs, M in place of M, N in place of Ny, etc.) Pick a basis for F' so that ¢ = [I 0].
It follows that b; = Z?Zl rif g+i for some r; € R. It also follows that ry,72,73,74
is a regular sequence which generates J. Let F/ = @le Rf 4+i. We know, from
Proposition 2.16, that

o) {0 ifi=1,3,or4
-Hi M = bl(/\3Fl) .
W 1fz=2.

Furthermore, the isomorphism o: Hy(M) — % is induced by the map which
sends the cycle

85

7| €M

C1
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to (\”7*)(), where 7: I — F' is the projection which annihilates @;_, Rf:.
On the other hand, the map nj3 is a surjection, so we see that

0 ifi=1,2, or4
2F'+Rby

if 1 = 3.
The connecting homomorphism 0: H3(N) — Hy(M) carries a; € N3, with a1 € F”,
to the class of
la1 Abgy1](wr~)

Al

C1
in Ho (M), for some 7, € G* and some ¢; € G. Thus,

g o 8(&1) = :|:[CL1 A\ bl](wF/*) = ibl(al[wa]).

It follows that 0: H3(N) — Hy(M) is an isomorphism, and M’ is exact.
Return to the original notation. The rest of the proof is devoted to establishing
(5.2). We use the basis convention of 4.1. Let £ € DaG* be the element

g—1 9
- % [fe/\ (f;f/\ff}l]Af[e_l] (A~ so*)[(g@-AgjxcuG*)])) (bg+1) A bg1

i<j £=1

(wr+)-9795,

3

and p: G ® F — R be the map p(c; ® a1) = > pi(c1 ® a1), where p(c; ® ay),
i=1
p2(c1 ® a1), and p3(c1 ® ay) are equal to
Wz £ (A9 enwan]) - aa A f1 A [ )] @ | (i),
:g—l
-1

YT Y A finfey) (AT e [ewen)]) - Fian):

=1 |1)=g=t—1
{fz ANF NFT A o= AT A FT_g AT bg+1) A (F A FT—y /\f?)(bg+1)} (wp+),

and

> gil [f A (f*Af* i ((/\9—2 “V(gs Agi)(w *)])> (bgr1) A b }(w )
=N ¢ ey e )19 A gj)lwa 9+1) ANbgt1| (WF
g7 (c1) - g5 (v(a1)),

respectively. (In the sum for py, I varies over all subsets of {1,..., f} with g —1
elements.) The interplay between the symmetric object (g;g;)(cic}) and the alter-
nating object g; A g; yields

> (grg)(eich) giAgs=ciAci =2 gi(er)-g;(c)) gi Ngy;
1<J 1<t

and therefore, we see that £(c1 - ¢(a1)) =11 + 2p3(c1 ® a1), where T} is equal to

(W~ ).

=5 e n (£ A A e (A2 09 e A @)oo ) i) A by

Apply Proposition 1.1 (d) to see that

g—1

=y [m (fz*Affz_l] A (Fre-1y Aar) ((/\g_lso*)[m(wc*)])) (bg+1) Abg41

£=1

(Wp~).

Lemmas 5.3 and 5.4 now yield P(c; ® a1) —Th = 2[p1(c1 ® a1) + p2(c1 ® ay)]. O



32 ANDREW R. KUSTIN

Lemma 5.3. Adopt Data 2.1 with f = g+4. Then ag—1(bg41) Nai Abgy1 is equal

to
2| |§ frlag-1) a1 /\fl/\[fﬂbg—i-l)]@)
‘Zk mz 2(fI A Fi)(ag=1) - filar) - fu AN(FE AN F7)(bgsr) Abgir.
:g_

Proof. First we fix k and I, with |I| = g — 1. Consider

Ty = fi AN fi(bgp1) ANbgy1, To=2fr Afr A [f?(bg+1)](2)= and
T3 = fr N(Fe N Fe(F1)(bg41) Abgia

Observe that Ty = Ts + T5. Indeed, if k € I, then T = 0 and T3 is obviously equal
toTy. If k ¢ I, then T3 = 0 and, since T7 and T, are both in /\f F, it suffices to

notice that the equality holds after applying f;. Now we allow k and I to vary.

Apply >° > fila1) - fr(ag—1) to both sides of Ty = T» + T3. The proof is
k |I|=g—1
complete because

> frofinfef) = 2 finfe@finfr O

[I|=g—1 [I|=g—2

Lemma 5.4. Adopt Data 2.1 with f = g+ 4. Then the sum

(> > (FinF)lag—r) - filar) - fi A(Fu AFT)(bgr1) Abgia

k |I|l=g—2

-1
=S Fon (1 1 Fy D By Aa)g)) () A by

ST T A fiA fen)ag)- Filar):

=1k |I|=g—t—1
C FeNFe NFr A g AN A FD (bg) A (F A Sy A FTD (g11)-

18 equal to zero.

Proof. First we fix k, ¢, and J with k,¢ ¢ J and |J| = g — 2. Observe that

fk A (fZ A fj})(bg+1) N bg+1
(5.5)  0=1 ~foA(Fi AT (Bgr1) Abgia
209 e NFe A N A F7)(bgra) A (i A F7)(bg11)-

Indeed, the assertion is obvious if k = ¢. If k = £, then it suffices to prove equality
after applying f% A fi A f;. This calculation is long, but straightforward.

Now we turn to the identity from the statement of the lemma. Each index set I
from the first sum has the form I = [¢ — 1] U I, where [I'| =g—¥¢—1and ¢ ¢ I,
for some /. It follows that the first sum is equal to

-1

SN ST FrAfeen A1) Filan) - Fh (Fi A Ffuoy A Bys) by

(=1 k |Il=g9g—¢£-1
Ir3;

Q
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Expand (fy—1]Aa1)(ay—1) and a1 in terms of the bases to see that the second sum
is equal to

g—1

=3 Y Finfunnflaga)Fila) For(Fi A Fiy AF7) (bysa)Abgia.

=1 k |I|l=g—t—1
Apply (5.5) to complete the proof. [
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