Math 703 Due Date: Fri. 9/25 at 11:59pm. HW: MS04

You learn a lot talking math with others. Thus you are strongly encouraged to work in groups (up to
size 17) on homework. A group is to come to an agreement of the finished paper. Over Blackboard, ONE
group member (e.g., Bella) should submit the finished paper while each of the other group members (as
so that I can return a commented graded paper to you) should just pull up the assignment on Blackboard
and write a note in the white Comment box that, e.g., Bella submitted my paper.

Throughout this Exercise, I is a nonempty closed bounded interval of R.
Since I is a closed bounded interval, C' (I,R) =€ (I,R) C #Z (I,R) where:
C(I,R):={f:1—R | fiscontinuous on [}.
¢ (I,R):={f: I —-R | fisbounded and continuous on I}
Z(I,R):={f: I - R | fis Riemann integrable over I} .
Note that C' (I,R) (resp. € (I,R), Z (I,R)) is a vector space over the field R.

Now let 1 < p < oo. If h € C(I,R) then |h|" € C(I,R) C #(I,R). Thus we can define the
function |-, : €' (I,R) — R by

If1,=| [1£ @ } for f € C(IR)

and corresponding function d,: C' (I,R) x C' (I,R) — R by

: {/\f }/1’ , for f,g € C(I,R)
Note dy (£.9) = Ilf — gl
Recall that ||-|| : X — R is a norm on a vector space X (over the field K of R or C) provided
(N1) ||z|| = 0 if and only if z = 0,
(N2) flaz]] = |af ],
(N3) [z +yll < [l=]l + [yl

for each x,y € X and a € K.

Metric Space Exercise 4. Variant of 2.1.45.2 (p. 90).

This is the function version of the sequence Exercise 2.1.45.1 (hwMS2). You may use, without
(re)proving, anything from hwMS2.

Metric Space Exercise 4a. Let ||| : X — R is a norm on a vector space X (over R or C).

Let f € C(I,R) and a € R. Let 1 <p < 0.

Show that ||z|| > 0 for all € X by using properties (N1), (N2), and (N3).

Show that || f||, = 0 if and only if f = 017 (ie. if and only if f (+) = 0 for all ¢ € I).

Show that [[af[,, = o[£,
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Proof. Let ||-|| : X — R is a norm on a vector space X (over R or C). Let f € C'(/,R) and a € R.

Let 1 <p < o0.

/da(i)

Suppose x € X. We observe that,

[l + (=2)|| < [lz]l + || ==]] (N3)
< 0[] < [l + [[(=1) =] d
< 0 < flfl + |=1] - ||« (N1), (N2)
& 0 <2
< 0 < |-

Therefore, we conclude that ||z] > 0 for all z € X.

4a(ii)

Suppose || f||, = 0. We observe that,

i1, =0
= (fuor) =o
& [irer-o

Since |f(t)] > 0 for all ¢ € I, it follows that, A\ Ce_ 3C A0 C/O"\/kjh VY- vA D

=0 VEeT
© f{t)=0. Vte

Now, suppose that f = 01;. Clearly,

=0 fte i

Hence, we conclude that | f||, = 0 if and only if f = 01;.
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4a(iii)

We observe that,

lofl, = ( | !af(t)|p>;
-(/ |a|p|f<t>|p)’1’
~lol ( |f(t)|p>;

= [l I71,-

Thus, we conclude that [laf][, = [af || f]], -

v

]
Metric Space Exercise 4b. (Holder’s Inequality for Continuous Functions). Let 1 < p < oo.
Let f,g € C(I,R) and p’ € (1,00) be the conjugate exponent of p (thus % + }% = 1). Show
1fglly < 111, gll, (H)

that is

L/p RS RV
/\f !dt<{/!f !dt] [/]|g(;), dt} _

other viae
Proof. Let 1 < p < oo. Suppose that f(t) # 01; and g(¢ ) #£ 01;“0therwise; Holder’s Inequality is
s Pofnt ung e

trivially true. Utilizing Young s inequalitywe observe that,
£ 0g(t) dr Sy R —"
(s’ [ff aral” T piroral” [aera)” | do ey see

FOr . lg@r o ore
</ I FOF e Wi
L LIfOrd 1 [ g dt \/OUW% W;

e [If@Fd Ty [ g dt

1 C’Domjﬁ/ﬂié L/\er /

= 1.

1
-+ =
p p

Thus, ' /

1fglly < NIF1l, gl

Hence,

U
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Metric Space Exercise 4c. (Minkowski’s Inequality for Cnt.
Let f,g € C(I,R). Show

1f+gll, < I1F1L, + llgll,

Uz'f(t) +g () dt} v < Ul|f<t)|p dt} 1/p

Does Minkowski’s Inequality hold when p = 17

that is

Hint for 1 <p<oo. Ifa,beRand 1 <p < oo, then0#p—1
ja+ b = la+0]" |a+ b

< [lal + (8 J|a + "

Functions). Let 1 < p < 0.

+[ [lator o "

(50 [0+ 0|”"! makes sense) and so

= la| |a+bP"" +b| la+b"".

for othurisrse
Proof. Let 1 < p < co. Suppose f(t) # 01; and g(t) # 01;—Othefwise, Minkowski’s Inequalit

trivially true. If p = 1, Minkowski’s Inequality holds by the Triangle Inequality.’ Wi

[So oW Jef )SL/P4 oo,

observe that,

[1s+srar= (150 +gollse +orta T

< / (IF@)]+ L)) 1£(0) + g ()" dt

= [1r@n1s@ +aop~ e+ [1ao) 10+ oo e

Z/I\[f(t)] [f(t)+g(t)]p1|dt+/l|[g(t)] [F(t) +9
p

We apply Holder’s inequality and since p’ = 3 we see that,

p
/I!f(t)Jrg(t)\”dté/IHf(t)] [f(t)+g(t)]p1|dt+/|[g(t)] ()

\\H

<[ [irora] [ [+ o dt]
:U|f<t>|pdt} [/f *olt 'pdt]

(Ulf |pdt] [/'g |pdt] >[/|f + gt |pdt] v
s+ gora] < [ [uora] | flsora)” @rw@

Hence,

Thus,
If +gll, <171, + llgll, -

(0 dt.

+g(®)]Pt| dt.

[/|g<t>rpdt}l [+ oo )

p

[ fora] [y ssora]”

1

v
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O

Metric Space Exercise 4d. Let 1 < p < cc.
Conclude that (C (I,R), ||||p) is a normed vector space.
Conclude that (C (I,R),d,) is a metric space.

Proof. Let 1 < p < co. In order for <C (I,R), ||||p> to be a normed vector space, it must satisfy
the following properties:
(N1) ||z|| =0 if and only if x =0
For 1 < p < oo we refer to Metric Space Exercise 4a.
v For p = 00, we observe that,
I fllo =sup|f(t)| =0«<|f(t)] =0« f(t) =0 for every t € 1.
tel
(N2) faz| = laf ||
For 1 < p < oo we refer to Metric Space Exercise 4a.

L“For p = oo, we observe that,
lof lloo = sup [euf (1) = sup [al [f(£)] = |a|sup [f ()] = [o] || f]l -
tel tel tel
(N3) [l +yll < [[=[] + llyl
For 1 < p < oo, we see that Minkowski’s Inequality satisfies this property.

For p = oo, we observe that, V/WMQ }
1f + 9l = sup [f(t) + g(t)] < sup [f(t)] +sup [g(t)] = || fllc + |9/l -
tel tel tel

Since (O (I,R), ||Hp) is a normed vector space, we define d,, (f,g) :=|/f — g|[,- Thus, d,, satisfies
the required properties and we conclude that (C (I,R),d,) is a metric space. d
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