
Math 704

Pins: 100
Your Last Names

HW: Complex Analysis 14

Exercise.
Let f, g ∈ H (G), with G is open and connected, satisfy

f (z) g (z) = 0 for each z ∈ G .

Show that f (z) = 0 for each z ∈ G or g (z) = 0 for each z ∈ G.

Proof. Let f, g ∈ H (G), with G is open and connected, satisfy

f (z) g (z) = 0 for each z ∈ G . (1)

Denote the zero set of f (resp. g) by Zf (resp. Zg), i.e.,

Zf := {z ∈ G : f (z) = 0}

Zg := {z ∈ G : g (z) = 0} .

We want to show that Zf = G or Zg = G. 〈The theorem on zeros of holomorphic functions (Thm III.1.1) tells

us either Zf = G or Zf = IZf , where IA denotes the isolated point of a set A ⊂ C. Similarly for g. 〉

Way 1. Assume that Zg 6= G. Then there exists z0 ∈ G such that g (z0) 6= 0, and so, by the

continuity of g, there also exists δ > 0 such that g (z) 6= 0 for each z ∈ Bδ (z0). By (1), f (z) = 0

for each z ∈ Br (z0). Thus z0 is a non-isolated zero of f , and so, by the theorem on zeros of

holomorphic functions (Thm III.1.1), Zf = G.

Way 2. Assume that Zf 6= G and Zg 6= G. Then by the theorem on zeros of holomorphic functions

(Thm III.1.1), Zf and Zg are each (at most) countable. Note that Zfg = Zf ∪ Zg and that (1)

gives Zfg = G. Thus G is (at most) countable. A contradiction. Thus Zf = G or Zg = G. �
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