RATIONAL NORMAL SCROLLS AND THE
DEFINING EQUATIONS OF REES ALGEBRAS

ANDREW R. KusTIN!, CLAUDIA POLINI?, AND BERND F. ULricH?

ABSTRACT. Consider a height two ideal, I, which is minimally generated by m ho-
mogeneous forms of degree d in the polynomial ring R = k[z,y]. Suppose that one
column in the homogeneous presenting matrix ¢ of I has entries of degree n and all
of the other entries of ¢ are linear. We identify an explicit generating set for the
ideal A which defines the Rees ring R = R[It]; so R = S/.A for the polynomial ring
S = R[T1,...,Tm]. We resolve R as an S-module and I® as an R-module, for all
powers s. The proof uses a rational normal scroll ring A = S/H with AA isomorphic
to the n'® symbolic power of a height one prime ideal K of A. The ideal K(™) is
generated by monomials. Whenever possible, we study A/K(™) in place of A/AA
because the generators of K (™) are much less complicated then the generators of AA.
We obtain a filtration of K (") in which the factors are polynomial rings, hypersurface
rings, or modules resolved by Eagon-Northcott complexes. The generators of I give
rise to an algebraic curve C in projective m — 1 space. The defining equations of the
fiber ring R/(z,y)R yield a solution of the implicitization problem for C.

Introduction.

Let I be a height two ideal in the polynomial ring R = k[x,y], with I minimally
generated by m forms of degree d. We consider the following questions. What is
the defining ideal, A, of the Rees ring

R=RItj]=Rolte o .7

What is the Hilbert function of R? The Rees ring R is equal to R[T1,...,T]/A,
what is the minimal resolution of R? What are the defining equations of the fiber

ISupported in part by the National Security Agency.

2Supported in part by the National Science Foundation and the National Security Agency.
3Supported in part by the National Science Foundation.

2000 Mathematics Subject Classification. Primary: 14QO05, Secondary: 13C20, 13D02, 14E05,
14M12, 68W30.

Key words and phrases. Divisorial Ideal, Eagon-Northcott Complex, Fiber Ring, Hilbert-Burch
Theorem, Implicitization, Rational Normal Scroll, Rees Algebra.

1



2 KUSTIN, POLINI, AND ULRICH

ring F = k ®r R? What is the Hilbert function of 7?7 What is the minimal
resolution of F = k[T1,...,Ty]/Ak[T1,...,T,]? What is the Hilbert function of
R/I® and what is the minimal resolution of R/I®, for all powers s?

The question about the defining equations of the Fiber ring of I is of particular
interest to the geometric modeling community. The ideal I = (d1,...,d,,) gives rise
to an algebraic curve by way of the rational map ¢: P* — P ~! which sends (x¢, yo)
to (01(x0,Y0),---,9m(xo,y0)). The closed image of ¢ is an algebraic curve C. The
computation of the defining equations of the fiber ring F is called the implicitization
problem for the curve C; see, for example, [3,5,6,13]. One technique for attacking
the implicitization problem for C is to use the method of moving curves [8,7,4]. To
an algebraist, the moving curve ideal of ¢ is the defining ideal, A, of the Rees ring of
I. The Rees ring R Rees ring encodes many of the analytic properties of the variety
defined by I. It provides an algebraic realization for the classical notion of blowing-
up a variety along a subvariety, and plays an important role in the birational study
of algebraic varieties, particularly in the study of desingularization.

The Hilbert Burch Theorem guarantees that the ideal I is generated by the
maximal order minors of an m x (m — 1) matrix ¢ with homogeneous entries. In
addition to m and d the other important piece of data is the column degrees of .
In the present paper, the column degrees of ¢ are (1,...,1,n). In other words, the
entries of one column of ¢ have arbitrary degree n, all of the other entries of ¢ are
linear. We identify the generators of A in Theorem 3.6. We resolve I° in Theorems
6.1.

In the proof of Theorem 1.11, we identify an ideal H of S = R[Ty,...,T,,] with
A = S/H a normal domain and AA a height one ideal of A. The ideal AA is
necessarily prime; hence, AA is a divisorial ideal of A. The ring A is the coordinate
ring of a rational normal scroll; the divisor class group of such rings is studied in
[22]. We identify a prime ideal K in A so that the n*® symbolic power, K, of K
is isomorphic to AA. The ideal K™ in A is generated by monomials. We record
an explicit isomorphism K (") — AA and an explicit generating set for AA. The
idea of looking for an uncomplicated divisorial ideal in a normal domain S/H was
inspired by our reading of [16] where the case m = 3 is studied: we reinterpreted
the Sylvester forms of [16] as isomorphisms of divisorial ideals in the hypersurface
ring defined by 2T} — yT5.

The generating set for AA that we calculate in section three is very explicit,
but fairly complicated. We use the isomorphic model K (™), which is generated
by monomials, rather than the explicit generators of AA, to make the rest of our
calculations. We compute the Hilbert function of R, the Hilbert function of I°, the
resolution of I°, and the resolution of R, all using essentially one trick. That is, we
refine the filtration 0 C AA C A in such a way that the corresponding refinement
of 0 C K™ C A has factors that are easy for us to study; these factors are
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Eagon-Northcott modules (in the sense that they are resolved by Eagon-Northcott
complexes).

For the time being we return to the general case where the column degrees of
@ are arbitrary, rather than (1,...,1,n). When one studies the questions of the
first paragraph it is important to know if the map ¢: P! — P™~! is birational.
Indeed, some hypothesis which is equivalent to “¢ is birational” appears in many
of the results of [16] and [4]. In [23] we reprove Hurwitz’s Theorem [14, Chapt.
IV, sect. 2] in the present context. Let r be the degree of the map ¢: P! — C;
so r is also equal to the dimension of the field extension Quot(F) € Quot(R(®),
where “Quot” means quotient field and R(? is the d*™® Veronese ring associated
to R. We prove that there exist homogeneous forms fi, fo of degree r in R such
that a generating set of I actually lives in the polynomial ring k[f1, f2]. Thus, the
non-birational case is the same as the birational case with a new set of variables
— results which hold in the birational case may be extended to the non-birational
case in a straightforward manner. Also, if the map ¢ is not birational, then the
number r must divide each column degree in the matrix ; consequently, if the
column degrees of ¢ are relatively prime (as they are in the present paper), then
the map ¢: P! — P™~! is automatically birational. The paper [23] also contains a
number of results which hold under the hypothesis that at least one column of ¢ is
linear. These results apply in the situation of the present paper and they include
a proof that the Rees algebra R satisfies the regularity condition R;, a calculation
of the canonical module of R, and a calculation of the core of I.

In [24] we consider the questions of the first paragraph when none of the columns
of ¢ are linear. In this case we have not found a suitable candidate for H and an
uncomplicated divisorial ideal in S/H which is isomorphic to A/H. Instead, our
approach is based on ideas about Morley forms as found in [4,19,20].

Return now to the ambient hypothesis of the present paper. In other words,
assume that the column degrees of the presenting matrix ¢ are (1,...,1,n). It
is shown in [10,21,28] that the Castelnuovo-Mumford regularity of I° is a linear
function of s for all s > 0. Indeed, in our notation, the aforementioned papers
guarantee that reg(/®) = sd + e for some non-negative integer e and all s > sg, for
some sg. We have resolved I°, for all s; so, we are able to read the exact value of
e and to determine the least value of sy for which the above equation holds. The
answers are much different depending on the minimal number of generators of the
row space of the linear part, ', of . When the row space of ¢’ can be generated
by fewer than m generators, then e = n — 1 and so = 1. On the other hand, when
the row space of ¢’ requires m generators, then e = 0 and sg = f”g—;l] + 1, where
o1 > o9 is the partition of m — 2 that corresponds to the canonical form of ¢’. A
recent theorem of Eisenbud and Harris [12]) interprets the value of e.

In section one we establish the connection between the Rees algebra R(I) and a
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rational normal scroll ring. We also list the generators of the ideal K (™) which is
isomorphic to the defining ideal of R(I). In section two we find a canonical form for
the linear part of the matrix which presents the ideal I. The form is used in section
one; furthermore, this form allows us to calculate the regularity of I° for all s. We
record an explicit generating set for the defining ideal of R([) in section three. In
section four we calculate the reduction number of I, the regularity and depth of
F(I), and the depth R(I). The filtration of K (") by Eagon-Northcott modules is
in section five. In section six we resolve I° and verify the regularity calculation of
section two.

In this discussion R is a standard graded polynomial ring over a field. If N is a
finitely generated non-zero graded R-module and

0—Fy—---—F—N-—Q0,

with F; = @le R(—t; ), is the minimal homogeneous resolution of N by free
R-modules, then the Castelnuovo-Mumford regularity of N is equal to reg(N) =
max; j{ti; — i}

Convention. Throughout this paper, k is a field; every ring A that we consider
is graded and finitely generated as an algebra over Ay = k; and every A-module
M = @ M, that we consider is graded and finitely generated. We use A4(__) for
the length of an A-module. It follows that

@igj Mj

(M), A —_
k( ) 4 (@Kj Mj

), and  dimg(M;)

are equal. We write \(M;) for the common value. Of course, all three numbers are
equal to the value of the Hilbert function Hy; at i, denoted H;(4).

Convention. For each statement “S”, we define

1, if S is true, and
x(8) = o
0, if S is false.

In particular, x(i = j) has the same value as the Kronecker delta d;;.

Notation. If § is a real number, then [#] and |#] are the “round up” and “round
down” of 0, respectively; that is, [#] and |#] are the integers with

0] -1<0<[0] and |0] <6<|0]+1.
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The graded ring S = @ S; is a standard graded Sy-algebra if S is generated as
i>0
an Sp-algebra by S; and S; is finitely generated as an Sy-module. For any terms
or concepts that we neglected to define, consult [1] first.

1. Rees algebras and rational normal scrolls.

Let k be a field, R be the standard graded polynomial ring R = k[x,y], and T
be a height two ideal of R which is minimally generated by m homogeneous forms
of degree d. The Hilbert-Burch Theorem guarantees that [ is generated by the
maximal order minors of an m x (m — 1) matrix ¢, with homogeneous entries. In
this paper, the entries of one column of ¢ have degree n; all of the other entries of
@ are linear. So, d = n + m — 2 and the resolution of I looks like

R(—d — 1)m_2
(1.1) 0— o) N R(—d)m [51 (5m]
R(—d —n)

I —0.

The Rees algebra of I is equal to R(I) = R[It]. Let S be the polynomial ring
S = R[Ty,...,T,,] in m indeterminates over R and let A be the kernel of the R-
algebra homomorphism ®: S — R(I) which sends T; to d;t. In this section we
identify a normal domain A = S/H so that A is the coordinate ring of a rational
normal scroll and AA is a height one ideal of A. We also identify an explicit
divisorial ideal K™ of A which is generated by monomials and an explicit element
g of S. The main result of the present section is Theorem 1.11 where we prove that
the ideal AA of A is equal to the A-submodule (g/y™) K™ of the quotient field of
A.

We identify an explicit generating set for A in Theorem 3.6. An explicit minimal
generating set for the ideal K™ may be found in Theorem 3.2.

Assume n > 2. Let ¢’ denote the restriction of ¢ to R(—d — 1)™~2. We call ¢’
the linear part of ¢ and we see that the image of ¢’ is the degree d + 1 part of the
first syzygy module of the R-module /. In other words,

¢t R(—d — 1) — [syz1"(I)]a41

is an isomorphism. The row space of ', RowSp(y’), is the R-module generated
by the rows of ¢’. Observe that the minimal number of generators of the R-
module RowSp(¢’), denoted p(RowSp(¢')), depends only on I and not on the set
of generators {9;} for I or the presenting matrix ¢ of I.
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Definition 1.2. Given the resolution (1.1), with n > 2, let p(I) be the parameter

p = 1(RowSp(¢)) —m + 2.

The hypothesis that I has height two ensures that m — 1 < pu(RowSp(¢’)); and
therefore,
I<p<2

We have introduced the parameter p at the present time for expository reasons;
however, ultimately, p plays a significant role in our study. For example, the value
p determines whether the fiber ring of I is Cohen-Macaulay (see Theorem 4.2).
It also determines many analytic properties about the powers of the ideal I, see
sections 4 and 6.

Start with some minimal resolution for I:

0—Fi11®F12— Fy— 1,

with Fy & R(—d)™, F11 & R(—d —1)""? and Fy 2 & R(—d — n). We prove in
Proposition 2.1 that there exists a partition o of m — 2 into p pieces and there exist
bases for Fy and Fj; such that the linear part of ¢ is equal to the m x (m — 2)
matrix

[D‘” X } if 2
, 1L p=4
0 D
1.3 "= 72
(1.3) © D, |
uE if p=1,

where D, is the (a 4+ 1) X a matrix

M 0 0 0 7
-y x 0 0

Da: 0 -y ‘ 0 ’
0 0o . =z

L O 0 0 —yl

and
o= (01,02),withoy >09>1,and oy + 00 =m—2, if p=2 or
{a:alzm—Q, if p=1.
We give the variables T of S alternate names. Let
{TL]‘:T]- if1<j<o;+1, and

1.4
( ) TQ’j:To—1+1+j, 1f,0:2&nd1§j§0'2+1
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Definition 1.5. Adopt the data of (1.1) with ¢ = [¢’ ¢" ], where ¢’ is given in
(1.3) and ¢" is an m x 1 matrix of homogeneous forms of degree n. Let ¢ be the
2 x (m — 1) matrix
1/}:{[1#1 1/}2 ¢3], lfP:27
[wl ¢2] ’ if pP= 17

where each 1; is a generic scroll matrix:

Tivn Tio .. Tioio1  Tio, . .
T7 T’ T T ’ if1<i<p

S A I
T

Let H = I5(1), A= S/H, T be the matrix [Ty ... T,], g € S be the product

Ty"”, K be the ideal of A which is generated by the entries in the top row of v,

and Q be the quotient field of A. The ideal K is a prime ideal of A; let K () be
the n*!" symbolic power of K.

It is convenient to think of the ring S as bi-graded.

The variables {T;} have degree (0, 1).

(1.7) The variables {z,y} have degree (1,0).

The last column of T'p has the form
(1.8) g= Zcm"—iy. €S,
i=0

where cq, ..., ¢, are homogeneous elements of S of degree (0,1) and g is a homoge-
neous polynomial of degree (n,1). The generators of A which are not in H are all
described in terms of the polynomials cg, ..., c,; see Definition 3.5.

Remark. Let V' C P™T! be the variety defined by I(1)). We observe that when
p = 1, then the defining equations of V' do not involve the variable T,,. In other
words, in this case, V is the cone of a variety which lives in P™.

Observation 1.9. The ideal H and the polynomial g are contained in A.
Proof. The symmetric algebra Sym([/) is equal to

S
I (Ty)’
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and the homomorphism ®: S — R([) factors through the natural quotient map
S — Sym([); so,

In particular, g = T'¢" isin A. Write ¢p = [¢' "], where ¢’ is first m —2 columns
of v and 9" is the final column of 1. Observe that the product T'¢’ is also equal to

(1.10) [z —y]¥".

Each entry of the matrix (1.10) is equal to a 2 x 2 minor of ¥ which involves the
last column. Let 6 be a 2 x 2 minor of ¥ which does not involve the last column
of 9. Cramer’s rule, applied to (1.10), shows that (x,y)d C A; but the ideal A is
prime and AN R = {0}; so ¢ is also in A. O

Theorem 1.11. Retain the data of Definition 1.5. The A-submodule (g/y™)K™
of Q is contained in A and is equal to AA.

Proof. If T; € K, then T;x = T;41y in A. It follows that (z,y)K C (y)A and
(z,y)"K™ C (y")A. The divizorialization of the ideal K™ in A is K(; hence,
(y"): K™ = (y”):K(") and

g€ @y Cy"):K"=(y"):KM.

We conclude that the A-submodule (g/y™)K ™ of Q is contained in A. Let L be
the pre-image in S of the ideal (g/y")K(™ of A = S/H. We see that

y"LC(9)+HCA
The ideal A is prime and y ¢ A. Thus,
HCLCA

are ideals of S with H and A are prime. Furthermore, the height of H is m —2; the
dimension of S is m + 2; and the dimension of the Rees ring R[It] is 3. It follows
that A has height m — 1. The proof that L = A follows quickly from the following
three facts. (This style of reasoning was suggested to us by [16].)

(1.12) g€ L\ H,
(1.13) L is unmixed, and
(1L14) L& (H,,y).

Indeed, (1.12) ensures that L has height m — 1, (1.13) ensures that every associ-
ated prime of the S-module S/L has height m — 1. The ideal (H,z,y) has height
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m — 1 but is not an associated prime of S/L by (1.14); hence, there is an element
w € (z,y)k[x,y] which is regular on S/L. It follows that I, = R,,, Sym([),, and
R[It],, are both polynomial rings in one variable over R,,, and the natural map
Sym(I),, — R[It],, is an isomorphism. We have I (Ty), C L, C A, and the
the outer ideals are prime of the same height. We conclude that L,, = A,; and
therefore, L = A.

We establish the three facts, beginning with (1.12). The polynomial g of degree
(n,1) may be found in (1.8). Order the variables of S by 773 > --- > T, >y >z
and order the monomials of S by the reverse lexicographic ordering. We know that
the (mz_ 1) two by two minors of ¢ form a Grobner basis for H and we know that
the initial ideal of H is generated by

{Ti,jTi,k|1§i§kand2§j§k§oi}
U{TLZ'TQJ' | 2 S 1 S 01 —|—1 and 1 S] S 0'2}

U{T;y|1<i<2and2<j<o;+1}, if p=2, and

(T l2<j<k<o}u{ljy|2<j<o1+1}, ifp=1.

We identify an element h of H for which the initial term of g — h is either Tyy"
or T, 4+2y™. In either case, the initial term of g — h is not in the initial ideal of
H (recall from(1.4) that some of the variables of S have two names); therefore,
g—h ¢ H and g ¢ H. The linear form ¢, is Y .-, a;T; for some o; € k. Recall
the matrix ¢ from (1.5). The hypothesis that height I,,_1(¢) = 2 forces a; or
Oy, +2 to be non-zero. Indeed, if oy and ay,, 42 are both zero, then the (1,m — 1)
and (o7 + 2, m — 1) entries of ¢ are both elements of the ideal (z), the rank of the
matrix ¢|z—o is m — 2, and I,,,_1(¢) C (x). If oy # 0, then take h = 0. The initial
term of g is iy Thy™ and the proof of (1.12) is complete in this case. If a; = 0, then
g +2 7 0 and we take

o1+1
h= " ailyl; —aTi).
1=2

The initial term of g — h is @y, 12T, +2y™ and the proof of (1.12) is complete in all
cases.

Now we prove (1.13). The ideal K is a height one prime ideal of the normal
domain A and therefore the symbolic power K (™ is a divisorial ideal of A. To show
that the ideal L of S is unmixed, it suffices to prove that the height one ideal LA
of A is isomorphic, as an A-module, to the divisorial ideal K™ of A. We saw in
(1.12) that ¢ ¢ H. Thus, g/y™ is a non-zero element of the fraction field @ of A
and

(1.15) multiplication g/y": K™ — LA is an A-module isomorphism.
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Finally, we prove (1.14). Recall that @ is the fraction field of A. We know from
(1.15) that the A-submodules LA and y%K(") of @ are equal. We show (1.14) by

showing that y%K(”) Z (x,y)A. We compute
(z,y)A: g K™,

Our notation means that (x,y)A and K™ are A-submodules of Q and : is calcu-
lated in @; that is,

(z,9)A: oK™ = {a € Q| aK™ C (x,y)A}.

Notice first that (z,y) = (y): K. The element y is in K; so, (y): oK is an ideal of
A and the assertion (z,y) = (y): @K is a statement about geometric linkage. The
ideal (z,y)" ! A is divisorial; so we have

(2,9)A: @K™ = ((4): K) : oK™ = (y): o KK™ = y™"[(y" ") : g KK "]

=y ") K" =y (y, 2) T A
If the polynomial g, of degree (n,1), were in (x,y)" 1S + H, then degree consid-

erations show that g would be in H, and this possibility was ruled out in (1.12).
Thus, g/y™ & y%(y,m)”‘H = (z,y)A: g K™ and the proof is complete. [J

2. DMatrices with linear entries.

Let ¢ be the matrix of (1.1). In Proposition 2.1 we prove that there exist row
and column operations on ¢ which transform the linear part of ¢ into a matrix of
the form described in (1.3). Fix the polynomial ring R = k[z,y| over the field k.
For each non-negative integer a, let D(a) be the (a + 1) X a matrix with

z, ifi=jand1<j <a,
D(a)ij=4q vy, ifi=j+1land1<j<a,and

0 otherwise.

We see that D(0) is invisible,

D(1) = B] and D(2) =

ow &
< 8 O

The matrix D, of section 1 is the same as the matrix D(a) of the present section,
with y replaced by —y.
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Proposition 2.1. Let M be an m x (m — 2) matriz whose entries are homoge-
neous linear forms from R. Suppose that there exists a column vector ©" in R™ of
homogeneous forms of the same degree, such that the ideal of maximal minors of
[M "] is an ideal of height two in R. Then there exist matrices A € GLy, (k)
and B € GL,,_2(k) and non-negative integers b < a, with a +b =m — 2, such that

(2.2) AMB = {D(()“) D(M .

Remark. If b =0 and a = m — 2, then the matrix on the right side of (2.2) is

)]

where 0 represents a 1 x m —2 matrix of zeros. Observe that y(RowSp(M)) =m—1
and the parameter p of (1.2) is 1. In the language of (1.3), this is the situation in
which the partition & of m — 2 consists of 1 piece ¢ = (m — 2).

Proof. We first translate the hypothesis that I,,,_1 (¢) has height two (for ¢ equal to
[M  ¢"]) into a statement strictly about M. The ideal I,,,_1(y) is not affected by
row and column operations on ; so, the ideal of maximal minors of [AM B Ay |
has height two for all A € GL,,(k) and B € GL,,,—2(k). In particular, each column
of AM B generates an ideal of height two. In fact, however, according to Lemma
2.7, even more is true:

If Ae GL,,,(k) and B € GL,,,_2(k), then AM B does not contain
(2.3) a p X g submatrix of zeros for any pair of positive integers (p, q)
with p 4+ ¢ = m.

The proof of the present result is by induction on m. The assertion is obvious
when m = 3. Henceforth, 4 < m. Let M be the image of M in the ring R/(y). We
see that M = M’ for some m x (m — 2) matrix M’ with entries in k. The matrix
M’ must have rank m — 2; otherwise, there exist invertible matrices A and B so
that the entries of one column of AM B all are in the ideal (y). It follows that there
exist invertible matrices A and B with

AM'B = { L2 1 ;
O2x (m—2) |’
and therefore every entry in the bottom two rows of AM B is in the ideal (y). Some
entry of the bottom two rows of AM B is not zero by (2.3). Thus, further row and
column operations yield a matrix of the form
My, M
0 y |
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The (m—1)x (m—3) matrix M; satisfies (2.3) because if there exist A1 € GL,,,—1(k)
and By € GL,,_3(k) so that A;M;B; contains an p; X ¢ zero submatrix, then
there exist invertible matrices A and B so that AM B contains an (p; +1) X ¢1 zero
submatrix.

By induction M may be transformed into

(2.4)

for two non-negative integers b < a with a+b = m—3, where C; and C5 are column
vectors. Use column operations to remove all z’s from C7 and C5, except possibly
in the bottom row. Use row operations to remove all y’s from C; and C5. Thus,
M may be transformed into a matrix of the form (2.4) with

0
(2.5) Ci =

for some ¢; € k. At least one of the constants ¢; or ¢ must be non-zero. If ¢ is
not zero, then pre-multiply and post-multiply by

;' 0 0 cal 00
A= 0 I 0 and B=| 0 I 0],
0 0 1 0 0 1

respectively, to transform ¢; into 1. The constant co may be treated in a similar
manner. Thus, M may be transformed into a matrix of form (2.4) with (2.5) and

one of three cases:
cir=1,c0=0 -casel

cp =0,c0 =1 case?2

c1=c =1 case 3.

The third case may be transformed into the second case using

I, O 0 0 I, 0 0
0 Iypn —Ipys O 1o
0 0 Iy ol ™ B=|yo o g
0 0 0 1 0

&~
=~
Y e i e W
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In the second case, (2.4) is readily seen to be

(26) [D(()a) Dbt 1)] ’

and in the first case, one may rearrange the rows and columns of (2.4) to obtain

{D(ao—l— 1) D(Zb)] ‘

Finally, we notice that if b4+ 1 > a, then one may rearrange the rows and columns
of (2.6) to obtain

[D(b0+1) D(()a)} O

Lemma 2.7. Let ¢ be an m x (m — 1) matriz with entries from some commutative
ring. Suppose that there are positive integers p and q with p+ q = m and

[z s
SO_TU’

where Z is an p X q matriz of zeros and S, T, and U are matrices. Then the ideal
I—1(p) is contained in the principal ideal (detT').

Proof. Tt suffices to establish this result in the generic situation where the ring is
a polynomial ring over the integers and each entry of ¢ is an indeterminate. The
matrices S, T, and U, have shape px (p—1), ¢ X ¢, and g x (p— 1) respectively. Let
@; (respectively S;) represent the determinant of ¢ (resp. S) with row i deleted.
If p < i, then the rows [Z S| are linearly dependent and ¢; = 0. If i < p, then

Observation 2.8. One can arrange the data of Definition 1.5 so that the term
y™ 1 appears in g with a non-zero coefficient.

Proof. 1t suffices to show that one may modify ¢ in order to have ¢} ¢ (x), keeping
¢’ unchanged.

Proposition 2.1 shows how to apply row and column operations to the matrix
=M ¢"]in order to to produce the matrix [AMB A¢" |, where AM B has
the form of (2.2). It is possible to apply more row and column operations in order
to guarantee that the top element of A¢” is not in the ideal (x). Indeed, it is shown
in the proof of (1.12) that it is not possible for (A¢”); and (Ap”),42 to both be
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in (z). If (A¢"”)1 € (), then add a copy of row a + 2 to row 1. This row operation
may transform

D(CL) 0 . D(a) .CCELl

[ 0 D(b)} mto [ 0 D®) |

where E; ; is the (a + 1) x b elementary matrix with 1 in position (¢,j) and 0
elsewhere. Omne can remove the unwanted x using row and column operations
which do not involve row one. The first step, subtract column 1 from column a + 1
and add row a + 3 to row 2, transforms

] e [ B

without harming the top entry in the augmented column. One repeats this trick
until the x slides off the edge. [J

Corollary 2.9. If I is a height two ideal in R = k[x,y], then the resolution of
I is given in (1.1) if and only if there exists non-negative integers a and b, with
a+b=m — 2, and homogeneous forms Fy and Fy in R, with deg F} = n + a and
deg F» = n + b such that

I= ('ray)bFl + (may)aFQ-

Proof. Start with the data a, b, Fi, and F,. Write

a b
Fy = Z a;z" 'y’ and  Fp = Zﬁixb_iyiv
i=0 i=0

for homogenous forms «; and (; of degree n. Let

Qg ﬁb
a=| : and B =

Qg Bo

Observe that
det[Da a]:F1 det[Db IB]ZFQ,

and the ideal generated by the maximal order minors of the matrix

D, 0 «
0 D, B
is equal to 1.

The converse is established in Proposition 2.1. [
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Example 2.10. If F; = y"t* and F, = 2"*?, then I is the monomial ideal

(yd7 xyd_:l? R ,xbyd_b) + (I‘d_a‘ya, ct 7xd_1y7 "I’.d)'

The following proof was prompted to us by a question of Craig Huneke.

Corollary 2.11. Adopt the notation of Corollary 2.9 with b < a, and write d =
n+a-+b. For every s > 1 one has

regl® = max{sd,sd — (s — 1)b+mn — 1}.

Proof. Write m = (z,y). Notice that the regularity of a homogeneous m-primary
ideal is the smallest power of m contained in it. Notice that I°® is generated by
forms of degree sd and

I — Z msd—deg(FliF;_i)FliFQS—i C (Fla F2)s N msd .
i=0
Hence m! C I* if and only if m* C (Fy, F3)® and ¢ > sd. In other words,
reg I° = max{sd,reg(Fy, F»)°}.

Finally, F}, F5> are a regular sequence of forms of degrees n +b < n + a. Hence
(Fy, Fy)® is presented by the s + 1 by s matrix

p— F2 —
-F B
—F

. F2
L —F

From this minimal homogeneous resolution one sees that

reg(F1,Fp)’ =s(n+a)+n+b—1=sd—(s—1)b+n—1. O

It is shown in [10,21,28] that the regularity of I® is a linear function of s for
all s > 0. Indeed, in our notation, the aforementioned papers guarantee that
reg(I®) = sd+ e for some non-negative integer e. From Corollary 2.11, we read the
exact value of e and the least value of s for which the above equation holds. The
answers depend on the value of p. In Section 6 we resolve each power I°; thereby
confirming the present calculations, see especially Corollary 6.8.
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Corollary 2.12. Let I be the ideal of Definition 1.5 and s be a positive integer.
(1) Ifp=1, thenregl® =sd+mn—1 for all s > 1.

(2) If p =2, then reg I°* = sd if and only if =L +1 < s.

o2
Proof. If p = 1, then the parameter b of Corollary 2.11 is equal to zero and
max{sd,sd — (s — 1)b + n — 1} is equal to sd + n — 1 for all s > 1. If p = 2,
then the parameter b of Corollary 2.11 is equal to o9 and reg [° = sd if and only if
sd>sd—(s—1)oa+n—1. O

3. Explicit generators for the defining ideal of the Rees algebra.

The main result of this section is Theorem 3.6 where we identify an explicit
generating set for the defining ideal A of the Rees algebra R(I). Adopt the data
of Definition 1.5 with

(3.1) C=p+1, or=1 y="Tp1, and x="Tppo.
In this notation, the matrix 1y of (1.6) is
Ty
o=z

Accoding to Theorem 1.11, we need to identify generators for the ideal L in S with
gK™ = 9" LA. The following minimal generating set for K(*) is calculated in [22].

Theorem 3.2. A k-tuple a = (aq,...,ar) of non-negative integers is eligible if

k
0<k<pand Y ayo, <n. Ifa is an eligible k-tuple, then f(a) and r(a) are
u=1
defined by:

k k
Z auoy + f(@)ops1 <n < Z ayou + (f(@) + 1)op41
u=1 u=1
and
k
r(a) =Y auou + (f(@) + 1)ogs —n+1.
u=1

The ideal K of A is equal to
KM = ({T“Tg_(ﬁ)’lTkH’j | a is an eligible k-tuple and 1 < j <r(a)})A,

k
where T = ] Tp4.

u=1

Remark. The empty tuple, (), is always eligible, and we have
f(0) = [%1 -1, () 201[%] —n-+1, and 7% = 1.
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Definition 3.3. Recall the polynomials ¢y, ..., ¢, of (1.8).
(a) For integers a and b with a +b < n and 0 < a, define the polynomial A, ; to be

b
Z Ca—i—kxbikyk = Caxb + Ca—l—ll’b*ly +oeee Ca-l—byba if 0 <0,
k=0

0, if b<0.
In particular g = Ag . Furthermore, A, ; is a homogeneous element of S of degree
(0,1).
(b) If 0 < a < n, then write A, to mean A, ,,—q. S0

Aa — caxn—a + Ca+133n_a_1y 4 Cnyn—a,
and A, is a homogeneous element of S of degree (n —a, 1).
(c) For each 4-tuple of non-negative indices (i, a, b, ~y) with
1<i1<p, b+1<~y<og;+1, and a+b<n,

define 7; 4 4.~ € S of degree (0,2) to be

b

Ti,a,b,y — § Ca—i—kTiq—k - CaT'i,'y + Ca—l—lTi,'y—l R Ca—l—bﬂ,’y—b-
k=0

(d)If1<i<pand 0<a<n-—o;+1, then let m; , mean m; 4.0,-1,0,41; SO i q 1S
equal to

O'ifl

E Catklioiv1—-k = Calioi41 + Cap1Tio, ++ + Cayo,—17T5 2.
k=0

(e) If (i,s,7) are non-negative integers with 1 <i < pand 1 <j<o;+1—s, then
let 7} ;s mean m; p—s s stj-

Remarks 3.4. (a) Reverse the order of summation in the polynomial ; ; ; to write

/

S
Mg = D enkDijik = camsTijrs + -+ a1 Tijn + Ty .
k=0

(b) If the non-negative integers a, b,y satisfy a + b <n and 1 <y < b, then

_ b= +1
Aa7b =z 7 Aa37_1 + y’yAa"_FWb_'Y'
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The polynomial A, of is homogeneous in z and y of degree b. This formula
amounts to the statement that every term in A, ; is divisible by either y” or z°=7+1.
At any rate, the left side is

(ca® 4+ + capra1 2" 7Y ) + (Cagr @YY 4 -+ catry?)

— xb_'Y'f'l (CaZV_l + o+ Ca—&-’y—lyry_l) + y'y (Ca+~yxb_’y + -+ Ca—i—byb_’y) ,
which is the right side.

(c) If N is negative, then the sum > is zero; if N is a non-negative integer then
a+b=N
thesum > is taken over all pairs of non-negative integers (a,b), with a+b = N.
a+b=N

(d) We calculate in S. If s; and sy are elements of S, we write s; = so to mean
that s1 — s9 € H.

Definition 3.5. For each pair (a,j), where a is an eligible tuple and 1 < j < r(a),
we define a polynomial G(q ;) in S.

(a) If 1 < j < r(0), then let

(0
G(@,j) = fj = T1,01+1—T(®)+j § : T£1T3,01+1ﬁ1,p01 + Tl,(l )7T/1,01+1—7"(®),j'
p+g=£(0)-1

(b) If (a1) is an eligible 1-tuple, and 1 < j < r(ay), then let

( f(a1) P g
T2,j+az+1—r(a1)T2,0—2+1 Z T1,1T1,01+17T1,p01
p+qg=a;—1

aq /4 q
G((al),j) =0Ga1,j = +T1,1T27j+0'2+1_7"(a1) Z T2,1T2,az+17r2,a101+p02
ptg=f(a1)—1

\ +Tf,11T2f,(1a1)7Té,ag+1—r(a1),j'
(c) If @ = (a1, az) is an eligible 2-tuple, then r(a) = 1. Let

n—a101—ax02 a2 P q
€T T2,02+1 > T1,1T1,al+17rl,pal
pt+g=a;—1

_ _ n—ai101—ax0 ai P q
G(a’l) = hay,ap = § Fa"TNILT2 2T1,1 > 1T2,1T2,02+17T2»a101+p02
ptg=az—

+Tf,11T;,2iAa1U1+a202'
(d) The ideal L of S is equal to
H + ({G(,j) | a is an eligible tuple and 1 < j < r(a) }).

We are now able to state the main result of this section. The ideal A which
defines the Rees algebra R([) was introduced in the first paragraph of section 1.
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Theorem 3.6. The ideals A and L of the ring S are equal.

Proof. In light of Theorem 1.11, we need only show that LA is equal to the A-
submodule of (g/y™) K™ of Q. This calculation is carried out in Lemma 3.10.g. [

Remarks 3.7.
(a) Observe that
1 is homogeneous of degree (0, f(0) + 2),

Gay,;  is homogeneous of degree (0,a1 + f(a1) + 2),and
ha, a, is homogeneous of degree (f(ai,a2)+1,a1 + az + 1).

et e the s-tuple (0,...,0). serve that Ggr 1) = ¢g. Indeed, 1 = 2,
b) Let 0° be th le (0 0). Ob h G(,) Indeed, if p = 2
then hoo = Agg, and if p =1, then

— p q n—1
go,1 = Ta2 E T51T55m2p + 1571 T2n—1,1,2
p+q=n—2

=z Y g%+ y" N enam+eny) =g
p+q=n—2

Observation 3.8. If a, i, and j are integers with 0 < a, 1 <i < p, 1 < j, and
jta<oi+1, then 2°Ty; = y*Tija-

Proof. The ideal

I Tivn Tio ... Tigi-1 Tio, Y
Tio Tiz ... Tis Tioir1

is contained in H. A quick induction completes the proof. [

Observation 3.9. Take 1 < i < p.
(a) If0<a<n—o;+1, then T; 120 6,1 = Y7 T 4.
(b) If0<s<mnandl1<j<o;,—s+1, thenT; ;A,,_s = ys7r£757j.

Proof. Use Observation 3.8 to see the left side of (a) is

o;—1 o;—1 o;—1
—k k — i—k k _ i
E Ca+k (xcr T; 1) Yy = § Ca+k (ya Tz’,crifk:Jrl) Yy = ya E CaJrk:Ti,aifquly
k=0 k=0 k=0

and this is the right side of (a). In a similar manner, we see that the left side of (b)
is

S S
—k\, kK -k k /
> ok (T W = o spiTijrssy® Y = 0 Tinssjes =y°m ;0 O
k=0 k=0
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Lemma 3.10.

(a) If (a1,0) and (a1 + 1,0) are eligible tuples, then T 1ha, 0 = Y7 hay+1,0-

(b) If (a1,a2) and (a1,a2 + 1) are eligible tuples, then T 1ha; ay = Y7*Pay,a+1-
(c) If (ay1) is eligible, p =2, and 1 < j < r(ay), then

oa+1—r(ai)

TZ,jhal,f(al) = y gal,j'

d) If p=2 and 1 < j < r(0), then Ty jhp@pyo =y 717D ;.

e) If p=1 and (a1) and (a1 + 1) are eligible 1-tuples, then Th 19a,.1 = Y7 Jay+1.1-
f) If p=1and 1 < j <r(0), then Th ;g70),1 = y"1+1_7"(®)fj.

g) The ideals gK™ and y*LA of A are equal.

o~ o~~~

Proof. We have

— pN—a101 P q ai
hay 0 =12 E TN TY e + T Adyoy -
pt+g=a;—1
The facts
T =y T oy 41,
_ n—(a1+1 +1
Aalol =Z ( ! )Ul Aalal,al—l + yglA(a1+1)017 a‘nd

o1
Tl,lealcrl,alfl = y 7T1,CL10’1

may be found in Observation 3.8, Remark 3.4.b, and Observation 3.9, respectively.
These facts establish (a). The same type of methods are used to prove (b). One
uses 2727151 = Y7215 5,41 in the first two summands of 15 1hg, q,. In the third
summand one uses

nfalalf(agfl)agmA

_ o2
Aoy tazor =7 a1014az02,02-1 T Y A61101+(t12-i-1)02'

Once again, Observation 3.9 yields
T2,1$Aa101+a202,02—1($7 y) — yg27r2,a101+a202-
We prove (c). Notice that

n—ayo1 — f(ay)oe = o9 —r(ay) + 1;
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hence Observations 3.8 and 3.9 yield

T2 'l,n—alal—f(al)ag 0’2—?"((11)-}—1

,J = T2,j+02—r(a1)+1y and

02—|—1—r(a1)ﬂ_l

T2>jAa101+f(a1)02 =Y 2,09+1—r(a1),j"

The proof of (d) is similar. The equality
n—f0)or=o01+1-r(0)
implies

Ty o IO =y PO g4 and

)

o1+1—r(0), s

T jA@yo, =Y T oy 4+1—r(0),5°

When p = 1, we have 09 = 1, To 1 =y, To s = x, a101 + f(a1) = n — 1, and
r(a1) = 1. We quickly calculate

/
T21,1 = Cn—12 +cpy  and T2,a10141 = Caro1+pT-
We now have

z Z YT a0 4+p + yf(al)W/Q,l,l = Agy0, and
pt+q=f(a1)—1

— N —a101 /9 q ay
Ya;,1 =T E T1,1T1,al+17rl,p01 + T1,1Aa101-
p+q=a;—1

The arguments of (a) and (d) establish (e) and (f), respectively.
We prove (g) by showing that

9T Ti1y = ¥"Gla ),
whenever a is an eligible k-tuple and 1 < j < r(a). Start with p = 2. Recall that
g =hoo and T5; = y. If @ = (a1, a2) is an eligible tuple and j = 1, then (a) and
(b) show that
TalTasz(a)T - alal—l—agog—l—f(a)—f—lh — "G
glyitoa1431 435 =Y aiaz — Y U(a,1)-

If (a1) is an eligible tuple and 1 < j < r(a;), then (a), (b), and (c) yield

T T " Ty =yt e mtontlorien g, 5= 4 Gan,ny-
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If 1 <j <r(D), then (a) and (d) yield
[} o1+01 - —
gT{ Ty = yf D7t O = yn G ).

Now take p = 1. Recall that g = go; and y = T5 1. If (a1) is an eligible tuple and
1<j<r(ay), then r(a;) =1=j and (e) gives

G T Ty 5 =y OO g =y Gla) -
Finally, if 1 < j < r(0), then (e) and (f) give
0 o1tortl-—r "
gT{ Ty 5 =/ Dtttz @ = ynG 5y, O

4. Depth, reduction number, regularity, and Hilbert function.

This section is mainly about the fiber ring F(I) = R(I)/(z,y). We compute
the depth, reduction number, and regularity of F(I). A related invariant, the pos-
tulation number of F(I), is computed in Corollary 6.9. Most of the results are
collected in Theorem 4.2; these results are proved, in a more general setting, in
[22]; see Theorem 4.3. The main result of this section is Theorem 4.4 where we
calculate the reduction number, (I), of I when p = 2. Observation 4.1 shows how
we will use the rational normal scrolls of Section 1 to calculate r(I). Theorem 4.5
is a general result connecting reduction number and Hilbert function for rings of
minimal multiplicity; it is based on the Socle Lemma of Huneke-Ulrich. Proposi-
tion 4.7 is a curious result which allows us to circumvent the characteristic zero
hypothesis in the Socle Lemma; we create a ring in which the bracket powers of the
maximal ideal are equal to the ordinary powers, independent of the characteristic
of the field.

A reduction of an ideal I is an ideal J C I with JI* = I*T! for all large i. The
reduction number of I with respect to the reduction J is

r7(I) =min{i > 0| JI' = I""}.

A reduction J of I is minimal if J does not contain any other reduction of I. The
reduction number of I is defined by

r(I) = min{r;(I) | J is a minimal reduction of I}.

Let B = ®;>0B; be a standard graded algebra over an infinite field £ with D
equal to the Krull dimension of B. The unique maximal homogenous ideal of B
is denoted by mp. Every minimal reduction of mp is generated by D linear forms
in mp. Sometimes it is convenient to write r(B) in place of r(mp). The reduction
number of an ideal I is equal to be the reduction number of the maximal ideal in

the fiber ring F(I); that is (1) = r(F(I)).
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Observation 4.1. Adopt the notation of Definition 1.5. In light of Observation
2.8, we may assume that y™1T appears in g with a non-zero coefficient. Let = mean
“lmage in A” = A/(x,y)A”. The following statements hold.

1) The ring A™ is defined by the maximal minors of a scroll matrix and the ideal

EK("))V is the n'™ symbolic power of a height one prime ideal of A .
(2) The fiber ring of I is equal to F(I) = A"/ A".

(3) The ideals A~ and (K™)"(—1) of A~ are isomorphic.

(4) The reduction number of I is equal to r(I) =r (A~ /(K™)") + 1.

Proof. Assertion (1) is essentially obvious. The ring A~ equals k[T, ..., T),]/I2(v¥7)
for
¢V_{[¢1 ¢2]7 1fP:2;
wl, if P = 1.
The ideal (K(™)~ of A is equal to

T1f,(1@)(T1,17 T ry), if p=1,
£(0) - .
Tl,l (Tl,h R Tl,r(@)) + ZO T1,1T2,1 (Tg’l, cee TZ,T‘(al))7 if p = 2;
al=

and therefore, (K(™)~ is the n'® symbolic power of the ideal of A~ which is gen-
erated by the top row of ¢»”. For (2), we have F(I) = R(I)/(z,y)R(I) and
R(I)=A/A.
We prove (3). Recall that g = g(z,y) = >, ciz" ‘y’. Recall also that the
ideals
y"AA and g(z,y)K™

of A are equal. Fix a pair of subscripts ¢, j with 1 <1i < pand 1 < j < g;. Multiply
both sides by T7";. Notice that, in A,

179 = Z ci(Tijx)" " (Tiy)' = > ci(Tijmry)"  (Tigy) = y"9(Tija1, T j)-
i=0 =0

Conclude that
y T AA =y (T jr, Ti g ) K.

The ring A is a domain and y # 0; so,

T7 AA = g(T; jyr, Ti ) K™



T1

24 KUSTIN, POLINI, AND ULRICH

The equality
M A" = g(Ti2, T (K™)

is especially interesting to us because we have arranged the data in order to know

that the monomial Tlnj'l appears in ¢g(T4 2,T1,1) with a non-zero coefficient. The

argument used to prove (1.12) shows that g(77 2,74,1) is not zero in the domain A~.

The elements T7'; and g(T72,71,1) both are regular on A”. Assertion (3) follows.
We prove (4). We have seen that

r(l) =r(F(I)) =r(A"JA7).

The reduction numbers of the two-dimensional standard graded rings A” /A~ and
A" (K (”)) " may be computed by reducing modulo two generic linear forms, see, for
example, [26] or [27]. Let k(u) be the appropriate purely transcendental extension of
k, let ¢1 and /5 be two generic linear forms in A”®yk(u), and let ~ represent image in

A" = (A" @rk(w)/(f1,€2)(A” @ k(u)). The ideals A~ and (K ()" (1) of A~ are

isomorphic because z, £1, {5 is a regular sequence in A” ®y, k(u) for every non-zero

element z in A”. We know, see for example Proposition 5.2, that A\(A"y) =m — 2
for all s > 1; so,

(A7/A7), =0 = A(A7), =m =2 «= A((KM)) =m-2

s—1

— (T/(K(n))v) =0, and

s—

A7) # 0}

r(I)=r(A"JA") =max{s | (A7/
/K@) ), £ 0} +1=r(A/(K™)*)+1. O

= max{s | (

Theorem 4.2. Adopt the notation of Definition 1.5 with n > 2.
(a) We have

2, ifp=1,

depthgr;(R) + 1 = depth R(I) = depth F(I) :{ L 0
. ifp=2.

In particular, F(I) is Cohen-Macaulay if and only if p = 1.
(b) If p=1, then

r(I) =r(mg)) =reg F(I) = ("U—_llw +1.
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(c) If p=2, then reg(F(I)) = [" =] + 1.

Remark. The value of r(I)
Proof. We apply Theorem 1.11 and Observation 4.1. The isomorphisms

R(I) =25, F()=42-, AA=EKM(-1), and A A" 2 KM (1)

=1
= r(mgy) when p = 2 is computed in Theorem 4.4.

tell us that
depth R(I) = depth A/K™ | depth F(I) = depth A~ /(K™)", and
reg F(I) = reg(A™ /A A) =reg(A A) — 1 =reg K™,

One may now read reg F(I) = [”U—_pl] + 1 from Theorem 4.3. If p = 2, then one

may also read depthR(I) = depth F(I) = 1. If p = 1, then the variable T}, is not
involved in

. T1 N Tm_g Yy - T1 N Tm_2
w_ TQ Tm—l ZI}:|, w _|:T2 Tm—1:|,
K™ or K™~ 50T, is regular on A/K™ and A~ /(K()~ and Theorem 4.3 tells
us that
depth A/(T,,, K™) = depth A /(T}y, (K™) ") = 1.

Since R(I) is not Cohen-Macaulay, it follows that gr;(R) is not Cohen-Macaulay
either by [25] and then depthR(I) = depthgr;(R) 4+ 1 by [17]. Finally, we recall
that if 7(I) is a Cohen-Macaulay ring, then reg F(I) = r([); indeed both quantities
are equal to the top socle degree of F(I) modulo a linear system of parameters. [

Theorem 4.3. Let 01 > --- > 0y > 1 and n > 2 be integers, and let P be the
polynomial ring

E{T;;11<i<{ and 1<j<o;+1}]

For each u, with 1 < u < £, let ¥, be the generic scroll matriz

N Tuqr Tu2 oo Tuey—1 Tuo,
Yu = Tuo Tus .. Tvo, Tuo,+1
Let W be the matrix
U=1[¢r | ... | %],

A be the ring P/I5(¥), and K be the ideal in A generated by the entries of the top
row of W. Then

depth A/K™ =1 and reg K™ =[] +1.

Proof. See [22]. O
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Theorem 4.4. If I is as in Definition 1.5 with p = 2, then the following statements
hold.

(a) [2] <r(I) <[24] +1.

o1

(b) If o1|n — 1, then r(I) = [ -] = [2=17 4 1.

(©) r(l) = 3] == Hgon)-([57]) 2m = 2.

Remarks. 1. The exact value of H g~ ([;-]) depends on the interaction between
the three integers o1, 02, and n, and is not difficult to calculate. One simply counts
the number of monomials of degree [ -] = f(0) + 1 that appear in the minimal

generating set for (K(™)~ listed in the proof of Observation 4.1.
2. We prove (a) now. Assertion (b) is obvious.

3. Part (a) shows that there are only two possible choices for r(I). Furthermore,
in the proof of (a), we learn a necessary condition for r(I) to take on the smaller
of the two values; namely, that (K(™))" contain at least m — 2 linearly independent
homogeneous elements of degree [Jﬂl] The proof that this condition is sufficient

(i.e., part (c)) appears at the end of this section.

Proof of (a). Adopt the notation of Observation 4.1. So, A~ = k[Ty,....T,,]/I2(¢ ")
and F(I) = A~ /A". The convention of (1.4) is in effect and each variable T; has
two names.

We first establish the inequality on the right. Let J = (T}, Ty, +1 — T, +2) and
write ~ for images in A~ = A~ /JA". Notice that Ty, Ty, +1 — Ty, +2 form a linear
system of parameters in A~ /(K (™)~; hence,

r(1) =7 (A7/(K")7) 4+ 1 < maxi | [A7/(KM)]; # 0} +1

= max{i | A ((W)J <m—2}+1.

The generators of (K (™)~ are listed in the proof of Observation 4.1. Observe that
15115 =01in A~ for 1 < j < o9+ 1, because

To1T5 5 =T1,6,4112; = T1,6,—09+j12,00+1 = 0.

Notice that all variables make sense. The first and last equations are due to J. The
middle equation always happens. So,

(KM)~ = Tlf,(lm (T, Tory) + XU (F(0) = 0)(To, - - Tow(r))] -
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Observe immediately that ((K(™)"); =0 fori < f(0) +1 = [2-] and

(A7) = Ty AT € (K™)
for i > f(0) + 1. Recall that
r(0) =01 < oilln—1) <= f(D)oy =n—1.

We now see that

f(0), if o1|(n —1),

— ' (n))~), — 921 =
r(I)—1 <max{i| A (((K ) )1> <m—2} { FO) 41, ifoy fin— 1)
hence, (1) —1 < [”0—_111

Now we establish the inequality on the left. Let ¢; and /5 be two general linear
forms in k[T%,...,T,,], J be the ideal (¢1,¢3) of A”, and ~ represent image in
A" = A" /JA . We see that /1, /> forms a general linear system of parameters in
A~ /(K™)~; hence,

F(0) < max{i | A ((KM)7);) <m =2} =7 (47 /(K™)) = (1) =1

and [ =] = f(0) +1<r(I). O

The proof of Theorem 4.4(c) will be based in the next general result relating
reduction numbers to Hilbert functions. Assume that (A, m) is a one-dimensional
Cohen-Macaulay standard graded ring over a field with minimal multiplicity e, and
L is a homogeneous m-primary ideal. In this case it is obvious that r(A/L) < s
if and only if Hz(s) > e. The purpose of the following theorem is to prove an
analogous statement in dimension two. The first difference function of the Hilbert
function is denoted A H and is defined by A Hps (i) = Hps(4) — Has (3 — 1).

Theorem 4.5. Let (A,m) be a standard graded domain over a field k. Assume
that A is a two-dimensional Cohen-Macaulay ring with minimal multiplicity e. Let
s be a positive integer and L be a homogeneous ideal of A with dim A/L = 1. Let ¢
be a generic linear form defined over a purely transcendental extension field k' of k
and assume that, after making a possible further field extension k" of k',

(4.6) m® C ({v° |y € A @k k"}) + (L, 0).

One has
r(A/L) < s <= (AHL)(s) > e.
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Remark. The hypothesis (4.6) is automatically satisfied if the characteristic of k is
Z€ero.

Proof. We replace A by A ®; k’. This does not change the reduction number of
A/L according to [26]. Write ~ for images in A = A/(£). Notice that A is a domain
by [15] and r(A/L) = r(A/L) again by [26], whereas AHy = Hy, ;. Moreover,
A/L is an Artinian ring. We need to show that Ly = A, if and only if Hy, /1, (s) > e.
Since H4(s) = e it remains to prove that Hz(s) > e if and only if Hy /o1 (s) > e.
As Hz(s) < Hp g1 (s) it suffices to show that if Hy /,7,(s) > e then Hz(s) > e.

If A/L has a nonzero homogeneous socle element of degree j < s, then zm C L
for some homogeneous nonzero element z € A of degree j. Hence Hz(s) > H,m(s) =
Hx(s — j) because A is a domain. Clearly Hy(s — j) = e since s — j > 1, which
gives H7(s) > e.

Thus we may assume that the socle of A/L is concentrated in degrees > s. For
the remainder of the proof we do not need anymore that A is a domain, thus we
may extend the ground field to assume that condition (4.6) holds. We wish to apply
the Socle Lemma [18,Cor. 3.11(i)] to the exact sequence

0— (L:¢/L)(—-1) — A/L(-1) — A/L — A/(L,0) = Z/Z — 0.

The statement of the Socle Lemma requires that the field have characteristic zero;
however, this hypothesis is only used in order to ensure that condition (4.6) is
satisfied. Also, the Socle Lemma requires ¢ to be a general linear form, but the
proof also works for generic linear forms, see [18, Prop. 3.5]. So the Socle Lemma
may be applied in the present situation. In our setting it says that if the socle
of A/L is concentrated in degrees > s then so is L:¢/L. Thus we can write
L:¢ = L 4+ K with K a homogeneous A-ideal concentrated in degrees > s. It
follows that LN (¢) = ¢(L:¢) = (L + (K. Therefore [L N (¢)]s = [(L]s, which gives
[L]s = [L/(¢L)]s. Thus Hy(s) = HL/gL(S) >e. O

In the next proposition we show that the homogeneous coordinate ring of any
rational normal curve satisfies assumption (4.6) regardless of the characteristic. If
one is only interested in characteristic zero, then Proposition 4.7 may be skipped.

Proposition 4.7. Let k' be the field of rational functions k(A1,..., ) in ¢ vari-
ables over the field k and let k" be any extension field of k' for which the polynomial

Pz) =2 = A ' — oo = dow — Ny

splits into linear factors. Let A be the standard graded algebra k" [Ty, ..., T.|/I2(v),
where 1 is the scroll matrix
T 1Ty ... T. 1.
Y=l 1 ... T Y AT
i=1
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Then there exist homogeneous linear forms vi,...,v. in Ay such that vi,..., v] is

a k" -basis for Ag for all s > 1.

Proof. Recall that A is a one-dimensional standard graded ring of minimal mul-
tiplicity and T3 is an A-regular linear form. (Some readers will find Proposition
5.2 to be helpful at this point.) Hence for any s > 1 one has dim A; = ¢ and
Tf_lTl, .. ,Tf_lTC form a basis of A;. Once we have identified suitable candi-
dates for vy, ..., v., then we need only verify that v{,...,v] are linearly indepen-
dent. Ultimately, we pick v1,...,v. to be a basis for A; which yields a simultaneous
diagonalization of all of the linear transformations ¢; = T} 1Tj: A — Ay

Let k' C k" be the splitting field of P(z) over k. Since A1, ..., A, are variables
over k, the polynomial P(z) has ¢ distinct roots. In particular, the field extension
k' C k' is separable.

The matrix representation of the endomorphism o = 17 Ty Ay — Ay with
respect to the basis T7,... ,T, is
0 Ap

1 0 - .
1

.0 -

i 1 A
This being a companion matrix it follows that the minimal polynomial of ¢, is
P(x), which has ¢ distinct roots in k. Thus ¢ is diagonalizable over k" with
eigenvectors, say, v1,... ,Uc.

On the other hand, for 2 < j < c one has T'T; = T5T;_1, hence ¢; = pap;_1.
Thus one sees by induction on j that vq,...,v. are eigenvectors for every ¢;. In
other words, there exist «; € k" with

j—1
Tj’l)i = Oé‘z7 Tlvz- .

Thus, mv; C ATyv; for 1 < i < ¢, and then m*~ly; C ATf_le-. In particular,
vi € AT vy, say

(4.8) vi = BT My

for some 3; € k.

Recall that k'[Ty,... ,T.]/I2(¥) is a domain and k' C k" is a separable field
extension. Therefore A is reduced, hence v$ # 0, which gives §; # 0. Since 777! is
a non zerodivisor and (; are nonzero scalars, (4.8) shows that v{,... ,v? are indeed
linearly independent over k& and therefore also over k”. [
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Proof of part (c) of Theorem 4.4. Start with the ring A~ and the ideal (K(™)~ of
Observation 4.1. From Theorem 4.4 (a) and Observation 4.1 we know that

(2] < (1) = r(A7J(K™)") +1.

o1

Hence it suffices to show that
r(A7/(KM)7) < [2] <= Hgm)-([Z]) >m-2.

First assume that Hx(n)y- ( (Uﬂl}) > m—2. Let £ be the linear form T} 5,41 —T%1
of A, and let ~ denote images in the ring A~ = A~ /({). Clearly ¢ is a A"-
regular element. Recall that Ty ,, 11 is regular on A /(K(™)", see [22, the proof of
1.4]. Furthermore Ty is an element of K and hence its image in A~ /(K())~
is nilpotent. Therefore ¢ = Tj ,,41 — T>1 is regular on AV/(K(”))V. It fol-
lows that Hoey= ([21) = AHgm)y- ([ 1) However, (K(™))~ is concentrated
in degrees at least f—J and therefore AH(K(n))V((%D H gy~ ([551) - On the

other hand, r(A~/(K(™)") > r(A”/(K™)~). Hence, it suffices to prove that if
Hzgmy=(1551) = m — 2, then r(A7/(K™)7) < [Z]. For this we wish to ap-

ply Theorem 4.5 to the integer [ 2] and the ideal (K()~ of the ring A”. No-
tice that A~ is the homogeneous coordinate ring of a rational normal curve. In
particular, it is a two dimensional Cohen—MEaulay domain with minimal multi-
plicity m — 2. By Proposition 4.7 the ring A~ satisfies condition (4.6). Further-
more, (K(™))" is a homogeneous ideal with dim A~/(K(™))~ = 1; thus, Theorem
4.5 implies that (A~ /(K(™)") < <[] if AH(K(n)) ([2-1) = m — 2. But again,
AH(K(H)) ([2=1) = H(K(n)) ([251). This completes the proof of the first implica-
tion.

Conversely, assume that (A~ /(K(™)") < [7-]. Now let A~ denote the ring ob-
tained from A~ by a purely transcendental extension of the field k and by factoring
out two generic linear forms. Write (K()” = (K(™)"A". Since A /(K™Y has
dimension two it follows that r(A~/(K™)") = r(A"/(K(™)"), see [26]. There-
fore (A~ /(K™)") < < [2]. Because A7/(K™)" is Artinian and A~ is a one-
dimensional standard graded Cohen-Macaulay ring with minimal multiplicity m—2,
we conclude that HW([%D = Ha=([+1) = m — 2. Clearly,

Higeny-([251) = HW([%D

Hence indeed Higey-([35]) 2m—2. O
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5. Eagon-Northcott modules.

Let I be the ideal of (1.1). In Theorem 6.1 we record the graded betti numbers
in the minimal homogeneous resolution of I® for all s. The main step in the proof
of this Theorem is the calculation of A(I) for all positive integers s and 3 and we

do this by calculating A((S/H),s)) and )\(K((Z)S)) for each bi-degree (u,s). The
S-module S/H is resolved by an Eagon-Northcott complex and we have identified a
filtration {&,} of K(™ so that each factor & /Dq is an “Eagon-Northcott module”,
in the sense that is resolved by an Eagon-Northcott complex. See [2, Section 2C]
or [11, Section A2.6] for more information about these modules and complexes.
We define the Eagon-Northcott modules in Definition 5.1. The Hilbert function of
each Eagon-Northcott module, in the standard graded case, is given in Proposition
5.2. Lemma 5.4 and Corollary 5.5 show how to compute the Hilbert function
of an Eagon-Northcott module in a bi-graded situation. The main result of the
present section is Proposition 5.6, where we record the formula for A((S/H)(y,s))

and A ((€a/Da)(u,s)) for each eligible tuple @ and each bi-degree (u, s).

Definition 5.1. Let P be a ring, ¥ and F' be free P-modules of rank 2 and ¢,
respectively, and ¥: F' — E be a homomorphism of P-modules. Define the Eagon-
Northcott module EN[¥, P, r| by

coker(E* @ N\°F — F) ifr=—1
EN[Y, P,r| = ¢ P/I(P) ifr=20
Sym,. (coker V) if 1 <r.

The defining map for EN[U, P, —1] sends u ® v to [¥*(u)](v). When there is no
ambiguity about the ring P, we surpress the P and write EN[¥,r| in place of
EN[¥, P, r].

Convention. We define the binomial coefficient (z) for all integers ¢« and j by

Y (i1
Jj—1--(G—i+1) 0 <,

j 7!
(Z) = 1 if 0 =4, and

0 if+ <0.

If ¢ and j are integers with 0 < j, then (i) = (J]_ Z) If 7 is a nonnegative integer,
then (—11) = (—1)%
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Proposition 5.2. Let P be a standard graded polynomial ring over a field and let
¥ be a 2 X ¢ matriz of one-forms from P. Assume that ht I3(¢)) = c— 1 and let D
be the Krull dimension of P/I5(1)). If r and s are integers, with —1 <r < c—1,
then

D -2 D -2
(5.3) MEN[S, 7]s) = (r + 1) (3 * ) + c(s + >
s s—1
Remarks.
1. Notice that both sides of (5.3) are zero when s < 0.
2. If D =0, then the right side of (5.3) is equal to
r—+1, if s =0,
c—(r+1), ifs=1, and
0, 2 <s.

3. If D =1, then the right side of (5.3) is equal to

r+1, if s=0, and,
c, if1<s.

Proof. The proof is by induction on D. Start with D = 0. In this case, the number
of variables in P is equal to ht I5(1)) = ¢ — 1. In particular, A(P;) = ¢ — 1. Let
F = P(-1)¢ and E = P?2. We view v as a map ¢: F' — E. First, fix »r > 1. In this
case, EN[1, r] is minimally presented by

Sr1E®F — S, E — EN[y,r] — 0,
which is the same as
P(—1)" — P™ — EN[,r] — 0.
It is clear that A(EN[¢,7]o) = 7 + 1. One may read that
MEN[Y,r]1) = (r+ DA(P) —reN(Py) =c— 1 —.
We know that I5(1)) kills EN[¢, r]. However, I5(1)) is equal to the square of the
maximal ideal of P (notice that I5(¢) C m? and both ideals of P are minimally

generated by (5) elements of P»), and EN[¢,r] is generated in degree zero; so
EN[¢,r]s = 0 for all s > 2.
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It is very easy to see that the assertion is correct for » = 0. We now consider
r = —1. The module ENJ¢, r] is minimally presented by

E*® N°F — F — EN[,r] — 0,

which is the same as

c

P(=2)%(2) — P(=1)° — EN[¢, ] — 0.

We can now read that

0, if s =0,

MEN[Y,r]s) =< ¢, if s =1, and

cA(Pr)—2(5) =0, ifs=2.
Once again, all of the generators of EN(1, r) have the same degree. As soon as we
know that EN[¢,r]a = 0, then we know that EN[¢, r|; = 0 for all s > 2.

Now we treat positive D. Suppose that the element x of P is regular on P/I5(1)).

Let P be P/(z) and ¢ be ¢y @ p P. The module ENJr, 1] is perfect (in the sense of

[1, Def. 1.4.14]) and has the same associated prime ideals as P/I5(1)). It follows
that

0— EN[@D, T‘](—l) = EN[wa T‘] - EN[@ZaT] —0
is an exact sequence; and therefore A(EN[y), r]s) = ZS: AMEN[p,7);). O
i=0

We now study the Hilbert function of the Eagon-Northcott modules in a bi-
graded situation. The main algebraic tool is Lemma 5.4, which has nothing to
do with grading. In Corollary 5.5, we apply Lemma 5.4 to the bigraded case of
interest.

Lemma 5.4. Adopt the notation of Definition 5.1. Assume that F = F' & F" for
free modules F' and F" where F" has rank 1. Let V': F' — E be the restriction of
U to F' and V": F"" — E be the restriction of ¥ to F". Assume that

grade I5(V) > ¢ — 1.
If 0 <r < c—1, then there is a short exact sequence
0 — EN[V,r — 1] ® F"" % EN[W,r] 5 EN[¥, 7] — 0,
where m is the natural surjection and

m - U (v) for1 <r

“m@v) = { A U(mAv) forr=0.
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Proof. Recall that the Eagon-Northcott complex that is associated to EN[W, 7] is
EN[V, r|e with

Sym, ,E®@A\'F if0<p<r

ENw, r|, =
2.l {Dp_TE*®/\p+1F if r+1<p.

Recall also, that if grade Io(¥) > ¢ — 1, then EMN[Y, r|, is a resolution of EN[V, r].
In the present situation, the decomposition F' = F’ @ F” induces a short exact
sequence of modules

0—>/\pF/—>/\pF—>/\p_1F/®F”—>O,

for all p. Furthermore, these short exact sequences of modules induce a short exact
sequence of complexes

0 — EN[T,r]e — EN[T, 7], — EN[V' 7 — 1][-1] R F" — 0,
for all ». The corresponding long exact sequence of homology includes
Hy (N[, 7]s) — EN[V',r — 1] ® F” = EN[¥,r] = EN[¥,7] — 0.

The hypothesis grade I5(V) > ¢ — 1 ensures that Hy (EN[V,r]s) =0. O

Corollary 5.5. Retain the hypotheses of Lemma 5.4. Suppose that the ring P
is equal to P'[x,y] where P’ is a standard graded polynomial ring over the field
k and x and y are new variables. View P as a bi-graded ring. The variables x
and y have degree (1,0). Fach variable from P’ has degree (0,1). Suppose ¥' is a
(¢ — 1) x 2 matriz of linear forms from P’ and V" = [V]. Let R be the standard
graded polynomial ring klz,y|. If (u,s) is any bi-degree and r is any integer with
0<r<c, then

AEN[, P, 7](y.5)) = MROXNEN[Y, P’ r]s) — M(R(=1)o )AMEN[Y', P/, r — 1]5).
Proof. Apply Lemma 5.4 to obtain the short exact sequence
0 — EN[W' P,r —1](—1,0) — EN[V' P,7] — EN[¥, P,r] — 0.
We have P = R®j, P’. The map ¥': P(—1)""2 — P2 is the same as

1®¥': Ry P'(-1)""2 = R®, P’
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and therefore, EN[V/, P,r] = R ®; EN[V’, P’ r]. It follows that

)‘((EN[\IJ7P7 T])(u,s))
= AM(R @, EN[¥', P",7])(u,5)) — A(R(—1) @ EN[¥', P', 7 — 1]) (4 )
— AROAEN[Y, P, 1]s) = M(R(=1))AEN[Y', P, —1],). O

The rest of this section is devoted to proving Proposition 5.6. Adopt the notation
of Definition 1.5 with (3.1). Recall the notion of eligible k-tuple @ = (aq,...,ax),
as well as f(a) and r(a), from the statement of Theorem 3.2. In [22] we put a total
order on the set of eligible tuples. For eligible tuples b > a we define ideals & C &,
of A by induction. There is no convenient way to denote the eligible tuple which is
immediately larger than a particular eligible tuple a; consequently, we define two
parallel collections of ideals {&€,} and {D,} simultaneously. The ideal Dy is equal

to zero. If a is an eligible tuple of positive length, then Dy, = > &. If @ is an
b>a
arbitrary eligible tuple, then

Ea = Dq + TaT,i(L?yl(TkH,l, oy Tit,0(a))
We have a filtration of K(™):
(0) G & G- G Eger = KW,

where 0° is the s-tuple (0,...,0). It is also shown in [22] that the factor module
Ea/ D, is isomorphic to the Eagon-Northcott module

EN[¢>I€7 S/Pka T(a’) - 1](_ta)7
where 1~ is the submatrix [¢gr1 -+ ] of ¢, Py is the ideal
Py =k{Ti; |1<i<Fk,1<j<o0:}]

of S, and t, is the twist

k
(0, > au+ fla) +1), ifk<p,
u=1

ta =

U@%Hﬁiaw, if k= p.

u=1
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Proposition 5.6. Adopt the notation of Definition 1.5 with (3.1). Let (u,s) be an
arbitrary bi-degree.

(a)

(/) =30 () =2 (1)) e (07

(b)

(D) = {0 PO + 0 D60
0 0)(u,s =
(u,5) —AMR(=1)u) [(r(@) - 1)(33{0)()@21) + (m— 2)(;;{@()@22)}

(c) If a = (a1) is an eligible 1-tuple, then \ ((&E/Da)(u,s)) is equal to

{ x(a1 < s)A(R(aro1 —n)u), ifp=1, or

AMRy)(aro1 —n+ 14+ 02(s—aq)) _
O O v I Lot

(d) If a = (a1, a2) is an eligible 2-tuple then

A <(5a/Da>(u,s)> =x(s = a1 + az) A(R(a101 + azo9 — n)y).

Proof. For (a) and (b) we apply Corollary 5.5 with P’ = k[T1,...,T,,] and ¥’ equal
to the first m — 2 columns of 1. Thus,

AM(S/H)(usy) = AM(EN[, 5, 0]) u,5))
= MR)AEN[W, P',0]) — A(R(—1),)ANEN[W, P/, ~1];)

and

A ((€0/DPp)(u,5)) = A ((EN[¢, S,7(0) = 1)(0, = f(0) — 1)) (u,5))

:{ AR )A ((EN[U', P7r(0) = 1](=£(0) — 1))s)
“AR(=1).)A (EN[Z', P/, (0) — 2)(~ £(8) — 1)).).

Apply Proposition 5.2, with ¢ = m — 2 and D = 3, to establish (a) and (b).
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Take @ = (a1) to be an eligible 1-tuple with p = 1. Apply Corollary 5.5 with
P’ = k[T,,] and ¥’ equal to the zero map. In this case, r(a) = 1, f(a)+1 = n—ajo0q,
EN[0, P’,0] = P', and EN[0, P/, —1] = 0. We have

A (€a/Pa)u) = M ((EN[[2] . P51, 0] (aon — o))
= MR(aro1 — n) ) MNP’ (—a1)s).
If a = (a1,a9) is an eligible 2-tuple, then p must equal 2, r(a) = 1, f(a) + 1 =
n—aioy — axos,
A ((ga/Da)(u,s)) = A ((EN Hi] ,k[ilf,y], O] (alal +az02 —n, —ay — a2))(u,s)>
= M R(a101 4+ az09 — n)y ) A(k(—a1 — az)s).

Finally, let @ = (a1) be an eligible 1-tuple with p = 2. Apply Corollary 5.5 with
P =k[Tyq,..., T2 5,+1] and U’ = 1) to see that

A ((ga/pa)(u,s)) =A <(EN [[wQ ¢3] 7Pl[x7y]7 T((l) - 1] <O7 —ai — f(a') - 1))(u,s)>

_ { ARy )A ((EN[thy, P',r(a) —1](—a1 — f(a) — 1))s)
—AR(=1)u)A (EN[¢p2, P',r(a) — 2](—a1 — f(a) = 1))s).-

Apply Proposition 5.2, with ¢ = g5 and D = 2, to complete the calculation. [J

6. The resolution of I°.

We resolve every power of the ideal I of Definition 1.5. Our answer is expressed in

terms of the parameter “a”, which is equal to the number of non-linear columns in

the matrix which presents I°. The resolution depends on the shape of the partition
o which corresponds to I.

Theorem 6.1. Let I be the ideal of Definition 1.5 and s be a positive integer. The
minimal homogeneous resolution of I° has the form

0— R(—sd— 1)’ ®F — R(—sd)® — I* -0,
with by = b+ a + 1.

a—1
(1) If p=1, then F = > R(—sd+uoy —n), b=sd+ (§)o1 — an, and

u=0
a = min {s, [”0—_11—‘ } .
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a—1
(2) If p=2 and 01 > 03, then F = > R(—sd+ u(o1 —02) + (s — 1)o2 — n),
u=0
b= s(d+ aos) + (3) (01 — 02) — a(n + 02), and
min {s, {—n_(j:_li‘:rl-‘ } , ifs < ”0—_22 +1,
a =
0, if L +1<s.

(3) If p=2 and 01 = 03, then F = R(—sd + (s — 1)o2 — n)?,

s, ifs§”0—_22+1 and

b=s(d+aos) —aln+o and a=
( 2) — a(n+02) {0, if =l 41<s.

Remark. It is worth noting that the non-linear columns in the presenting matrix
for I all have the same degree for o1 = o2; however, these columns have distinct
degrees in other two cases.

Proof. The ring S is bi-graded and the quotient map
S — S/A=R()

sends Sy s) & R I°t° =1

/\( Z—i—ds) = A((S/A)(u,s))v

and, for all integers s and 3,

A7) = A(S/A) 5-ds,s))-

4t°, where d is the degree of the generators of I; so,

The short exact sequence
0—-A/H—S/H—S/A—0
gives
A((5/A)2) = A(S/H)z) — A((A/H)z).

The element g/y™ of the quotient field of A = S/H has degree (0, 1), since g has
degree (n,1) and y™ has degree (n,0), and the isomorphism g/y": K™ — AA of
ideals satisfies )‘(K((Z)sq)) = M(A/H)(y,s))- It follows that

MI) = M(S/H) (5-ds.6)) = MEL oo 1)):
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We have identified a filtration
{€a | a is an eligible tuple}

of K(™: thus

(62) )‘(I;) = )‘((S/H)(g—ds,s)) - Z A ((Ea/Da)(g—ds,s—l)) .

Each length on the right side of (6.2) has been calculated in Proposition 5.6. We
have

(63) )\(I;) = bg)\(R(—Sd)j) - Nl)\(R(—Sd - 1)3) — NQ
for

> x(a1 + a2 = s — 1)A(R(—sd + a101 + asos — n);), if p=2,
(a1,a2) eligible

Y. x(a1 <s—1DAR(=sd+ ar01 — n);), if p=1,
(a1) eligible

Ny =

and integers by and Nj. (There is no difficulty in recording the exact values of by
and N7, but this is not necessary.)

When p = 2, we simplify Ny by replacing as with s —1 — a;. The parameter a;
must satisfy:

0<a;<s—1 and ajo1+(s—1—ay)o2 <n.

Thus,

(6.4) No = NiA(R(—sd — 1)) + N
s—1

for NJ = > x(a1(o01 —02) + (s — 1)og —n=—1) and
a1=0

s—1
Né/ = Z X(al(O'l — 0’2) + (S — 1)02 —n< —2))\(R(—sd+a1(01 — 0'2) + (S — 1)0’2 — n)é)

a1=0

s—1
When p = 1, we write Ny in the form (6.4) with Nj = > x(a101 —n = —1) and

a1:0

s—1
Ny = 3" xlaror —n < —2)A(R(=sd+aio —n),).

a1:0
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Let b = N7 + N). Apply Lemma 6.6 to see that the minimal resolution of I° is
0— R(—sd— 1)’ ®F — R(—sd)® — I* =0,

for I equal to
s—1
> xlai(o1 = 02) + (s — 1oy —n < =2)R(—sd + a1 (01 — 02) + (5 — 1)oz — 1),
a1:O
if p=2;or
s—1
Z x(a101 —n < =2)R(—sd + ajo1 — n),
a1:0
if p =1 . Notice that the rank of F is equal to the number of non-linear columns
in the presenting matrix for I°. We next express F in a more transparent manner.
When p = 1, the constraint a;01 — n < —2 is equivalent to

n—2 n—1
01 01

and

for a = min{s, {”0—_11—‘ }.
Take p = 2. The parameter a; is non-negative; so, [F is zero if "0—_21 +1<s. We
think about s < ”0—_22 + 1. If 09 = 01, then x((s — 1)oy —n < —2) =1 and
s—1
F = Z R(—sd+ (s —1)og —n) = R(—sd + (s — 1)oy — n)®.

CL1:O
If o1 > 09, then

ai(o1 —o2) + (s —1)og —n < =2 <—

" V_(S_l)az_QJ _ [n—(s—l)og—l—‘ o

01— 02 01— 02

a—1
and F= Y R(—sd+ai(o1 —o02)+ (s —1)og —n), for

a1:0

{ min{S, [—n_(jl_,l,),zrﬂ } , §< ng—_f + 1,
a =

0, if p=2, 21 +1<s.
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Finally, we see that the values of by and b are completely determined by a.
Indeed, rank is additive on short exact sequences; so, bg = b+ a + 1. Also, I° is
generated by the maximal minors of the matrix which presents I°. In other words,
sd is equal to the sum of the column degrees of this presenting matrix; that is,

(6.5) b=sd+ :12:0@1(0’1 —02) + (s —1)o2 —n)
= sd + (‘2‘)(01 —03)+ (s —1)oea —na. O

Lemma 6.6. Let M be a homogeneous module of projective dimension one over
the standard graded polynomial ring R. Suppose that all of the generators of M
have degree D. Suppose further that by, by and t1 < to < --- < tp, are integers
which satisfy D < t1 and

by
AMM;) = boA(R(=D);) = Y AR(~t,);)
i=1
for all integers 3. Then the minimal homogeneous resolution of M has the form

b1
0 — & R(~t;) = R(—=D)* — M — 0.
=1

Proof. The hypotheses ensure that the minimal homogeneous resolution of M has
the form

(2

b,
(6.7) 0— EPR(-t;) = R(—-D)% — M — 0
=1

for some integers bf, b}, and t) <t} <-.- < tg,l with D < t]. Use (6.7) to compute
the Hilbert function of M} so

b1
bOAR(=D);) = D_A(R(=ti);) = BA(R(=D);) = 3 MR(=t),),

for all integers 3. It follows that the free modules
b} b1
F=R(-D) @ @ R(—t;) and F =R(-D)"* &P R(-t;)
i=1 i=1

have the same Hilbert function. This forces the free R-modules F and F’ to be
equal; in other words, they have the exact same twists: by = by, by = b}, and t; = ¢,
for all . OO

The first two assertions of the following result may be read from the resolution
of Theorem 6.1. A different proof of these results may be found in Corollary 2.12.
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Corollary 6.8. Let I be the ideal of Definition 1.5 and s be a positive integer.
(1) Ifp=1, thenregl® =sd+mn—1 for all s > 1.

(2) If p=2, then reg I®* = sd if and only ang_—; +1<s.

(38) The following statements are equivalent:

(a) I° = (z,y)*,
(b) the minimal homogeneous resolution of I° has the form

0 — R(—sd —1)""! = R(—sd)® — I* — 0,

for some b,
(c) p=2 and”a—;l—klgs, orp=1andn=1, and
(d) a=0.

(e) regl® = sd.

Proof. We prove (3). The trick (6.5) shows that (a) and (b) are equivalent. The
parameter a is equal to the number of non-linear columns in the presenting matrix
for I°, so (d) and (b) are equivalent. The equivalence of (d) and (c) may be read
from Theorem 6.1. Assertions (1) and (2) show that (c) and (e) are equivalent. [

Let B be a standard graded algebra over a field and let gg(s) be the Hilbert
polynomial of B. It follows that qg(s) = A(B;) for all large s. The postulation
number of B is

p(B) = max{s | gp(s) # A(Bs)}-
Corollary 6.9. If I is given in Definition 1.5, then
(24, if p=2,
(2] -1, ifp=1.

p(F()) ={

Proof. The Hilbert function and the Hilbert polynomial of F(I) may be read from
Theorem 6.1: Hz(j)(s) is equal to “by”, written as a function of s and

arin(s) = {

for a = (”0—_111 The calculation of p(F(I)) when p = 2 is explicitly given in
Corollary 6.8. A similar calculation is used when p =1. [

sd+ (3)o1 —an+a+1, ifp=1,
sd+1, if p =2,
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