Pins: 100
Your Last Names
Math 703 Due Date: Sat. 11/14 at 11:59pm. HW: preComplex Analysis 5

Observation 1. Let z € C. TFAE, as easily seen by writing z = x+iy € C wherez = Rez € Rand y =Imz € R.

(1.1) z 2 0 (a convenient way to indicate that z is real and nonnegative, i.e. z=Rez > 0)
(1.2) z = |7|
(1.3) Rez = |7

Observation 2. Let 21,20 € C. TFAE. (think what this is saying geometrically)

(21) 217 >0 (24) [22=0]or [ 2>0]

z2

(22) 2173 = [21] |22 (2.5) [ 29 =0]or[ z; = A2y for some A € [0,00) |
(23) Re ZlZ_Q = |212_2|

Theorem 1. [Triangle Inequality (with equality)] Let n € N and z,..., z, from C. Then
|21+ . 4z < a4+ + 2] (1)
and equality holds in (1) if and only if
2%y = |z| |a|  for each  j, k € N=" with j # k. (2)
An equivalent formuation of (2) is
2%y = |z| |z  for each j k€ N=". (2"

Proof. Let n € N. The equivalence of (2) and (2') follows from 2% = |z|* for any z € C. Theorem 1
clearly holds when n =1 for any z; € C. Thus we assume n > 1.

First we show inequality (1) by induction. Let n = 2. Fix any 21,22 € C. Then (1) holds aince
|21+ 2 = (21 + 22) (21 + 22)
= (z1+2) (71 +722)
= 2121+ 2222+ 2122+ 21 22
2]’ + |zl + 2 ;m+ 2 2

|21 + |22* + 2Re (21 22)

A
S

j21]” + |2)” + 2|21 |
21”4 22”4+ 2|21 |22
= (|a] + |22]).

Now fix n € N22. Assume that Theorem 1 holds for any collection of m € N complex numbers

where m < n. Fix zy,..., 2,11 from C. Then

( Z Zj) + Zn+1 Z Zj
j=1 j=1

n+1

2%
j=1

Thus (1) holds.
Thus, for any n € N and 2y, ..., 2, from C, inequality (1) holds.

<

n n=1
ol < (Zm) ol = Sl

Jj=1 Jj=1

The remaninder of the proof is the next Exercise. U
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You are strongly encouraged to work in groups, following the procedure as in homework MS09.

Exercise pCA 5. Variant of 3.1.24.3 (p. 173).
Read section 3.1. Then finish the proof of Theorem 1 from the previous page.
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