OPERATOR-VALUED MARTINGALE TRANSFORMS AND R-BOUNDEDNESS

MARIA GIRARDI AND LUTZ WEIS

ABSTRACT. Banach space X-valued martingale transforms by a B(X)-valued multiplier sequence
are bounded on L,(X), where 1 < p < oo and X is a UMD space, if and only if the multiplier
sequence is pointwise R-bounded. This is also true for unconditionally convergent martingales in
arbitrary Banach spaces.

1. INTRODUCTION

Let X be a Banach space. The martingale transform of an X-valued martingale {f,}nen by a

R-valued, predictable, uniformly bounded sequence {v,}, .y is the martingale {g, }nen where

gn = kadk and fn = de : (1.1)
k=1 k=1

0 {dp }nen is the martingale difference sequence of { fn }nen.
Burkholder [6] introduced UMD (unconditionality property for martingale differences) Banach
spaces: for 1 < p < oo, the UMD constant of X is the smallest 3, (X) € [1, 00] so that

for each X-valued martingale difference sequence {d, },y with respect to some filtration {F, },en,
choice {e, }nen of signs from {£1}, and m € N. A Banach space X is UMD provided that its UMD
constant is finite for some (or equivalently, by Pisier [29], for each) p € (1, c0).

In this setting, the underlying probability space (unless it is nonatomic) and filtration must
vary. Burkholder [6] showed that (1.2) holds, with the same constant (3,(X), if one replaces the
choices {e,}, oy of signs by {F,}-predictable sequences {v, },y of functions valued in [-1,1].

Over the years, the interplay between probability and harmonic analysis has been very fruitful
(see, e.g., [10, 11]) Indeed, the study of the martingale transform uses, for example, Doob’s mazimal
function (f*(w) = sup,, |fn (w)|) and the square function (Sf = (3 ,cn |d,|?)/?). Also [4, 8], X

Date: 16 October 2004.

2000 Mathematics Subject Classification. 60G42, 46B20, 46E40.

Key words and phrases. Operator-valued martingale transforms, R-boundedness, UMD.

Girardi is supported in part by the National Science Foundation Grant DMS-0306750 and the Deutscher Akademis-
cher Austausch Dienst Gastdozenten Programm. She thanks Universitdt Karlsruhe, which is where this paper was
written. Weis is supported in part by Deutsche Forschungs Gesellschaft Az We 2847/1-1.

1
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has UMD if and only if the Hilbert transform is bounded on L, (R, X') for some (or equivalently for
each) p € (1, 00).

Martinez and Torrea [27] studied operator-valued martingale transforms where the multiplier
sequences {vn},cy are valued in B (X,Y) instead of R. They derived a theory that parallels the
R-valued case. For example, they obtained a martingale version of the well-known theorem of
Fefferman and Stein [17] for Hardy-Littlewood maximal operator.

However, they did not give a criteria on a fixed B (X, Y’)-valued multiplier sequence {v,},cy to

ensure that, for some C), € R,

for each admissible X-valued martingale difference sequence {d,},y and m € N and for some (or
for each) p € (1,00). This paper gives such a criteria, in which R-bounded plays a key role. Indeed,
Theorems 3.2, 3.3, and 4.1 led to the following crystallizing corollary.

Corollary 1.1. Let (2, F, u) be a probability space with filtration {Fn}, ey, and p € (1,00). Let X

and Y be UMD spaces. Let {vn}, o be a B(X,Y)-valued {F;, }-multiplier sequence.
(A) For arbitrary filtrations, the following are equivalent.
(1) There ezists R, € R so that Ry, ({v, (w) : n € N}) < R, for a.e. w € Q.
(2) There ezists Cp € R so that for each (uniformly bounded) X -valued martingale differ-
ence sequence {dy},, with respect to some subfiltration {fn}m . of {ﬁn}neN, where

((Al,]?, ﬁ) is an extension of (0, F, ),

n=

> ndn < Gyl dn
n=1 Lp(QY) n=1 Lp(Q,X)

(B) For atomic filtrations satisfying (4.1), the following are equivalent.
(1) There exists R, € R so that R, ({v, (w) : n € N}) < R, for each (or equivalently, for
a.e.) w € Q.
(2) There ezists Cp € R so that for each (uniformly bounded) X -valued martingale differ-

ence sequence {dy,},_, with respect to some subfiltration {Fn}"_; of {Fn},ens

n=1
Yudi| < GYd,
n=1 Lp(Q,Y) n=1 Lp(9,X)

If (1) holds, then Cy in (2) can be taken to be By(X)By(Y) Ry,. If (2) holds, then R, in (1) can

be taken to be Cp,. (Needed definitions and notation to come.)
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R-boundedness was introduced by Berkson and Gillespie in [2]. The notion grew out of work
of J. Bourgain on vector-valued Fourier transform [5] and has been central to recent results on
operator-valued Fourier multipliers and singular integrals with operator-valued kernels on Bochner
spaces (e.g. [1, 20, 19, 33]). Through these tools, R-boundedness became important for maximal
regularity of parabolic differential equations (e.g. [13, 14, 25, 33]) and the holomorphic functional
calculus of sectorial operators (e.g. [21, 22, 25]). Results of the present paper are especially useful
for the theory of stochastic integration on Banach spaces, which recently was developed in [31]
and [32]. For more information on R-boundedness and its properties, see [12, 18, 25].

This paper is organized as follows. Section 2 collects the needed definitions and notation. The
main results are in Sections 3 and 4. Section 5 gives further corollaries to these main theorems.

Section 6 gives a technical proof of a lemma needed in Section 4.

2. DEFINITIONS anp NOTATION

Throughout this paper, the Banach spaces that appear are over the fixed scalar field of either
the real or complex numbers. X, Y, and Z are Banach spaces. B (X) is the closed unit ball
of X while S (X) is the unit sphere of X. The space B (X,Y’) of bounded linear operators from X
into Y is endowed with the usual operator norm topology. ([0,1], M, m) is the usual Lebesgue
measure space. (€, F,u) is an arbitrary (complete) probability measure space; corresponding to
it is the usual Bochner-Lebesgue space Ly, (€2, X) of measurable functions from Q into X with
finite L, (€2, X)-norm where 1 < p < oco. A sequence {d,}nen of functions from Q into X is
uniformly bounded (by M € R) provided

sup sup ldn (W)]lx <M .
Following Burkholder [7], a sequence {d,, }/"_, of functions in L, (2, X) is called 7-unconditional in
L, (Q, X) provided

<7
LP(Q7X)

n=1 n=1

for each choice {e,}"; of signs from {£1} and choice {\,}"; of scalars.

N is the set of natural numbers while Ng = N U {0}.

Lp(9,X)

Let (2, F, 1) be a probability space with a filtration {F,},cn, (€., {Fn},en, is a nondecreasing
sequence of sub-o-fields of F). Let m € NU {oo}. A sequence { f,},-, of functions from Q into X
is a martingale with respect to {F,},"; provided f, € L1 ((Q, Fp, 1), X) and E (fp41 | Fn) = fn

for each admissible n. A sequence {d,}," ; of functions from § into X is a martingale difference
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sequence with respect to {F,}"_; provided dy, € Ly (R, Fy, 1), X) and E (dp41 | F) = 0 for each

m

n—1 and martingale

admissible n. There is a one-to-one correspondence between martingales { f,,}

difference sequence {d,}" ; given by
fn = de and dn:fn_fn—l
k=1

where fop = 0. Note that for a finite (i.e. m € N) X-valued martingale difference sequence {d,} ",
and p € [1,00), each d,, is in Ly, (2, X) if and only if Y °7" | dy, is in L, (2, X). A sequence {v,}, oy
of functions from Q into Z is predictable with respect to {Fp}, oy, (in short, {F;}-predictable)
provided v, is F,_1-measurable for each n € N. Note that if {v,},en is predictable with respect

to {Fn},en, then it is predictable with respect to each subfiltration (i.e. subsequence) {Fj, }
of {fn}neNo-

n€ENg

Definition 2.1. To ease the statements of theorems to come, for a probability space (2, F, 1) with

filtration {Fy},,cn, let
MUF} . X) = {{fatnen i {fa}nen is an X-valued martingale with respect to {F,},cn }
and

D({Fa},X) == {{dn}i;: {dn}n, is an X-valued martingale difference sequence

with respect to some subfiltration {F;,}" | of {Fn},cy and m € N} .

Definition 2.2. Let (2, F, u) be a probability space with filtration {F,}, o, -

(1) A B(X,Y)-valued {F,}-multiplier sequence is a sequence {v,}, oy of functions from €2 into
B(X,Y) that is predictable with respect to {F},cy, and is uniformly bounded by one.
(2) For such a multiplier sequence v := {v,}, oy, the martingale transform of a martingale

fi=Afutnen € M({Fn}, X) is the martingale {(T5,f),},cny € M ({Fn},Y) where
foi= _dy and (Tof)y :=>_ vidy
k=1
for each n € N.

The dyadic sigma-fields {D,, }nen, are given by

Dp=0(l}}:1<k<2")
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and the Rademacher functions {r, },cn are given by

2n
— Z(_l)k—H 1112
k=1

k—1 k
I'=|——, —
i~
ifkeNand 1<k <2".

A proof of the next fact can be found at [16, Contraction Principle 12.2]. In the special case of

where, for n € Ny, I = [%, %] and

when the independent symmetric sequence is the Rademacher functions {r,},cn, it is known as

Kahane’s Contraction Principle.

Fact 2.3 (Contraction Principle). Let {gl:%}neN be a sequence of independent, symmetric, R-valued
random variables on a probability space (Q, F, ). If {zn 0"y is a sequence in any Banach space Z

and {\, }"_ is a sequence from R, then

Z)\n Zn dy < |:1I<I}18%Xm’An|:| Zzn ;)
n=1 Ly(9,2) - n=1 Lp(9,2)

for each p € [1,00).
R-boundedness is the central notion of this paper.

Definition 2.4. Let 7 be a subset of B(X,Y) and p € [1,00). Let R,(7) be the smallest constant

R € [0, 00] with the property that for each n € N and subset {T};}7_; of 7 and subset {z;}]_; of X,
> i ()Ty(=)) < R D i)y
j=1 L,y ([0,1],Y) =1 Ly([0,1],X)

The set 7 is R-bounded provided R,(7) is finite for some (and thus then, by Kahane’s inequality

[16], for each) p € [1,00).

Thus a set 7 is R-bounded provided Kahane’s Contraction Principle holds for operator coefficients
from 7. Pisier [1] showed that X is isomorphic to a Hilbert space if and only if each (norm) bounded
subset of B (X, X) is R-bounded. Note that if X and Y are g-concave Banach lattices for some
finite ¢ (e.g. X =Y = L, (Q,C) where 1 < ¢ < 00) then R-boundedness is equivalent to the square

function estimate
1/2 1/2

m n
2 2
> Ty < R (D |l
=1 j=1

Y X
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known from harmonic analysis (cf. [26, Thm. I1.1.d.6]). For basic properties of R-bounded sets and
further references, see [12, 33].

All notation and terminology, not otherwise explained, are as in [9, 15, 26].

3. MAIN RESULTS ror ARBITRARY FILTRATIONS

Part (A) of Corollary 1.1 follows easily from Theorems 3.2 and 3.3.

For arbitrary filtrations, the notion of an extension (cf. eg. [23]) of a probability space is used.

Definition 3.1. Let (2, F,u) and (', 7', p') be probability spaces with filtrations {7y}, cn,
and {F}},en, respectively. The extension of (Q,F,u) by (', F', 1) is their product probabil-
ity space (€, F,7i), along with the filtration {FnYnen, where Fn=0(Fn x Fl). For h € Ly (0, Z),
define h € Ly <(AZ, Z) by
h(w,w') == h(w) .

In the special case that (', F', p') = ([0, 1], M, m) and {F},},.cn, = {Pn}nen,, One calls Q, 7, )
the dyadic extension of (2, F, u).

Note that if i € Ly (€2, Z) then [|hl|, 7 = H/};’HLP(QZ) for 1 < p < oco. Also, if {v,}nen is a
{Fp }-multiplier sequence then {v, },en is a {]/-\'n}—multiplier sequence.
Theorem 3.2. Let (0, F,p) be a probability space with filtration {Fn}, cn, and p € [1,00). Let
{vp}nen be a B(X,Y)-valued {F, }-multiplier sequence that satisfies, for some C, € R,

R, ({v, (w) : neN}) <G

for a.e. we Q.

(a) If {d,}"_) € D ({Fn},X) is so that {d,}]"_; is op-unconditional in L, (2, X)
and {vpdn}i'y is Bp-unconditional in Ly, (Q2,Y), then

i Undn i dn
n=1 n=1 Lp(2,X)

(b) If {d,}*, € D ({fn} , X ), for some extension (ﬁ,]?, n) of (0, F, p), is so that {d,}1,
is ap-unconditional in L, (ﬁ, X) and {U,d, }1", is Bp-unconditional in L, <§, Y) , then

< op Bp G
LP(va)

> Budy < ap By Cp || dn
n=1 Lp(Q,Y) n=1 Lp(9,X)
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Proof. Part (a) follows easily from (b). Towards (b), note that for each fixed ¢ € [0, 1]

m p m p
> () dn < ab [N dy
n=1 Lp(Q,X) n=1 Lp(Q,X)
m p m p
Z 6ndn < /35 Tn (t) 6ndn
n=1 Lp(QY) n=1 Ly(QY)
Thus
m p m p
> Bndy < B0 D e (t)Bad dt
n=1 Lp(QY) 0,1 1m=1 Ly(QY)
m p
— ﬂg Z T () v (W) dyy, (w, w/) dt d,u/(w/) dp(w)
Q o 1 "=t
m p
< prCr D ra () dy (w,)||  dtdp (W) dp(w)
Q o [y "= X
m p
= B Cy > ra(t)dn dt
Gy =1 £,(2.)
m p
< B Cap D dn
n=1 Lp(Q,X)
This finishes the proof of (b). O

Theorem 3.3. Let (2, F, u) be a probability space with filtration {Fy},cn, and p € [1,00).
Let {vp}nen be a B (X,Y)-valued {F,}-multiplier sequence that satisfies, for some C, € R,
for each uniformly bounded {d,},., € D ({fn} ,X) ,

where (ﬁ, ) is the dyadic extension of (2, F,u) ,

G
m m

> Gud > dy

n=1 n=1

< G,

Lp(QY) Lp(Q,X)
Then
R, ({vn (w) : neN}) <G,

for a.e. w € Q.
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Remark 3.4. Condition (3.1) can be replaced by the (apparently) weaker Condition (3.1').
Condition (3.1):

for each R-valued finite martingale difference sequence {d,,}n*
with respect to {ﬁm—Hn}Z@:l’
where (€, F,7i) is the dyadic extension of (€, F, u),
of the form dy,(w,t) = rym—14n (t) 14 (W) where A € F,—1,

one has that

m m
> Tpand, < Cp|> wndn
n=1 Lp(Q.Y) n=1 Lp(.X)

for each choice {x,}n*, from B(X).

Thus Condition (3.1’) reduces, from Condition (3.1), the class of martingale difference sequences
that one must test. Note that for such a martingale difference sequence {d,,}"_; in Condition (3.1’),

if {z,} , is from any Banach space Z, then {z,d,}" is 1-unconditional in L, (ﬁ, Z) by Fact 2.3.

Proof of Theorem 3.3. Assume condition (3.1") of Remark 3.4 holds (but not that condition (3.1)
necessarily holds). Let {€;}en be a sequence of real numbers tending to zero.

For each n € N, since v, € Loo (2, Frm1, 1), B(X,Y)), there is a sequence {v%}jeN of countably-
= 0. Note that for any

oo

valued functions in Log ((2, Fri—1, i), B(X,Y)) so that lim;_.o an — v},

sub-o-field g,{ containing a(vj )
[on =E(wn |G|, < llon=E@p G, + B @ —va G, < 2 [lon—2il,. -
So, for each j € N, there is a sequence {g%}neNo of sub-o-fields of F so that

N-)

. o (QUB(XY)) '
(2) Gy € For and G4 C Gh
(3) gifl is generated by a partition of € into (finitely or countably many) sets of (strictly)

< ;—,i where wi, := E (vn | ng)

Up — W

positive measure

for each n € N. So there exists G € F so that u(G) =1 and

. £
[[on () —wy, (“)HB(X,Y) < 2_2

for each u € G and j,n € N.
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Fix v € G. Fix {x,}"_; from B(X). Fix j € N. It suffices to show

Zrnvn (u) zy, < G, Zrnxn + 2¢; . (3.2)
n=1 LP([OvlLy) n=1 LP([Ovl]vX)
Find the atom A of gj;H so that u € A. Note that
wl (u) = w)(w) foreach we A, ne{l,...;m}.
So
H Zrnvn (u)xy, Loly) = Z wﬁ; (u) TpTm—14n + €
n=1 P n=1 Lp([0,1],Y)
1/p
AN "o (w)
= / / Zw% (W) TpTrm—14n ()| dt a + €
— 1(A)
A [0,1] Y
r 1/p
1 m P
< / S v (@) armerin (D14 @) dtdutw)|  + 2
pt/P(A) = .
[ [0,1]
r 1/p
C m g
< 171’ / Z TpTm—14n (t) 14 (w)|| dtdp(w) + 2¢;
pt/p(A) — v
[ [0,1]
r 1/p
C m ?
_ p .
0,1 "= X
= () Zrn:cn + 25 .
n=1 Lp([0,1],X)
Thus (3.2) holds. O

4. MAIN RESULTS ror ATOMIC FILTRATIONS

Now consider a probability space (2, F, 1) with a filtration {F,}, cy, satisfying:
each F, is generated by (finitely or countably many) atoms of (strictly) positive measure

4.1
and lim sup {u(B): B is an atom of F,} =0 . (4.1)

Part (B) of Corollary 1.1 follows easily from Theorems 4.1 and 3.2.
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Theorem 4.1 is the atomic version of the general filtration Theorem 3.3. Note that Theorem 4.1
reduces the test class of martingale difference sequences from the test class needed in Theorem 3.3

in that, for the atomic case, one need not have to pass to extensions.

Theorem 4.1. Let (Q,F,u) be a probability space with a filtration {Fpn},cy, satisfying (4.1)
and p € [1,00).
Let {vp}nen be a B (X,Y)-valued {F,}-multiplier sequence that satisfies, for some C, € R,
for each uniformly bounded {d,},—, € D({Fn},X)

> vndy, < G| dn (42)
n=1 Lp(Q,Y) n=1 Lp(2,X)
Then
R, ({vn (w) : neN}) <G,
for each w € Q.
Remark 4.2. Condition (4.2) can be replaced by the (apparently) weaker Condition (4.2").
Condition (4.2'):
there exists 7 > 1 so that
for each uniformly bounded {d, },", € D ({F,},R) satisfying that
if {z,}n- is from any Banach space Z
4.3
then {z,d,},— is T-unconditional in L, (€2, Z) (43)
one has that
Zvnxndn < G, andn (4.4)
n=1 Lp(Q,Y) n=1 Lp(Q,X)

for each choice {z,};; from X.

Thus Condition (4.2") reduces, from Condition (4.2), the class of martingale difference sequences

that one must test.
The proof of Theorem 4.1 uses the following lemma, whose long technical proof is in Section 6.

Lemma 4.3. Let (2, F, ) be a probability space with a filtration {Fp}, o, satisfying (4.1).
Let A be an atom of some Fj. Let p € [1,00) and 7,71 > 1 and € > 0 and m € N. Then there
exists a uniformly bounded R-valued martingale difference sequence {d,}"_y with respect to some

subfiltration {F;, }"_, such that
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(1) 1>
(2) suppd, C A for eachn € {1,...,m}
(3) 1< |dp(w)| <71 foreachn e {l,...,m} and w € Gy, := suppdp,
and furthermore, for any choice {zp}n'_, from any Banach space Z,

(4) {zndn}py is T-unconditional in L, (2, Z)

(5) zfznO # 0, then
P m P
/ ) ZnTn du (w) < [14eMP] Z dp (W) 2Ty du (w)
A ln=l1 Lp([0,1],2) Gy 1m=1 Lp([0,1],2)
where M ||znll; = 713021 [Iznll 7 -

Proof of Theorem 4.1. Assume condition (4.2") of Remark 4.2 holds (thus giving 7 > 1) (but not
that condition (4.2) necessarily holds).
Fix u € Q. Fix m € N and {z,}~, from X. Let 7,7 > 1. It suffices to show

m m
Z T (0) 2y, < 1l Z TnTn (4.5)
n=1 LP([Ovl]’Y) n=1 LP([Ovl}»X)
Without loss of generality, there exists ng € {1,...m} so that x,, # 0.
Find the atom A of F,,—1 so that u € A. Note that
vy (1) = vy, (W) foreach we A, ne{l,...m} . (4.6)
Find € > 0 so that . »
1+ ¢ [Tl 2n=1 ”x”HX} < . (4.7)
”93n0||x
Apply Lemma 4.3 (with Fj := Fm—1 and other notation consistent) to find the corresponding

uniformly bounded {d,}"; € D({F.},R). Let G,, := suppd,,. Note that {d,}", satisfies
condition (4.3) and so (4.4) holds for the choice {ry (t) x,}"_; from X for each fixed ¢t € [0,1]. By
Kahane’s Contraction Principle (Fact 2.3), for each fixed w € G,

Z dp (W) Tpry, < Z TnTn, (4.8)
n=1 Lp([0,1],X) n=1 Lp([0,1],X)
m m
Z Up (W) Ty < Z dp, (W) vy (u) zpry (4.9)
n=1 Lp([0,1],Y) n=1 Lp([0,1],Y)
by (3) of Lemma 4.3. Thus
m p m p
Z TnUn () Ty, < Z dp, (W) T, (u) Ty dp (w)
—1 I —1 w(Gm)
n p([0,1],Y) Gm 1T ([0,1],Y)
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i du (w
< // 3" 00 (@) I (8) 2] dy () M?cg ))dt
n=1 Y m
[0,1] Q
< / / 3" (t) 2y (w) ;l’(g“")) dt
n=1 X m
[0,1} Q
m p
dp (w
_ cg/ S dy (@) [5ra] M(é ))
4 ln=1 Lp([0,1],X) "
m p
du (w
< Py / Zdn (W) [Xnrn] 'zg ))
. ln=1 Ly(o.,x) F™
m p
< Cg Tg Tf anrn
n=1 Ly(10,1],X)

where the inequalities (in order) follow from: (4.9), the monotonicity of the integral for nonnegative

functions and (4.6), (4.4), Lemma 4.3 and (4.7), and (4.8). So (4.5) holds. O
The next example shows that the condition
nl;rgo sup {(B): B is an atom of F,,} =0
of (4.1) in Theorem 4.1 is necessary.

Ezample 4.4. Consider any filtration {F,}, cy, on ([0,1], M, m) satisfying that (3,1] is an atom
of F, for each n € Ny. Let v,: Q@ — B (X, X) have the form

T, ifwe (i1
Uy (w) = . (2 1]
0 ifwe [0, 5] .
Any {d,}", € D({Fn}, X) satisfies d,, (w) = 0 if w € (3,1] for n > 1. So (4.2) holds. But if X is
not Hilbertian, then there is a non-R-bounded set {7}, } nen in B (X, X).

5. COROLLARIES 1O THE MAIN RESULTS

As in the scalar case, boundedness of operator-valued martingale transforms in one sense is
equivalent to other notions of boundedness. To be precise, for a Z-valued martingale f := {f,}
define

neN?

12,2 = suplfallL, @2 for 1 <p < oo
neN

fiw) = swp [fi@l, foneN
1<k<n
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ff(w):= sug I fn (W)l Doob’s maximal function .
ne
Let’s keep with the notation in Definitions 2.1 and 2.2.
Fact 5.1. Let (2, F, ) be a probability space with filtration {Fy}, e, - Let {vntnen be a B(X,Y)-

valued {F, }-multiplier sequence. Then conditions (1) through (5) are equivalent.

(1) For each (or equivalently, for some) p € (1,00) there exists C, € R so that

1Tl gy < Co Il o)
for each f:={fn} € M({F,},X) and m € N.
(2) For each (or equivalently, for some) p € (1,00) there exists Cp, € R so that
) oz < Co Ifllo 00
for each f:={fn} € M({Fn}, X).
(3) For each p € [1,00) there exists Cp, € R so that
T loyamy < Co 10
for each f:={fn} € M{Fn},X).
(4) There ezists C € R so that
A[(Tof)* > A < C 1 ey or)
for each f:={fn} €e M({F,},X) and X > 0.
(5) There ezists C € R so that
A ((Tof)" > A < C |Ifllny@x)
for each f:={fn} e M({Fn},X) and X > 0.
If, furthermore, Y has the Radon-Nikodym property, then (3) implies (6).
(6) For each f:={fn} € M{Fn},X), if | fllp,(0x) is finite then (T, f) converges a.e..
Martinez and Torrea [27] showed the equivalence of (2) through (5) and the implication to (6)

indicated above. Of course, that (1) implies (2) follows from standard techniques (such as those

found in [27, Remark 1]) while that (2) implies (1) follows easily from the definitions.

Corollary 5.2. Let (2, F, u1) be a probability space with filtration {Fy}, cy,- Let X andY be UMD
spaces. Let {vp}nen be a B(X,Y)-valued {F,}-multiplier sequence that satisfies, for some C' € R,

Ry ({vp, (w):neN}) < C  forae we.
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Then (1) through (6) of Fact 5.1 hold (with the constants appearing depending also on the UMD
constants of X andY).

Proof. Let f:={fn} € M({F.},X) and m € N. It follows from Theorem 3.2 that

(Lo )l pyyy < B2(X) B(Y)C N fmll 1y 0,x)
Now apply Fact 5.1. -

Remark 5.3. Martinez and Torrea [28] showed the equivalence of (1) in Fact 5.1 to the boundedness
of the martingale transform on various Banach space valued BMO and Hardy spaces. Thus, similar
to Corollary 5.2, a pointwise R-bounded B (X,Y)-valued multiplier sequence {vy,}nen, where X
and Y are UMD spaces, yields bounded martingale transform operators between BMO and Hardy

spaces.

Burkholder [6] showed that if X is a UMD space then (1.2) holds, with the same constant 3,(X),
if one replaces the choices {e,},y of signs by [—1,1]-valued {F,}-multiplier sequences {vy},cy-

A similar result is true for operator-valued multiplier sequences.

Corollary 5.4. Let (2, F, i) be a probability space with filtration {Fp}, cn, andp € [1,00). Assume
that there is 7, {Fn},X) € R so that for each {dn},— € D ({Fn},X)
< 17 ({F.},X)

Zandn Zd
n=1 Lp(Q,X)

n=1
for each choice {e,},"_, of signs from {£1}.
If a B(X, X)-valued {F,}-multiplier sequence {vy}nen satisfies, for some Cp € R,

L,(92,X)

R,({vn (w) :neN}) < Cp  forae we

then
> vnds < [ {7} X G 3 dn
n=1 Lp(2,X) n=1 1Ly (2,X)

for each {d,},"_; € D({Fn},X).

Note that if {vp, }nen is a [—1, 1]-valued {F,, }-multiplier sequence then {v,1x }nen is a B (X, X)-
valued {F,}-multiplier sequence and R, ({vy, (w)1x: n € N}) = sup{|v, (w)| : n € N}.
Proof. The result follows directly from Theorem 3.2. O

This section closes with a special case of Theorem 4.1: note that here one must only test condi-

tion (4.2) for translated filtration rather than for all subfiltration.
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Proposition 5.5. Consider the Lebesgue measure space ([0, 1], M, m) along with its dyadic filtra-
tion {Dn} ey, Let p € [1,00).
Let {vp}nen be a B(X,Y)-valued {D,,}-multiplier sequence that satisfies, for some Cp, € R,
for each X -valued finite martingale difference sequence {d,},
with respect to {Dpm—14n}ny
of the form d,, = $nrm_1+n1[}7€nfl (5.1)
for some {x,}"_; C B(X) and k € {1,...,2"" 1}

i; Undn, Zm: dy,

n=1

< G,

Lp([0,1],Y) Lp([0,1],X)

Then
Ry ({on (u) : n € N}) <G

for each u € [0,1].
Note that any martingale difference sequence of the above form is 1-unconditional in L, ([0, 1], X).

Proof. Fix u € [0,1].
Fix m € N and {z,},, from B(X). Find k € {1,...,2’”*1} so that u € Ig‘_l. Note that,

for n € {1,...,m}, each v, is constant on I,Z”*l. Thus, by changes of variables and (5.1),
m p m p
Z o (H)vp (W) 2| dt = 2M71 Z Un (W) [zprn (27" —k+1)]|| dt
0,1] n=1 Y 1371 n=1 Y
m p
_ gt 3 o (t) [xnrm,m () 1 (t)} ‘ dt
o) "=t Y
m p
< 2m-lcp Zmnrm,prn (t)1yma (B)||
o1 "=t X
m p
= 2mtp > aprn 20—k 1)|| dt
=1
e X
m P
= C} Tnrn (O] dt .
n=1 X

[0,1]

Thus R, ({vn (u) : n € N}) < C),. O
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6. PROOF or LEMMA 4.3

A tree-structured sequence {T';}, ., of indexing sets is needed. Let I'; := {0} and, for n € N,

% = ((0,£1) x No)" .

There is a natural identification of I}, with I'}, _; x ((0,%1) x Np) and so one can express '}, as
Iy = {((01,k1),...(0n,kn)) : ; € {0£ 1} and k; € Ny for each j € {1,...,n}}
= {(7,(6,k):vel;_,, 6€{0,£1} , ke N}
for n € N. The notation
AWB = C

indicates that C' is the disjoint union of A and B.

Lemma 6.1. Let (Q,F, i) be a probability space with a filtration {Fp},cy, satisfying (4.1). Let A
be an atom of some Fj and 0 < 6 < % Let n € N satisfy

sup{p(B): BC A, Bis an atom of F,} < 6u(A) . (6.1)

(Note n > j). Then there exists Ay and A_y in F, so that, for e = £1,
(1) AiWA_1 CA

(2) A. is a FINITE union of atoms of F,

Ae
(3) §—6 < F,LL((A)) < 3

and so

w(Ae)
epu(A é
(6) 2:((,43) - 5‘ < 2%
Proof. One can express A as
A= Ao
k=1

where the A 1)’s are (disjoint) atoms of F;,, and m € NU {oo}. Note that

1 (Awon)

wa) <03

and so m > 3.
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So there exists {1 € N (with 1+ {1 < m) so that

im L i A(Ok)
= (A 2 T &
Let
I
= [J 4ox
k=1
Note
S5 < = — 1i:h/i(fl(o,k)) B I M(A(o,k)) (A(O,k)) (A7) - 1
and
1 i (Aow) 1 (Aor) 1
5 < — 0y = 1 — " < -+ 0.
2 k:zl;l i (A4) ; W) 2
1

So there exists [_; € N (with 1 4+1_1 + {3 < m) so that

I+l 141+
il p(dow) 1 _ NS e (Aew)
R TP v
k=140 H ( k=141 H
Let
l1
A = UA(Ok-‘rll)
k=1
Note
L1+l 1+l 1+l
1og 1 1+ZI:“M(A(o,k)) B ilﬂ(A(o,k)) - il n(Aow) _ pAa) _ 1
2 2 W, HA) W, (A W, M4 1 (A) 2
Thus (1), (2), and (3) hold, from which (4), (5), and (6) follow easily. O

The ultimate goal of (the long) Lemma 6.2 is to find the functions mentioned in Remark 6.3

along with some sets {G}, . all of which satisfy conditions (F7) through (F11) of Lemma 6.2.

Lemma 6.2. Let (Q,F, u) be a probability space with a filtration {Fp}, oy, satisfying (4.1). Let A
be an atom of F; and A° € M be so that ju(A) = m(A°). Let {6, }nen be a sequence from (0, 3).
Then there exists, for n € Ny,
(E1) good sets TG C T
(E2) bad sets TB Tz,
(E3) subsets {Z’Y}WEFS of N
(F4)
(E5) jn €N

expansions of the good sets T, C I
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(E6) subsets {Ay} cro of Fj,
(E7) atoms {AW}vefn of Fj,

(E8) subsets {A?Y}7 and {Bg}v of M

erGur, eréurs

where the items in (E1) through (E8) corresponding to n =0 are

(Z7) if v € Ty, then A, = A and A3 = A°
and the indexing sets take the form, forn € N,

1) TS ={(v,(e,k)) €T}y el , e==41, 1<k <1y}

n—1 >
(12) T2 = {(7,(,0)) € T}: v € T, UTE | | == 41}
(the zero is a notationally convenient way to ensure TS NTB =)
(13) Ty = {(7,(0,1)) €% 1: v €TS , 1 <1<} (which also holds for n =0)
and so one can write
(13) T ={(7.(c,k),(0,1) €T iy €T, e=£1, 1<k <Ly, 1<I<leny)
and it easily follows that
(1) T = {(7, (. k) €T e = £1, (v, (0,k)) € Tous

so that, for n € N,

(CO) TG, TB, and T, each have finitely many elements
(Cl) ]n > .].nfl
(C2) if y1,72 € L', and v, # o, then A, NA, =0 and A3 NAS, =0
(C3) if y € TG then
Ay = U Aqp) and A= U Al 0.0)
(7:(0,))€T (7:(0,))€T

(C4) if (v, (£1,k)) € TG then for e = +1
Ay, (k) B A (1) C A 0k)  and

(C5) if v € Ty, then m(AS) = u(A,)
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(C6) if (v, (£1,k)) € TC then for e = £1

[A?w,k)) &JA?%(—UC))} o [B?v,u,k)) @Bfw,(—l,k»} = Al 0k)

m (A€'y,(a,k)) U B(Om(evk))) - %m (A‘()%(o,k)))

(C7) if (v,(£1,0)) € T2 then

Bl a0 W Bl -1y =By and - m (B? a, o») =m (Bfm(fl,o»)
(C8) the family M, := {AS }’yEFG U {BO}WGFGUFB is pairwise disjoint
(09) |:U,Y€1"7GLA,?/:| U [UWEFSUFEB’Y} - AO .

Furthermore, if for n € N one defines

_ e (A 0.)) .
(Dl) dn T 2(77(57k))erg 2 M(A(,y (e, k))) 1A(’Y’(57k)) ’ Q - R
o e m (A7 0u)
D2) dj, = Z(%(e,k))an 2 mflae ) 1A(()w (e.k) 01— R

2 2 m (A2, )
(D3) dy, = Z(%(E,k))erf < 1A(’y,(s,k)) Bl ewy T Z(%(a,o))erf € 13277,(5,0)): 0,1] >R
(D4) 72 =0 <{Ag: v E fn}> and F3 =0 ({Ag: v E fg})
(D5) G, = U’yEFSA’Y
then for each n € N
(F1) d,, is Fj,-measurable
(F2) if B is an atom of Fj,_,, then [gdndp =0
(F3) d7, is F3 -measurable
(F4) if B is an atom of F7 _, then Jgodf dm =0
(F5) m |dg = 1] = ™ = m [JO 1]
(F6) for each choice {e;};_, of signs there exists IS c IS and TB c B such that
o My [ & =] = U rgas| U {uwefgufEBg}
om (i @ =a]) = ()" m(4)
(F7) Gy, C Gp—1 where Gy := A
(F8) 1 < |dy (w)]| < m ifwe Gy and d, (w) =0 ifw e Q\ G,
(F9) 1 (Gn) > [ TTr=y (1 —26k) | p(A)
(F10) if 1 <p < oo and {z,},_, are from any Banach space Z then
12 k=1 dekHLp(Q,Z) = I122k= zkdkHLP([o,le)
(F11) if 1 < p < 0o then

o __ o

P 25, \¥ i B
" ”Lp<[o,11,R><[(1—26n) + (1= TTpos (1= 26k))| p(4) .
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Remark 6.3. Note that, in Lemma 6.2,

(1) {dn} ey is a martingale difference sequence with respect to the filtration {F;, }, .

(2) {d}},cn is a martingale difference sequence with respect to the filtration {.7-"]0 } N
"Jne
(3) {E;; 1 Ao} . is an independent sequence of {£1}-valued symmetric random variables on
ne
the probability space (A", {BeM:BcC A%, 7:2—%)
Proof of Lemma 6.2. Let the desired items in (E1) through (E8) corresponding to n = 0 be as
in (Z1) through (Z7). The proof now continues by induction on n.
Let n =1. Let

¢ = {(0,(s,1) €Tt e =41} ={(e,1) €} e = £1}
P = {(0,(c,0) e} e =41} ={(c,0) e [%: e = +1} .

Recall Ty = {(0, (0,1))} c I'%.
Since A = A, 0,1)) is an atom of Fj;, there exists j; > jo so that

sup {;L (B) : B C A((Z),(O,l)) y B is an atom Of fjl} < 51 1% (A((Dv(ovl))) .
By Lemma 6.1, there are sets Ag (+1,1)) € Fj, so that
A, 1)) ¥ A@,-1,1) € A@,0,1) (6.2)

and, for e = £1, each Ay (1)) is a finite union of atoms of F;, , say

lo,c1))

Apeyy = B Avenon (6.3)
=1
and
1 A 1
1oy o Aeen) L (6.4)
2 p(Ap o)) 2
Let

Ty o= {(0,(e,1),(0,0) €T3 e =£1,1 <1<y} -
This completes the construction of the desired items in (E1) through (E7) that satisfy their condi-
tions in (CO) through (C4).
Since Ag,0,1)) = A and A{

(0,(0,1)
ists A?(Z),(s,l)) € M so that

y = A% and p(A) = m(A°), by (6.2), for e = £1, there ex-

Al ¥ A —1,1)) € A, 0,1))
m (A eny) = 1 (Awen) - (6.5)
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So by (6.4), for e = 1,

1o, m (M) 1 |
2 e m (4% 0. E

So, for & = £1, there exists Bfj . ;) € M so that (C6) holds. It follows from (6.3) and (6.5) that,
for € = +£1, there exists A?@,(s,l),(o,l)) € M so that

Lo, 1))
Apeny = B Aenon
=1

m (AE)@,(s,l),(O,l))) = (A E.0n) -
If y € T8 let B9 = (). This completes the construction of the desired items in (E8) that satisfy
their conditions in (C2), (C3), and (C5) through (C9).

Note that
i = p(Aw,0,1)) ’ ~ 1(Apy) L
QM(A(@’(LI)» (0,(1,1)) 2“(14(@,(*1,1))) (0,(~1,1))
€O — m(A?w,(O,l))) 1, m(AO@,(o,1))) »
1= R .0 R (@,(—1,1))
2m (A(@,u,l))) 2m (A @,(_1,1>))
A = 1a% 01 UBoa) — LA% 1)U -1y -

So, clearly, (F1) through (F7) along with (F10) hold. A quick look at Lemma 6.1 gives (F8)
and (F9) and also that

2 — "
b L, o, m)

< ¥ () man - X me)

er¢ ~er¢

— (125) e + G .

So (F11) now follows from (F9).
This completes the n = 1 base step.
Fix n € N with n > 2 and assume that the desired items in (E1) through (E8) have been found

for k € {0,1,...,n —1}. Let
IS = {(y,(e,k) €Ty el |, e=+1,1<k<l,}
| e {(7,(e,0)) €T}y € r¢ urd | e= +1} .

If (,(0,k)) € L1, then A(y,(0,k)) 1s an atom of F;, ,; find jn > jn—1 so that

sup {,u (B): BC A(%(O,k)) , B is an atom of fjn} < Op (A('y,(O,k)))



22 GIRARDI AND WEIS

for each (v, (0,k)) € Tp_1.
Fix (v,(0,k)) € T,1 (and so v € I¢ | and 1 < k < ly). By Lemma 6.1, there are sets
A('y,(il,k)) € Fj, so that

Ay, (1) Y Ay, (—1,8) C Ay, 0,8)) (6.6)

and, for ¢ = £1, each A(, (. 1)) is a finite union of atoms of Fj,_, say

Uiy, (e,k))
Apern = B Anemon (6.7)
=1
and
1 A 1
——b, < #(Aee) < = (6.8)
2 p(Aqomy) 2
Let

Tp = {(7(,k),(0,1) €Thyy:v el e=21, 1<k<ly, 1<I<Ich)} -
Towards (C2), note that for distinct elements (71, (€1, k1), (0,11)) and (72, (€2, k2) , (0, 12)) from T,

Al ek, 001) N A, (e2,k2),(02) = 03 (6.9)

indeed, it follows from (6.6) and (6.7) that, for i € {1,2},

Ay ek 00)) C Aqieik)) © A (0k)

and so if 1 # y2 or k1 # ko then (6.9) follows from the inductive hypothesis (specifically (C2))
while if 1 = v9 and k; = ko then (6.9) follows from (6.6) if €1 # 2 and from (6.7) if 1 = £9. This
completes the construction of the desired items in (E1) through (E7) that satisfy their conditions
in (CO) through (C4).

Towards (E), fix (v,(0,k)) € T\,_1. Thus m (A?w,(o,k))> = 1 (A¢y,0,k)))- By (6.6), for e = £1,

there exists A‘()%(E’k)) € M so that

Al ary ¥ AL ) C Al 0k) (6.6)

m(A?v,(s,k») = 1 (Ap,er) - (6.10)
So by (6.8), for e = £1,

1 m (A2 1

- _611 < ( (77(8,]6))) < 5 ] (68/)



OPERATOR-VALUED MARTINGALE TRANSFORMS AND R-BOUNDEDNESS 23

So, for & = &1, there exists Bf ;) € M so that (C6) holds. It follows from (6.7) and (6.10) that,
for € = +£1, there exists A(%(E’k)’(o,l)) € M so that

UCRCN)
o _ o !
Ay = W AL cew.on (6.7)
=1

m (42, o) = #(Anenom) -

Fix (v,(£1,0)) € TZ. Thus v € T¢ , UT?Z |. Find B, 410y € M so that (C7) holds. This
completes the construction of the items in (E8). Clearly, their conditions in (C3), (C5), (C6)
and (C7) hold. As (C2) holds for the A,’s follows from the inductive hypothesis, (6.6), and (6.7),
that (C2) holds for the A2’s follows from the inductive hypothesis, (6.6'), and (6.7").

Towards (C9), note that by (C6) and (C3)

U o) = U U [Ahewmyst

n—1-

,(e,k))
verg (1 (0K))ely_y E=E1
= U ALew = U U A?wo,k» = U 4
(77(07]?))61:“7171 ’\/ern 1 ( ( ) ’YEFn 1
and by (C7)
Js= U [Bf’%a,o»UB(w( 10))}
Yers (1,(1,0)er?
- U m-|Umo|Um
(77(170))61—‘5 'YGFTL 1 ’YGFTL 1

So (C9) holds by the inductive hypothesis.
Now to show (C8). Note that the family

My, = {45} e U {BS} g is pairwise disjoint. (6.11)

Indeed, if v € TS then AN BY = 0. So fix 4; = (v, (i, ki) € I'¢ with 5, # 72 and consider
Cy € ML If 41 = 75 and k; = ko, then (6.11) follows from (C6). If 41 # o or k1 # ko, then (6.11)
follows from (C2) since

o

Clvieik)) € Ay k) -
and (v;, (0,k;)) € T'_1. Next note that the family

M2 = {Bg}'yeFE is pairwise disjoint. (6.12)



24 GIRARDI AND WEIS

Indeed, if 7; = (v;, (£:,0)) € T2 then

By ey © By,
If v1 = 72, then (6.12) follows from (C7). If 71 # 72, then (6.12) follows by the inductive hypothesis
(specifically, (C8)) since v; € T¢ |, UTE |. Now if

1 1) 2
Clnyerk)) €My and  BY, o, gy € My,

then Gy, (o py)) C Af, with 1 € I and BY C B, with 75 € I UTE . So by the

72,(€2,0)) n—1
inductive hypothesis on (C8), C(,, (c, k1)) N B, (0 = (. So (C8) holds.

Now to show that (F1) through (F11) hold. (F1) follows from (E6). Towards (F2), rewrite d,, as

w= Y

('Yv(ovk))Eﬁn—l

and note that, by (C4) and (ET7)

Anom) 4 __rAeom)
200 (Agay) O 2 (A i) O

A(%(l,k)) ] A(%(,Lk)) C A(%(O’k)) € {B: B is an atom of .7'}'”_1} .

So (F2) holds. (F3) follows from (C3). Note that

m (A(()%(O,k))> m <AE’% (O’k))) }
= Lag - Lao
(%(Q’%im—l 2m(A(()%(l,k))) Hon 2m<A(()%(—1,k))> T

and by (C6) and the definition of _7—“].0%

1

A ¥ ALy C ALy € {B:Bisanatom of 77}

So (F4) holds. Towards (F5), note that by (C8), (C9), (C6), and (CT7)

m [‘73 = 1] = > m <A‘<)m(1,k)) U B&(Lk))) + ), m (BE)%(LO))>
(7 (1K)erg (+,(1,0))erE
= >, m (A?m(—l,k» UB(O%(—Lk))) + Y, om (Bf’w,(—l,o»)
(1(—1k)erg (7(~1,0))eT
= m {CE’L = —1} .

So (F5) holds (again by using (C8) and (C9)).
Towards (F6), fix a choice {e;}_, of signs. Find ¢ | c ¢ | and T2 | c I'Z | such that

Nld==a] = U ajv] U 5

=1 ~elG ~el¢ | urs

n—1 n—1
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Let
I = {((enk)) €TG: v €TE, |
7 = {0 (e 0) €TE: v e T UTE ) .

It follows from (C3), (C6), and (C7) that

=] 0| U 4| = U @susy

’yefg_l ~erg
(& =ea] 0 U B = U B
verG_urs ver
Thus
n ~
m |:dlo = El:| = U (Aﬁ'%(snvk)) U B(O’}':("S’ﬂvk))) U U BE)'Yv(EnvO))
=1 ("}/,(Sn,k)))erg (’Yl(lsnvo))srg
WEfS_1 velg_ury_,

25

(6.13)

By (C6) and (C7), for the set on the right-hand side of (6.13), replacing €, by —&,, does not change

its measure. So (F6) holds.
(F7) follows from (C3) and (C4) while (F8) follows from (C4).

Fix y € T¢ | and 1 < k < 1,. So (v,(0,k)) € T_1 and (v, (1,k)) € TS. Tt follows from (C4)

that
(1=26n) p(Aq0r)) < #(AGar) ¥ Aq1m)) -
Taking the double sum Zveff,l Zlgkglw of both sides gives (via (C3))
(1-26,) j(Gn) < p(Gn) -
So (F9) holds. (F10) is clear. Since

. U Bo
’ LR 2 (125n> m(A) + > m(B]
Y

er¢ ~yergurs

d° — d°

n n

- (1225) @) + na\G

(F11) now follows from (F9).

0

The next lemma follows easily from the Contraction Principle (Fact 2.3) and a standard [3, 24]

perbutation argument. A proof is included for completeness sake.
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Lemma 6.4. Let p € [1,00) and 0 < § < 1.

Let {J?L m_, be a sequence of independent, symmetric, {£1}-valued random variables on a prob-
ability space (2, F, 1) and {dS, nm,l be a sequence in L, (2, R)
0
2

"L, (QR)
then for any choice {xy})"_, from a Banach space X, {xpd3} ;1 is a (%g) -unconditional sequence

in Ly (Q, X).

Proof. Fix {xy}"_ from some Banach space X, a choice {e,}" ; of signs from {£1}, and scalars

{A\n},. It needs to be shown that
(1 +4 ) <

3 En An T, d% An T d
2 2
n=1 LP(QrX)

Find {z,} , from S(X) and {Xn}’,?:l from R so that A, 2 = AnZp for each n € {1,...,m}.

It follows from Fact 2.3 that {in(ﬁ};”:l is a (normalized) 1-unconditional basic sequence in

(6.14)

LP(Q,X)

L,(Q,X). Since > ", ‘ TndS — TndS @) < &, for any choice {a, }I_; of scalars
b bl
m
> anFnd;, < (149) Fndy,
LP(va) n=1 LP(Q X) Lp(va)

(cf., eg., [26, Prop. I.1.a.9]) Thus {Z,d2}", is a (%*g) unconditional basic sequence. So (6.14)
holds. U

Proof of Lemma 4.3. Let’s keep with the notation in Lemma 6.2.
Pick {d,},", so that
(a) 0 <6, < 3 foreachn € {1,...,m}
(b) 1= 25 < foreach n € {1,...,m}
(© Sy [(25)" + -l a-200)] < sz
(d) T (1—-25,)" ' <1+e.
Apply Lemma 6.2 to find {d,},"_; € L, (2, R), along with everything else. Thus (1) of Lemma 4.3
holds.

Condition (b) above along with (F7) and (F8) of Lemma 6.2 imply (2) and (3) of Lemma 4.3.
By (c) above and (F11) of Lemma 6.2,
T—1
T+1)

3 =
3
—_

m

> 1.

d° — d

A7 <
L qommy HANT S

NN




So

OPERATOR-VALUED MARTINGALE TRANSFORMS AND R-BOUNDEDNESS 27

(4) of Lemma 4.3 holds by Lemma 6.4, Remark 6.3, and (F10) of Lemma 6.2.
Towards (5) of Lemma 4.3, let z,, # 0. Then for each w € G,,, by Kahane’s Contraction

Principle (Fact 2.3) and (3) of Lemma 4.3

m
Zdn (W) ZnTn > ldn, (W) ZnornoHLp([og]z) 2 llznoll -
n=1 Ly([0,1],2)

Thus, by (b) and (F8), along with (d) and (F9)

So

Ac

m m p
|3 o @antall oy @) < [ 3 I @)zl | )
A\Gom n=1 A\Gom n=1
m p
< Zﬁ Iznllz | di(w)
A\G,, =1
p(AN\ Gn) [Tl E?:l ||Zn||Z]p p
= p(Gm) lzn
0 Gn) | el ) enallz
m p
< [% — 1] MP / Z dp (W) 2Ty dp (w)
priEm &, lln=1 L,((0,1),2)
m p
< e MP / Z dp (W) 2Ty dup (w) .
Gy IIn=1 Lp([0,1],2)
(5) of Lemma 4.3 holds. O
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