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Due Date: Sat. 11/07 at 11:59pm. HW: preComplex Analysis 3

Exercise pCA 3. Describe (in words or/and a picture) the sets whose points satisfy the following

relations. Which of these sets are regions? By definition, a region is an open connected set; you

can argue openness and connectedness intuitively (so no ε’s needed).

ER 3.a. |z + i| ≤ 1.

ER 3.b.

∣∣∣∣z − 1

z + 1

∣∣∣∣ = 1.

ER 3.c. |z − 3| > |z − 2|.

ER 3.d.
1

z
= z.

. Throughtout, let z = x+ iy or z = reiθ where x, y, r, θ ∈ R with r > 0.

(a). This set is the set of points z ∈ C such that the distance between z and −i is ≤ 1. So this

is the closed (boundary and interior points included) ball with radius 1 and center −i. This set is

connected but is not open; thus, this set is not a region. Geometrically:
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(b). This set is the set of points z ∈ C \ {−1} such that the distance between z and 1 is equal to

the distance between z and −1. Thus this set is the imaginary axis

{z ∈ C : Re z = 0} .

Indeed, if z = x+ iy with x, y ∈ R, then the following are equivalent.

|z − 1| = |z + 1|

|z − 1|2 = |z + 1|2

(x− 1)2 + y2 = (x+ 1)2 + y2

(x− 1)2 = (x+ 1)2

x2 − 2x+ 1 = x2 + 2x+ 1

x = 0 .

This set is connected but is not open; thus, this set is not a region. Geometrically:
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(c). This set is the set of points z ∈ C such that the distance between z and 3 is strictly larger

than the distance between z and 2. Consider z = x + iy with x, y ∈ R, then the following are

equivalent.

|z − 3| > |z − 2|

(x− 3)2 + y2 > (x− 2)2 + y2

5
2
> x .

Thus this set is
{
z ∈ C : Re z < 5

2

}
. Such a set is commonly called a half-plane. This set is a

region. Geometrically:
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(d). This set is the set of points z ∈ C such that z 6= 0 and z z = 1. Note that, for z = x+ iy with

x, y ∈ R,

z z = (x+ iy) (x− iy) = x2 + y2 = |z|2 .

Another approach would be to write z = reiθ with r, θ ∈ R and r > 0 and then compute

z z =
(
reiθ

) (
reiθ

)
=

(
reiθ

) (
r eiθ

)
=

(
reiθ

) (
re−iθ

)
= r2ei(θ−θ) = r2e0 = r2 = |z|2 .

Thus this set

{z ∈ C : |z| = 1} ,

that is, this set is the unit circle in the complex plane that is centered at the origin. This set is

connected but is not open; thus, this set is not a region. Geometrically:
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