
-

5213 Measurable Spaces and Functions 2131
ii.←

powers

Towards our goal
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al Note a) can be replacedup
04 4.9 E is nonempty
(3)
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.

otb. Union}

DAE = D
's

U E
' EE

Mz by (2) Mz y
'

DIE = Dw n XIE E E

④
⑨ heh

-

- (uqige

Note
' EPCX ) .

← So Ac PIX ) .

- denoted by raft.)(
Fte G
,
SE apex) : ACE and S is a o - algebra on Xl .

So TLA) := AGE : Acs and E -is r - alg . on X } E n E
I

③note
④

② note
EE GA

so A- E R A e n E : = r CA)
Ee GA EE GA

SO A ETC A) I PLX )

TCA ) is called the r - algebra generated by A .

By 2.27 , r CA ) is the smatest o - algebra that contains A .
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LTGBG and G.µ
: = { E : E ZA and E is

.
ar -alg .

on * s .

NTS TCA) e. = A E is a T - alg .

s a Gf

4) Claim 0 er CA )

Tat E e Gs
,
0 E E Lbk Eis ar - daly > .

(2) claim TCA) is closed under complement- on

{ fix E e r CA ) : really send,E .

So HE E GA : EEE
, so b/c E is o -alg ,XIE

EE a[
so HE eyed

,

E : = r CA ) .

(3)claim TCA) is closed under oth . unions

( fix {Ef3h9 ,
from FLA) .

L note already show 0 ETH ) so
,
Wlog

,
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seq)
So for each h E N and for each IE GA

y Eyes .
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.
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Cor
.
to 2.27 Let G c P ( X ) for some set X

.

Then r Col f ) ) = TLE ) .

me
why ? is the smallest o - alg . that contains TCG)

-

this is a 5-alg .
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Common Notation .

• Type 5 the collection of all open subs,sets of IR . Lk for topology> .

• Byz E B i = T ( Eir) : = Borel subsets of 112 .

Tr if IR is understood
Useful Facts : " E - NBHDS & Yz -

-

rays are generating sets for B .
"

-:#
④AW : '

BR =p ( S Nela ) : e so
,
a e 1123 )

•
<going to assume now)

using CD , we will show
=p

② Also : Bip = r (5TaR3 ) ,
ie rCEI=rCRQ
on ca - ees

f pier
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t.FI#IE.c-a,atg=Ccate.IT
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"

N

Oktay
la
,
as = U la

,
at n) e )

na - ya
"B

th EE£
a cried

,g , ¥ rags .

I

r CR) s r C

RI Proof that CD ⇒ 12) illustrates an important technique
use when dealing wi o - algebras .
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£ - msrablefn Ikinkfor f-msrablefn

Have f :(x.E) → LIR , B)
w w

want f-
' CB) ← F B
- -

2nd 1st
ii

Have f : X → IR
.

f- is Borel msr able ⇒

(t Be B§[ I' ' CB) EB' )
other notation

X
⇐
= #

E
= IE

.

2.38T
.

Let ( X ) Msr able space and ECX . (so 1€ :X → 112) . Then

1£ is E - Msr able ⇒ EEE .
WTH

why ? If BE Bir , then HE )
"

CB ) ⇐ { 0
,
E
,
XIE

,
X
,

E

EE .
t d tapaoedsriff EEE

B#oofsgoTooos-E- X
F-
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One proof is uh the book We'll do another way , using the HW .

-

proofof-2.39-LTGBG.tt
G : I 9 Go IR I f

- ' (G) e 'S 3 .

- Enuf to show Byz E S .

Claim G is a T
-algebra

f e G b k f 101 = 0 and
,
ble 's b- at -alg ,

0/68 .

• G is closed under complement ion since VGEtf ,

{ Heman = x't÷÷a÷intis ?aisiiiiiir:p
.

• G is closed under ctb . unions since
, f Gu 's E G .

I mean -

- E :;÷ai¥.÷i÷:i÷i÷÷
.

Let R : = { Cap ) c IR M a e 1123
.

Our assumption@) is R E G
,
b/c G is a r -alg

showedearlier µ
Bµ¥ remer CG) EG .

So Bro G .

So if BeBe , then BEG so
,by def of G , f

- '

(B)EL .

So t.rs S - msr - able (by def of L
- Msr able)

.

Be

Rmk_ Note this technique , commonly used ur o - alg .

To show : f- BE B) [ t - ' CB ) E S ] we did NOTstart by
" fix BoB

"

.

Instead we looked at the " good " collection

G : = { G- c IRI f
- ' 1B ) E SB

and showed G is a T -alg AND

( a generating set for B ) E 3 .

-

egg Yz rays, or
E - N B HD .



Whyte WB 2136LLet f:X -5112 cont .

whits t is Borel miserable
well = Thinking-hand .

f- is cont
.

⇐ ( t Yo open
in IR ) [ f-

' N'
o ) is open in X ]

.

'

<⇒ I tf Ne ly) c IR I [ f
' ' lively) ) is open in X ]

<⇒ If Ne Cy ) c IR ) (Z O
'

open in RJ [ f-
' livelyD= O DX ]

.

Let G : = { Go IR I f- ' ( G) EB } a- I
WTH

so WB BC .es
As ¥JfYGkB

Claim 1 G is T -alg .
L see pf of 2.39>

Let E ' = { Neely ) cuz I 920 , ye 1123 ,

a''range space
"

claims since

.

.tw#tizEBcie.ttfJ--B3,EnufTS

\ I⇒ ✓
since

G is a o - alg .ngH

Bir = rifle r C.G) EG{So if Bs Big , then BEG and so
, by def of G , f

- '

( B ) EB .

-GI
. '

tis B - msr .
claim 3 Fix Ne Cy DE E

.

. Then Ne Cy) EG .

If :X→Runt ztjw.ph?npiFiiEixcNecy ) ) = O n X
- E B

.peTIM s m

( softens
.

Cy ) )
byassmph-unYB.PT.

< BIR
.

So N'
g ly

) E G .

Do

so inc
.
is really

' '

non - dec " .

but nialstandard conversionfor

sanity reasons !

µ of

Weng? WB ago
Let f :X IF IR .

WTS f- is Borel Msr .

Similarly to proof of 2,41
,
let G 'EE a- a IR ! f-

' CG) EB 3 .

.Need to show BeG. For a generating set-
'

for B
,
insteadoff f- E-NBHD)

here take rays R : = f la ,
o ) : a EIR 3

. Singe fig WB
if
" ( lap ) ) is of the form ( int f

-' la
, -03,0) n X or Einff

-

Yard)
. ,N ) n X .

r- M Oo s
' l

Sof
-'da

,
a ) ) EB . e. B B n flint F' la

,
a )) - In

,
d) EB

so ca ,
-7 E G n n - I
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IR

Let f : ( X
,
S ) IMSI IR #

g :

'

Emas . .)⇒IoiEIhI%⇒z(gof) Cx) : - gtfo ))
NTS got is S -

msr . Fix BoB .
E-nut to show Cgoft

- ' (B) ES .

got : (X
,
8) Is f-Ex] -8-3112

③ ② ①

(go f)
"

(B)¥ fig-143¥ g-
'(B)# B

.
"

note
n f g.msr

n GB
-Msr

m

is B B Bo

2.45 Cor . Let f :(X. S ) → IR be S -msn.ktcetkdnEIN.l.hn
T

,ivhy? In 2.44 .

take g. 112-5112 to be .

1
.

cf is g - msr µ girl
-

- CX

y
Recall

,
cont

. fns .

2
. Ifl is L - msp g CX )

= txt
g :D -5112 are

Borel msr
.

3
.
fh is S - Msr . gtx) = Xn . ( 2.41 )

and if furthermore 04 f- Ex]
,

4. tf is S - msr Take g
: 1121903 → IR to beg =¥

.



Workhorse If f, g :(X, 5) → 112 are S -msr
,
then ftg is 5-m2sbr.GL

Fable space .

Whig?
.

Need to show FBEB
,
(ftg)

- ' CB ) s S .

Since B ( si la, a) : AER 3)
,
Enuf ToShow -taek

,
fftgj ' ( ta, I

Fix as IR
.

XE Eftq)
- '

Llap)) ⇒ (ft g) CX) E Ca
,
o)

<⇒ as f- Cx) tgcx)
⇒ a -gcx) t fix)
⇒ F re. sit

,

a - g err and re fix)
as a a - r a gap and re fag
⇒ a gtx) E ca -Hao) and fix) Elr, -0)
⇒ "

x Efg
- ' ka-r:O) ) n f ? Cerros)]

So

( ffg )
- ' flap)) = U [ g- ' ka-r:o) ) n f ? Cerros) ) E 'S

,

re Qw
-

id
N

,

count EI ble g is S - msr leg bkfis 'S - msg
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Recall :
2139

24.520 . Let f :( X. S )
.

-5112 be ? - m.sn .. Let cetkdnEIN.T.hn \
I

.

Cf is L - msr 3
.
fh is S - Msr .

2
. IH is g - wiser 4 . ¥ is g) msr ,

provided Odffv?

(WH)Workhorse If f, g :(X, 5) → 112 are S -msr
,
then ftg is S - msrahh

F-able space .

(c) max tf,g) and mink,g)
are g -

msr -able

-

• ftg
ni the Work Horse (WH)

' f - g
-

- ft e-ng sensei µw is"%bbzI
"

• fg = Cft g)
Z

- f2 - GZ 12-514--2-31
-

2-

-7lb• Ig = (f) & Ig ) ifacb : atb
Ms itbca : b a

• For a. b EIR : -

. ✓
also works it a =L . .

.

Max Ca
, b) = atzbt ABI and min la, b) = Atb - lb-ft

z 2

So
, eg , (Max Lf

, g) ) Cx) = { (ftg)
'

Cx) - iz I f -g ) Cx) .

F-nuf to show

f-
' ( " rays

" ) E S .

-

generate set

Why ? For a Elk , EL
.

- 14

Note Xsf
-' l' Casa ) ) ⇒ fax, sea , * y

ES bk tho are 5 - msr

<⇒ as limfpecx)
⇒ (a jew ) [ att - limfeecx) ]
⇒ (Fjeld ) ( 3- me IN ) ( Ike IN > m ) [ at 'j 2 tesla )]
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TR = RUSIN) -- E- o

,
a]

'

-

ie
. Bag : - Bip U { Boss-3 : BeBe,z3 U 9.BUS - nots : .BeBµ3 v EBUsa, -a } :BeBµ?

Foryoiu Verify B is a T - algebra.

.

,
ie

.

tBE 'B%

• torn Let f : ( X, 5) →Tt wy ( X
,
I ) amsrable space .

Then
.

.

I • # If. . : f
-

4112) → IR is S - msr .

-

÷
f- is S - miserable ⇐

1. ft l, go.rs?gesg
.

] is
• f
-I

← 2.52 says:
to check Msr -abtety ,

it suffices to check sets ina generating
collection

.

Todos

*

why ? Fae IR :

Also ,liI*fn&nhmfn are S -msr.
Furthermore , if tinny f : X -5152 exists

,
then linmofn is S - msr .

.

• Em fncx) Elim [ gyPµ%fnH⇒ = in:{ [ snuepuviskfn")) .n →N
KTN

.

-

ask 9
,
this is

• him fn = - dim - fn . . If tiniest n :X → TR exists , then tuifnlimfailimfn.


