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uQm H2�`M � HQi i�HFBM; K�i? rBi? Qi?2`bX h?mb vQm �`2 bi`QM;Hv 2M+Qm`�;2/ iQ rQ`F BM ;`QmTb UmT iQ
bBx2 RdV QM ?QK2rQ`FX � ;`QmT Bb iQ +QK2 iQ �M �;`22K2Mi Q7 i?2 }MBb?2/ T�T2`X Pp2` "H�+F#Q�`/- PL1
;`QmT K2K#2` U2X;X- "2HH�V b?QmH/ bm#KBi i?2 }MBb?2/ T�T2` r?BH2 2�+? Q7 i?2 Qi?2` ;`QmT K2K#2`b U�b
bQ i?�i A +�M `2im`M � +QKK2Mi2/ ;`�/2/ T�T2` iQ vQmV b?QmH/ Dmbi TmHH mT i?2 �bbB;MK2Mi QM "H�+F#Q�`/
�M/ r`Bi2 � MQi2 BM i?2 r?Bi2 *QKK2Mi #Qt i?�i- 2X;X- "2HH� bm#KBii2/ Kv T�T2`X

J2i`B+ aT�+2 1t2`+Bb2 8X o�`B�Mi Q7 kXRX98XRj UTX NkVX
a22 i?2 Uk T�;2b- mT/�i2/- k /m2 iQ [m2biBQMb BM +H�bbV ?�M/Qmi QM J2i`B+ aT�+2b "�bB+ .2}MBiBQMbX
AM T`Q#H2Kb 8�@8/- vQm K�v mb2 �Mvi?BM; QM i?Bb ?�M/Qmi- 7`QK +H�bb H2+im`2b- �M/ i?2 #QQFX
J2i`B+ aT�+2 1t2`+Bb2 8�X a?Qr i?�i 7Q` �HH bm#b2ib A �M/ B Q7 � K2i`B+ bT�+2 X-

Ao ∩ Bo = (A ∩ B)o .

S`QQ7X 6B`bi- [(A ∩ B)o ⊂ A]∧[(A ∩ B)o ⊂ B]- �M/ #v (A ∩B)o #2BM; QT2M r2 ?�p2 [(A ∩B)o ⊂ Ao]∧

[(A ∩ B)o ⊂ Bo] ⇒ (A ∩ B)o ⊂ Ao ∩ Bo.

L2ti- [Ao ⊂ A] ∧ [Bo ⊂ B] ⇒ Ao ∩Bo ⊂ A ∩B- �M/ #v Ao ∩Bo #2BM; QT2M- �b �M BMi2`b2+iBQM Q7
irQ QT2Mb r2 ;2i Ao ∩ Bo ⊂ (A ∩ B)o- �M/ r2 �`2 /QM2X !

J2i`B+ aT�+2 1t2`+Bb2 8#X a?Qr i?�i 7Q` �HH bm#b2ib A �M/ B Q7 � K2i`B+ bT�+2 X-

A ∪ B = A ∪B.

S`QQ7X 6B`bi- [A ⊃ A]∧ [B ⊃ B ⇒ A∪B ⊃ A∪B, �M/ #v A∪B #2BM; +HQb2/ �b i?2 mMBQM Q7 irQ
+HQb2/b- r2 ;2i A ∪ B ⊃ A ∪B.

L2ti- [A ∪ B ⊃ A] ∧ [A ∪ B ⊃ B]- �M/ #v A ∪B #2BM; +HQb2/ r2 ?�p2 [A ∪B ⊃ A] ∧ [A ∪B ⊃

B] ⇒ A ∪ B ⊃ A ∪ B, �M/ r2 �`2 /QM2X !

J2i`B+ aT�+2 1t2`+Bb2 8+X a?Qr #v K2�Mb Q7 �M 2t�KTH2 i?�i- BM ;2M2`�H-

Ao ∪ Bo '= (A ∪ B)o .

S`QQ7X G2i A = [−1, 0], B = [0, 1]X q2 ?�p2 Ao = (−1, 0), Bo = (0, 1), (A ∪ B)o = (−1, 1)- bQ

Ao ∪ Bo = (−1, 0) ∪ (0, 1) '= (−1, 1) = (A ∪B)o .

!

J2i`B+ aT�+2 1t2`+Bb2 8/X a?Qr #v K2�Mb Q7 �M 2t�KTH2 i?�i- BM ;2M2`�H-

A ∩ B '= A ∩B.

S`QQ7X h�F2 A = [−1, 0), B = (0, 1]- bQ i?�i A = [−1, 0], B = [0, 1], A ∩ B = ∅X q2 ;2i,

A ∩ B = {0} '= ∅ = A ∩B.

G�bi JQ/B}2/, hm2b/�v kkM/ a2Ti2K#2`- kyky �i yR,y9 S�;2 R Q7 \\
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Math 703

Pins: 116
Sharma

Due Date: Fri. 9/25 at 11:59pm. HW: MS05

Metric Space Exercise 5e. Let S be a subset of a metric space X. Show that

(So)c = Sc .

From Metric Spaces Basic Definitions, you may use anything up to, and including, (6i) on page 2.

You may not use (7i) on page 2.

Proof. By definition, we have So =
S

U2U U where U = {U is open in X : U ⇢ S}. Taking

complement both sides, we get

(So)c =
\

U2U

U c

where the intersection is taken over all open sets U such that U ⇢ S, the latter inclusion holds if

and only if Sc ⇢ U c. In other words, we can write

(So)c =
\

Uc2U 0

U c

where U 0 = {U c is closed in X : Sc ⇢ U c}.

Let us denote U c by F then U 0 = {F is closed in X : Sc ⇢ F}. Then we have

(So)c =
[

F2U 0

F

by definition of closure of a set, it is the set Sc . This shows the desired. ⇤
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