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ABSTRACT. A type of oscillation modeled on BMO is introduced to characterize
norm compactness in Lj. This result is used to characterize the bounded linear
operators from Lj into a Banach space X that map weakly convergent sequences
onto norm convergent sequences (i.e. are Dunford-Pettis). This characterization is
used to study the geometry of Banach spaces X with the property that all bounded
linear operators from Li into X are Dunford-Pettis.

1 : Introduction

The main result of this paper is a BMO-style oscillation characterization of ;-
norm compactness. From this result we obtain a characterization of the bounded
linear operators from L; into a Banach space X that map weakly convergent se-
quences onto norm convergent sequences (i.e. are Dunford-Pettis). With such
characterizations in hand, we study the geometry of Banach spaces X with the
property that all bounded linear operators from L; into X are Dunford-Pettis.

One way to insure that a relatively weakly compact set K in L is relatively
norm compact is to be able to find, for each € > 0, a finite measurable partition

of [0, 1] such that for each f in K and each A in ,

osc f|A = ess iléﬁf(w) — ess Jrelglf(w)

This condition is too strong to characterize norm compactness.
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Bourgain showed that the Bourgain property, a weakening of the above condition,
also guarantees relative norm compactness of relatively weakly compact subsets in

L. A subset K of L has the Bourgain property if for each € > 0 and subset B of

[0, 1] with positive measure there is a finite collection F of subsets of B, each with
positive measure, such that for each f € K there is an A in F with osc f‘A <E€E.
However, this condition also is too strong to characterize norm compactness.

We introduce an L;-oscillation that is a weakening of the L..-oscillation used in

the above conditions. The Bocce oscillation of an Li-function f on a subset A is

given by
fd
_ Jalf = %| dp

Bocce-osc f’A = ,

u(A)

observing the convention that 0/01is 0. A subset K of L satisfies the Bocce criterion

if for each € > 0 and subset B of [0,1] with positive measure there is a finite
collection F of subsets of B, each with positive measure, such that for each f € K
there is an A in F with Bocce-osc f‘A < € . The Bocce criterion is a weakening
of the Bourgain property. The main result of this paper is that a relatively weakly
compact subset of L is relatively Li-norm compact if and only if it satisfies the
Bocce criterion.

Throughout this paper, X denotes an arbitrary Banach space, X* the dual space
of X, B(X) the closed unit ball of X, and S(X) the unit sphere of X. The triple
(2,3, u) refers to the Lebesgue measure space on [0,1], £1 to the sets in ¥ with
positive measure, Ly to L1(Q, X, ). Recall that a subset of L; is relatively weakly
compact if and only if it is bounded and uniformly integrable. All notation and

terminology, not otherwise explained, are as in [DU].
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2 : Main Result

Call a subset K of L; a set of small Bocce oscillation if for each € > 0 there is a

finite positive measurable partition P of Q0 such that for each f in K
Z u(A) Boccee-osc f|A < €.
AeP
Bocce oscillation, the Bocce criterion and norm compactness in L are related by

Theorem 2.1, the main theorem of this paper.

Theorem 2.1. For a relatively weakly compact subset K of Ly, the following state-

ments are equivalent.

(1) K is relatively norm compact.
(2) K is a set of small Bocce oscillation.

(3) K satisfies the Bocce criterion.

Proof. 1t is well-known and easy to check that a bounded subset K of L, is relatively
norm compact if and only if for each € > 0 there is a finite measurable partition
7 of Q such that | f — Ex(f) ||r,< € for each f in K. Here, E.(f) denotes
the conditional expectation of f relative to the sigma field generated by w. The
equivalence of (1) and (2) follows directly from this observation, the computation

below,
fod“
—FE; , = — E = d

d
= Z/B|f—%| dp = Z/L(B) Bocce—oscf‘B7
Ber

Bern
and the definition of a set of small Bocce oscillation.
Viewed as a function from ¥ into the real numbers, Bocce-osc f | ) is not increas-
ing (see Example 2.3); however, u(-) Bocce-osc f‘(_) is increasing (see Remark 2.4).

With this in mind, we now show that (2) implies (3) in Theorem 2.1.
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Let the subset K of Ly be a set of small Bocce oscillation. Fix € > 0 and B in ©7.
Since K is a set of small Bocce oscillation, there is a positive measurable partition

m={A1,As,... ,A,} of Q such that for each f in K

n

Z w(A;) (Bocce-osc f|A,,.,) < € p(B)

=1

Set F={A;NB: A; en and p(A;NB)>0}
Fix f in K. Since the function u(-) Bocce-osc f‘(_) is increasing, if Bocce-osc

f > ¢ for each set A; N B in F then we would have that

A;NB

n

e - u(B) = Ze - u(A;NB) < Z,U(AiﬂB) Bocce-osc f|AmB

=1 =1
< Z“(Ai) Bocce-osc f|, < € - pu(B).
=1
This cannot be, so there is a set A; N B in F such that the Bocce-osc f‘A,ﬂB < €.
Thus the set K satisfies the Bocce criterion.
We need the following lemma which will will prove after the proof of Theorem 2.1.

This lemma is the key step in the proof that (3) implies (1).

Lemma 2.2. Let the relatively weakly compact subset K of Ly satisfy the Bocce
criterion. If € > 0 and {f,} is a sequence in K, then there are disjoint sets

Bi,...,B, in ¥ and a subsequence {g,} of {f.} satisfying

L
B’.n
n—E — ———vg, | dpy <2€ . *%
./Q|g 1(B;) XBJ| = ()

We now proceed with showing that (3) implies (1) in Theorem 2.1. Let the

i=1

relatively weakly compact subset K of L; satisfy the Bocce criterion. Choose a
sequence {f,} in K and a sequence {€x} of positive real numbers decreasing to
Zero.

It suffices to find a sequence {7} of finite measurable partitions of  and a nested

sequence {{f*},,}1, of subsequences of { f,,} such that for all positive integers n and k

I fn = Bx(fa) o, < 2 e (%)
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where Ei(f) denotes the conditional expectation of f relative to the o-field gen-
erated by 7. For then the set {f} is relatively Li-norm compact since it can
be uniformly approximated in the L;-norm within 2¢; by the relatively compact
set {Ek(f7)}n>re U {fh tn<k; hence, there is a Li-norm convergent subsequence of
{fn}-

Towards (x), repeated applications of Lemma 2.2 yield that for each positive
integer k:

(1) disjoint subsets B, ...

,Bflk of Q each with positive measure, and

(2) a subsequence {f*}, of {f*=1}, (where we write {f°} for {f,} )

satisfying for each positive integer n

. anB,fdu
/|f ()XB;|d;L<ek.

Set
ng
By =0\ ] B!
J=1
and let 7, be the partition generated by BE,BFf,... ,Bf;k. Still observing the

convention that 0/0 is 0, two appeals to the above inequality yield for each positive

integer n and k

ny, fB}f du
I 2= B e = [ 175 =D =y | dn
u(BY)
Tk ka fr dp ka fr du
§/|fff— e L+ [ | da
0 ; u(Bf) u(B§)
< o +/ |15 | dp
B
k kaﬂf dp
S +/ S | dp
B ; N(BI'C) ot
< € +/ —Ey XBE | Gl
(Bj) !

IN
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Thus the proof of Theorem 2.1 is finished as soon as we verify Lemma 2.2. [ |

Proof of Lemma 2.2. Let the relatively weakly compact subset K of L; satisfy the
Bocce criterion. Fix € > 0 and a sequence {f,} in K. The proof is an exhaustion-
type argument.

Let & denote the collection of subsets B of € such that there are disjoint sub-

sets By,... ,B, of B each with positive measure and a subsequence {f,,, } of {f,}
satisfying
L [, fr dpt
B; I
| frn — ——————x3B,; | dp < € u(B)
/B " ; 1(B;)

Since K satisfies the Bocce criterion, there is an A in ¥ and a subsequence {f,, }

of {fn} satisfying

fAfnk d”
/;l|fnk_W|dﬂ < G/L(A)

Thus the collection & is not empty. If there is a set B in & with corresponding
subsets By, ... , By, and a subsequence {g,} of {f,} satisfying
P
A|Qn—;%>wj|d#§6 , (1)
then we are finished since (1) implies (k).
Otherwise, let 7; be the smallest positive integer for which there is a C] in &
with J% < u(C1). Accordingly, there is a finite sequence {C}} of disjoint subsets

of C; each with positive measure and a subsequence {fl} of {f,} satisfying

fcl f% dp
| fa= D — X | dp < e p(Ch) . (2)
/01 zJ: weg)
Note that since condition (1) was not satisfied, u(Cy) < pu(2) =1 .
Let & denote the collection of subsets B of 2\ €} such that there are disjoint

subsets Bi,...,B, of B each with positive measure and a subsequence {f,,} of
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{fL} satisfying
P [, fa du
B ng
| o= D~y xB; | dp < e u(B)
/B ’ ; u(Bj)
Since K satisfies the Bocce criterion and p(Q2\ C1) > 0, we see that & is not empty.
If there is a set B in & with corresponding finite sequence {C’f} of subsets of B
and a subsequence {g,} of {f1} satisfying
Joz 9n dp
| gn — ) — v Xez | dp < e p(Q\Cy) (3)
/ﬂ\o1 zj: 1(C3) g

then we are finished. For in this case, (**) holds since inequalities (2) and (3) insure

that

fg;;gn dp
/ [ gn— —oRyXok [ dp < e p(C1) +e p(2\ Cr) = e
Q k=12 u(C5)

J

Otherwise, let j5 be the smallest positive integer for which there is a (s in &
with ]LZ < u(Cy). Accordingly, there is a finite sequence {C7} of disjoint subsets

of C5 each with positive measure and a subsequence {f2} of {f!} satisfying
2d
/cz| fﬁ—;%m; | dp < e p(Co)
Note that since condition (3) was not satisfied, u(Cs) < pu(Q2\ C1) .

Continue in this way. If the process stops in a finite number of steps then
we are finished. If the process does not stop, then diagonalize the resultant se-
quence { {fF}2, 122, of sequences to obtain the sequence {f7}%, and set
Coo = Uljozl Cr -

Note that p(Q2\ Cs) = 0. For if u(Q\ Co) > 0 then, since K satisfies the Bocce
criterion, there is a subset B of Q \ Co with positive measure and a subsequence

{hn} of {f7} satisfying

/B|hn—fB,LZZ—;)w|du < eu(B).
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Since for each positive integer m

Z]i < u(lJCr) <

and 7,, > 1, we can choose an integer m > 1 such that

; — SuB).

But this implies that B is in &,, since

m—1

BCQ\CxCQ\ | G
k=1

and {h,}52,._; is a subsequence of {f?}>° . which in turn is a subsequence of
{fm=1}> . This contradicts the choice of j,,. Thus u(Q\ Cs) = 0.
Since K is relatively weakly compact, it is uniformly integrable. Thus, there

exists & > 0 such that if u(A) < é then [, | f| du < € for each f € K. Pick an

integer m so that
we | < o
k=1

Since {f}52, . is a subsequence of {f*}>2,, for each f in {f}°2, we have

Jor I
a 1<k<m J
j
u“ Jor £ ap
= | f— : X0k|d,“‘|‘/ |f] dp
;/; Z 1(CF) auUr, O
< eu(Cr) + € < 2€.
k=1

So the disjoint subsets {C;'€ :j>1and k=1,... ,m} along with the subsequence

{frree,. of {fn} satisfy the conditions of the lemma. |

This completes the proof of Theorem 2.1.

We close this section with a few observations about Bocce oscillation.
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Example 2.3. Let A =10,1/4] and B = [0, 1]. Define the function f from [0,1] into
the real numbers by f(t) = x¢(t) where C' = [1/8,1]. It is straightforward to verify

that Bocce-osc f‘A =1/2 but Bocce-osc f’B =T7/32. |

Remark 2.4. In the proof of Theorem 2.1, we used the fact that the function

f(.) fdu
p(-)

u(+) Bocce-osc f‘(_) = /() | f— | d

is an increasing function from ¥ into the reals numbers. To see this, let A be a

subset of B with A and B in ©%1. Let

:7fAfd,u and m :fod,u
n(A) P u(B)

ma

Note that

[As=maldn < [11-mnlau+ [ [mn=maldu
A A A
=/|f—mB|dﬂ—/ |f—mB|dﬂ+/|mB—mA|du7
B B\A A

and

[ Vmn = ma | di = u(a)| = |
A

ZI%/BNM—/ANMI
ZIZEg;/deu ([ ran - /B\Afdu)l

_ _ B(B) —pu(4)
=1 Fan e /deul

= | (f—mp)du| .
B\A

Thus, as needed,

[1i=maldu s [15-mald.
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Remark 2.5. The Bocce oscillation has been implicitly studied. By definition, a
function f in L; is of BMO (bounded mean oscillation) provided sup; Bocce-osc

f ‘ ; < oo where the sup is over all intervals contained in [0, 1]. [ |

3 : Applications

Fix a bounded linear operator T' from L; into X and consider the uniformly
bounded subset T*(B(X*)) = { T*(z*) :| «* || < 1} of L;. The oscillation
behavior of elements in T (B(X*)) provides information about 7'

Ghoussoub, Godefroy, Maurey, and Schachermayer [GGMS] showed that the
operator T' is strongly regular if and only if the subset T*(B(X*)) of L; has the
Bourgain property. Recall that an operator is called Dunford-Pettis if it maps
weakly convergent sequences onto norm convergent sequences. With Theorem 2.1,
we obtain an analogous characterization of Dunford-Pettis operators. From the
oscillation characterizations, it is easy to see that a strongly regular operator is

Dunford-Pettis.

Corollary 3.1. A bounded linear operator T from Ly into a Banach space X 1s
Dunford-Pettis if and only if the subset T*(B(X*)) of L1 satisfies the Bocce crite-

riomn.
Corollary 3.1 follows directly from Theorem 2.1 and the fact below.

Fact 3.2. The following statements are equivalent.

(1) T is a Dunford-Pettis operator.

(2) T maps weak compact sets to norm compact sets.

(3) T(B(Ls)) is a relatively norm compact subset of X.

(4) The adjoint of the restriction of T' to Lo, from X* into L}  is a compact
operator.

(5) As a subset of Ly, T#(B(X")) is relatively norm compact.
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The equivalence of (2) and (3) follows from the fact that the subsets of Ly that are
relatively weakly compact are precisely those subsets that are bounded and uni-
formly integrable, which in turn, are precisely those subsets that can be uniformly
approximated in Li-norm by uniformly bounded subsets. The other implications
are easy to verify [cf. DUJ.

Ghoussoub, Godefroy, Maurey, and Schachermayer also obtained an internal geo-
metric description of the class of Banach spaces with the property that all bounded
linear operators from L; into X are stongly regular. Using Corollary 3.1, we obtain
internal geometric descriptions of the class of Banach spaces with the property that
all bounded linear operators from L; into X are Dunford-Pettis. To provide a flavor
of the techniques involved in these descriptions, we present an outline of one the

arguments.

Theorem 3.3. If each bounded subset of a Banach space X is weak-norm-one

dentable, then each bounded linear operator from Ly into X is Dunford-Pettis.

Recall that subset D is weak-norm-one dentable if for each € > 0 there is a finite

subset F' of D such that for each z* in S(X*) there is « in F satisfying

z¢ 0 (D\ Ve (z)) = co{zeD :|a"(z—2x)| >¢€}.

Sketch of Proof. Let all bounded subsets of X be weak-norm-one dentable. Fix a
bounded linear operator T from L; into X. By Corollary 3.1, it is enough to show
that the subset T*(B(X*)) of L, satisfies the Bocce criterion.

To this end, fix ¢ > 0 and B in 7. Let F denote the vector measure from %
into X given by F(E) = T'(xg). Since the subset {% :ECBand E€Xt}of X

is bounded, it is weak-norm-one dentable. Accordingly, there is a finite collection

F of subsets of B each in ¥ such that for each z* in the unit ball of X* there is a
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set A in F such that if

for some subsets F; of B with E; € X1, then

12" F(Ey) _w*F(A)‘ N
2 [ Tu(B) aA)

' F(By)  a*F(A)
‘ ‘ < €.

1
2 (B uA)

Fix z* € B(X*) and find the associated A in F. By definition, the set T*(B(X"))

<e.

will satisfy the Bocce criterion provided that Bocce-osc (T*z*) A

For a finite positive measurable partition 7 of A, denote

_ - FE)
Jr= EEG; (B e
Set
B 2*F(E) _ z"F(A)
s =U{zen S5 T07 |
and

_ - r*F(E) a*F(A)
&_U&%'/M)<MM}'

We may assume that the L;-function T*z* is not constant a.e. on A. Further-
more, we may find an increasing sequence {m,} of positive measurable partitions

of A satisfying

Vo(m,) =XNA and w(EL ) === =pu(E,)

. z*F(A)
Awh‘uw‘w
B | (@*F(EL)  2*F(A)| 1 |2*F(ED) z*F(A)
= 1| 5 [ S e e )
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Since (x*fﬁn)|A converges to  (T™z") in Ly-norm |,

A

T p*) — fA(T*a:*)d,u d/L
Bocce-osc (T*z")| , = Jall ) ) p(4) | < e
v

Thus T*(B(X™)) satisfies the Bocce criterion, as needed. [

Using martingale techniques, one can show that the converse of Theorem 3.3 is

true. For this argument and more results along these line, we refer the reader to [G].
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